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PREFACE. 



Within the last few years have appeared many valuable 
works on Coordinate Geometry, involving a variety of new 
and elegant methods of Algebraical investigation. Several of 
these treatises are enriched with nmnerous incidental problems, 
and to the solution of problems of a miscellaneous character 
some of them are principally devoted. The tendency of even 
detached and desultory problems is no doubt to sharpen the 
intellect of the learner, and to give him a true conception of 
the signification of corresponding and more abstract proposi- 
tions: the classification however of problems by some law of 
affinity is, in my opinion, calculated not only to produce the 
same result in a still higher degree, but also to qualify him 
by an enlarged comparison for becoming skilful and judicious 
in effecting his own solutions. In this conviction has originated 
the composition of this work. 

In preparing this collection of Problems for publication, 
I have been guided by two principles of arrangement, the one 
depending upon similarity of geometrical properties, the other 
upon analogy between methods of solution. In Algebraic 
Greometry the latter principle seems to be usually the more 
important, and, excepting where its application would have 
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been disadvantageously at variance with the former, has been 
in this treatise adopted as the basis of classification. 

The obligations under which I am placed to various 
authors, for so much of what is comprised in this volume, 
have been particularly acknowledged throughout its pages. 
The methods of solution, however, which I have given, are 
rarely even similar to those which are developed in the works 
where the geometrical properties were originally enunciated. 
The greater number or all of the solutions contained in many 
of these works are purely geometrical. The advantage, it is 
proper to add, which I have derived from the various Ex- 
amination papers published in the University of Cambridge 
and its various Colleges, is very considerable. 

Cambridge, ZOth January, 1851. 
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Error. 

y = - ar, y = ar - 2<i, 


Correction, 
y = - 2a-, y = x-^a 
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4a, 


2a. 


108, 


7 from bottom. 


+ 6ay cot)3 = 9a'. 


+ 2ai/ tan ^ = a*. 
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Page 40. If tt B 0, a 0, be the equations to two straight lines, then, 
d;cosc + y8ine = d being the general type of the equation to a straight 
Kne, the two bisecting lines will be denoted by the equations t* + 1? = 0. 
This usefril proposition is due to Mr. Rutherford, Annals of Philosophy 
for May, 1843, p. 353. 



It is intended to publish an additional table of Errata, should it be 
found desirable, in January 1852. 



ALGEBRAIC GEOMETRY. 



STRAIGHT LINE. 

Section I. 
Elementary Problema. Rectangular Axes, 

1. The distances of a certain point fix)m the three lines 

a?co8a + ysina = 8, ajcosa +y sina =8', a?cosa'' + ysuia'' = 8", 

being respectively c, c , c", to find the relation between the 
quantities a, a , a", 8, S', S", c, c , c". 

By the conditions of the problem, we have 

X cos a +ysina — 8 =c, 

0? cos a + y sin a — 8' = c , 

0? COS a +ysma — o =c; 

or, putting 8 + c = X, S '\-c =X^ 8" + c" = X", and eliminating 
X and y by cross multiplication, 

X (cos a sin a — cos a sin a") + X' (cos a sin a" — cos a sin a) 
+ X" (cos a sin a — cos a sin a ) = 0, 

sin (a — a") sin (a" — a) sin (a — aO 

2. To find the coordinates of a point, the distances of which 
from two given straight lines are assigned. 

Let X, y, be the coordinates of tiie required point, and 
let the equations to the given straight lines be 

Ix + ray = 8, 
Vx + my = 8', 

B 



2 STRAIGHT LINE. 

(Z, m) being the direction-cosines of the former, and (/', m) of 
the latter line. 

Then, the algebraical symbols of the distances of the point 
(-X, Y) from these lines being respectively X, X', we have 

X, X', being positive or negative accordingly as the point (X, Y) 
is, relatively to the origin, on the more remote or on the 
nearer side of the corresponding lines. 

From these two equations we get, for the coordinates of 
the required point, 

Y _ (S + X) w — (S' + X') m 

ml — mV ' 

y^ (8 + x)r-(y + xv 

Vm — Im 

3. To find the equation to a straight line such that, if 
perpendiculars be drawn to it from n proposed points, the 
sum of the perpendiculars on one side of it may be equal to 
the sum of the perpendiculars on the other. 

Let (a:,, y,), (a:,, y,), {x^, y^, ... (a;,, yj, be the n points, 
and suppose the equation to the straight line to be 

^ + liy^h (1), 

X, /Lft, being its direction-cosines. 

Then the algebraical expressions for the distances of the 
n points from this line will be 

^1 + /^^!-^) ^a + A^^j-S, Xajg + yttyg-S, ...Xr^ + /Ay^-S. 

But, since the geometrical sums of the two opposite groups 
of perpendiculars are, by the condition of the problem, equal, 
it follows that the algebraical sum of all the perpendiculars 
must be zero. Hence 

X(a;, + a;, + a;3+... + a?J+/A(y,+y, + y3+...+yJ=w8...(2). 
Eliminating 8 between (1) and (2), we get 

as the equation to a line satisfying the hypothesis. 
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Since the ratio of X to /a is not determinate, it follows 
that there is an infinite number of such straight lines, all 
passing through a point of which the coordinates are 

Puissant : Recueil de diverses jpropositions de GSomStrie^ p. 192, 
troisihne Sdition, 

4. To determine the position of a point in a given straight 
line, such that the difference between the squares of its distances 
from two given points may be equal to a given area. 

Let the origin of coordinates coincide with one of the given 
points, and let the axis of x contain the other. 

Let a be the abscissa of the latter point, and let the equation 
to the given line be 

X cos a + ysina = 8 ..* (1). 

The coordinates of the required point being (oj, y), we have, 
by the condition of the problem, c* denoting the given area, 

^ + / = c' + (a; - a)* + y% 

or x= Z (2). 

The ordinate y is known from (1) and (2), the intersection 
of the two lines, which they represent, being the required point. 

Cor. Suppose the lines represented by (1) and (2) to be 

coincident: then 

cos a 2a 

whence a = 0, 8 = — - — ; 

— ' 2a ' 

and the value of y cannot be ascertained. 

K then we restrict a and S respectively to the values 0, 

a^ + c* 
and — , the problem becomes indeterminate, every point 

in the given straight line satisfying the condition of the problem. 

b2 



4 STRAIGHT LINE. 

This example affords an instance of the degeneration of 
a determinate into an indeterminate problem, in consequence 
of our restricting the data by particular conditions, and belongs 
therefore, according to Playfair's interpretation of the ancient 
signification of the term, to a class of propositions called, by 
the old geometricians, Porisms, Playfair* says that " a Porism 
may be defined a proposition affirming the possibility of finding 
such conditions as will render a certain problem indeterminate^ 
or capable of innumerable solutions.^^ 

5. A straight line, inclined to the axb of x at an angle 
of 30**, cuts the positive axes of coordinates in A and B. To 
find the equation to a straight line bisecting AB and passing 
through the origin. 

The required equation is 

6. To find the equations to the four sides of a square, the 
coordinates of two of the angular points being (2, 3) and (3, 4). 

The required equations are 

a; = 2, ^ = 3, a; = 3, y = 4. 

7. To find the equation to a line which cuts the two lines 

3^ = 2, y = 3, 

at distances 3, 4, respectively, from the axis of y. 
The required equation is 

x = y -\- 1. 

8. To find tiie equations to the straight lines which pass 
through tiie intersection of the lines 

y = 2a? -f 4, y = 3a? + 6, 

and bisect tiie supplementary angles which they include. 
The required equations are 

y = (1 ± V2) . (a? + 2). 



* Trantactiona of the Boyal Society of Edinburgh, Vol. iii. p. 170 ; 1794. 
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9. To find the distance of the point of intersection of the 
lines denoted by the equations 

3a; + 2^ + 4 = 0, 2a; + 5y + 8 = 0, 
from the line denoted by the equation 

y = 5a; + 6. 

Required distance = .. . . 

10. To find the tangent of the angle between the lines 
represented by the equations 

2a; + 3y + 4 = 0, 3a; + 4y + 5 = 0. 

If ^ denote the angle between them, 

tan^ = J. 

11. To find the distance of the origin of coordinates from 
the line, the equation of which is 

Beqiiired distance = 



V(13) " 

12. To find the equation to a line passing through the inter- 
section of the lines 

x^ a^ a; + y + a = 0, 

and through the origin: also to the line passing through the 
point of intersection of the same lines and perpendicular to 
the latter of them. 

The required equations are respectively 

y = — a;, y = x — 2a. 

13. To find the length of the perpendicular from the vertex 
upon the base of a triangle, the coordinates of the vertex being 
(3, 3), and those of the extremities of the base (0, 2), (2, 1). 

Required length = \/5. 
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14. To form the equation for determining the abscissa of 
a point, in the straight line 

a^h ^' 
the distance of which from a given point (a, )8) shall be S, 
and thence to shew that there are in general two such points and 
that, in the particular case in which those two points coincide, 

15. To find the abscissa of a point in the axis of x^ such 
that its distance from a point (0, Ic) may exceed its distance 
from a point (A, A), by a given length c. 

K X represent the required abscissa, 

where e» = i (c» + A" - A» - k^). 

Newton: Arithmetica Universalis^ Prob. XI. 

16. If ABODE is a regular pentagon ; to find the equations 
to its several sides, AB being the axis of a;, and a line through 
Aj at right angles to AB^ the axis of y. To find also the 
equation to the line joining E^ Bj and to the line joining -4, C. 

The equations to the lines AB^ BC^ CZ>, DE^ EA^ EB^ AC^ 
are, respectively, 

^ = 0, y = tan -^ (a; - a), 
y = — tan - (aj — a) + 2a sm - , y = tan - . a? + 2a sm - , 

o o d *' 

27r X ^ / \ X ''■ 

y = — tan -r- . a?, y = — tan - (a? — a), y = tan -- . a?. 
5 5 o 

17. To prove tiiat, if the distances of a point from two 
points (a, J), (a', J'), are c, c, respectively, the point will lie in 
a straight line, the intercepts of which on the coordinate axes are 

and i(^'-^^)-H ^"^7'(l"Jg-^^ - 
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18. If the ordinates of a straight line, drawn perpendicularly 
to the axis of x^ be all turned about their intersections with this 
axis, so as to make an angle with it ; to shew that, the equa- 
tion to the original line being 

y = X tan a, 

the angle ^ between this line and the rectilinear locus of the 
extremities of the inclined ordinates, may be found &om the 

equation 

. sin a + tan a . sin (a — ^) 

^^^^ = 1 7 — sf; 

cos a + tan a . cos (a — a) 

and that the new line will coincide with the original one, pro- 
vided that 

^ = ^TT + 2a. 

19. To prove that the equation 

2^ - Bxy - 2a;^ - ^ + 2aj = 
represents two straight lines perpendicular to each other. 

20. To shew that the equation 

y* — ajy — 2a? + 5a; — y — 2 = 
represents two straight lines inclined to each other at an angle 



tan-* 3. 



21. To prove that the equation 

y* — 2ajy . sec a + a? = 
represents two straight lines, including an angle a. 



Section II. 
Elementary Problems. Oblique Axes. 

1. To determine the geometrical signification of the equation 

4^* - 8a:y + a? + 4y + 2a; - 2 = 0. 

Completing the square with regard to y, we have 

(2y -f 1 - 2xy = 3 (1 - x)\ 



8 



STRAIGHT LINE. 



and therefore 2^ + 1 - 2a; = ± V3 (1 - «), 
or 2^ + (± V3 - 2) a; » ± V3 - I, 

the equations to two straight lines. 

2. To determine the geometrical signification of the equation 

a? -{■ y^ -{- xy = 0. 
Multiplying the equation by 4, we have 

(x + 2yy + 3a:* = 0. 

This equation cannot be true, unless each of the squares be 
separately equal to zero. Hence 

a; = 0, 

and a? + 2^ = 0, 

and therefore x and y must be simultaneously equal to zero. 
The proposed equation therefore represents tiie origin of co- 
ordinates. 

3. The axes of coordinates being inclined to each other at 
an angle of 60°, to determine the equation to a line parallel to 
a line, the equation of which is 

a? + y = 3a, 

and at a distance from it equal to ^ a»jZ. 

Let OA = 3a = OB) then AB is the line represented by the 

equation 

aj + y = 3a. 

Draw OPQ at right angles 
to -4J5, and take QP= ^a^S. 
Draw EPK parallel to AQB. 

Then PQ = AH cos 30°, 

JaV3 = iV3.jE4, 

jE4 = a = KB. 

Hence 0H== 2a = OK^ and the equation to SK is therefore 

a; + ^ = 2a. 
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K we had taken a point P" on the other side of Q, so that 
P^Q = iaV3, we should evidently have got as the equation to 
the required line 

a? + ^ = 4a. 

4. To determine the conditions that the equation 

ctoi? + Jy* + 2cay + 2a x + 2J'^ + c = 

may represent two parallel straight lines. 

K the equation represent two parallel straight lines, its left- 
hand member must be resolvable into two factors of the forms 

Hence, identically, 

aoc? + iy* + 2cajy + 2ax + 2b't/ + c = (Kx + fiy + v) {\x -\- fiy -¥ v). 

Equating the coefficients of a?^ ^, 20?^, a;, y, on both sides, 
we have 

X» = a (1), /i' = b (2), Xfi = c (3), 

X (v + v) = 2d (4), fi{v^-v)= 2V (5). 

From (1) and (4), we have 

a X 



and, from (3) and (5), 



2d v + v" 
c X 



2V V + V 



fi 



whence -7 = 7> W* 

a 

Similarly, from (2) and (5), combined with (3) and (4), there is 

1 = ^, (7). 

a 

The equations (6) and (7) constitute tiie required conditions. 

5. To prove tiiat the lines of which the equations are 
y = 2aj + 3, y = 3a? + 4, y = 4a? + 5, 
all pass through one point. 
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6. To find the value of a that the line 

y = ax -\- 3 
may pass through the intersection of the two lines 

y = X -\- Ij y = 2x -\- 2. 
The required value of a is 3. 

7. To find the equations to the two straight lines ^which, 
passing through the origin of coordinates, divide into three equal 
parts the distance between the points, in which the axes of 
coordinates are intersected by the line 

X -\- y = 1. 

The required equations are 

2x =i y and 2y = x. 

8. To find the equations to the diagonals of the parallelogram 
formed by the four lines 

X = a^ X = dj y = h^ y =^h\ 

The required equations are 

[a — a) ^ — (J' — J) a? = ah — ab\ 
and {a — a) y — {t( — h) X = ab -- dh\ 

9. The equations to two straight lines referred to oblique 
axes, inclined to each other at an angle a>, being 

y — mx = 0, and my + aj = 0, 

to find the angle between them. 

The angle between them is equal to 

10. If the straight lines denoted by the equations 

he + my = 8, Tx -\- my = S', 
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be perpendicular to each other, to prove that, to being the incli- 
nation of the axes, 

ir + mm = {Im* + Im) cos q>. 

11. To prove that the group of straight lines defined by the 

equation 

ah — ah' ^ / J — V\ 

^ a — a \ a— a J ^ 

where X is arbitrary, are identical with the group of straight 
lines defined by the equation 

y — (ix — h = fi[y — ax — J'), 

where fi is arbitrary. 

12. What are the geometrical significations of the equations 

aj^ + y' = 0, xy = 0? 

The former represents tiie origin, and the latter the axes of 
coordinates. 

13. A straight line passes through a given point ; to deter- 
mine the magnitudes of its intercepts on the axes of coordinates, 
the product of the intercepts being given. 

K a, &, be the coordinates of the given point, and c' the given 
product ; then, m, w, representing the required intercepts, 

^ = ^ {^ ± (^ - 4ai)*}, 

^ = ^{cq:(c»-4ai)4}. 
Za 

Puissant : Mecueil de diverses propositions de OiomMrie^ p. 141, 
troisihne Edition. 

14. To determine the position of a straight line, which passes 
throu^ a given point, and cuts two given straight lines so that 
its intercepted portion is of a given length. 

K the two given lines be taken as axes of coordinates ; then, 
a> denoting their included angle; ^, k^ the coordinates of the 
given point, and c the given length ; the intercepts a, S, of the 
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straight line on the axes of coordinates will be determined by 
the two equations 

a* - 2 (A -f ft cos ©) a* + (A' + ft' - c" + 2Aft cos©) a'+ 2c*Aa-c"A*=0, 
6* - 2 (ft + A cos©) J'* + (ft* + A' - c* + 2ftA cos©) J' + 2c'ftJ-c'ft*=0. 

Newton : Unwersal Arithmetic^ prob. 24. 

Gergonne : Annales de MathSmatiqves^ torn. 10, p. 205. 

15. Through a given point in a given angle, eqmdistant 
&om its two sides, to draw a straight line terminated at the two 
sides of the angle, so that this point may divide the straight 
line into two parts the sum of the squares of which shall be 
of a given value. 

Let a, a, be the coordinates of the given point referred to 
the sides of the angle as axes ; let © denote the given angle. 
Then the equation to the required line will be 

y — a = m{x — a)j 

m being determined by the equation 

/ 1 \^ c\ ^ 

(m -^ h cos © ) = — + cos © ; 

the four values of m corresponding to four different lines which 
satisfy the conditions of the problem. 

" Ce problfeme est un de ceux qui fiirent proposes en 1819 au 
concours g^n^ral des colleges royaux de Paris." 

Grergonne : Annales de MatMmatiques^ tom. x. p. 73. 
Puissant : Becueil de diverges propositions de OeomAtrie^ 
p. 142, troisihne Sdition. 

16. To ascertain the geometrical signification of the equation 

y* - ajy + fa? - 2a? + 1 = 0. 
It represents the point of intersection of two straight lines 

17. To determine the geometrical meaning of the equation 

of - 4a''a; = 0. 
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It represents three parallel straight lines, viz. the axis of y^ and 
two equidistant lines on each side of it. 

18. To interpret the equation 

xy — 2ay + 3aa; — 6a' = 0. 

It represents two straight lines, one parallel to the axis of y^ 
cutting the axis of a; at a distance + 2a &om the origin, and the 
other parallel to the axis of a;, cutting the axis of ^ at a distance 
- 3a from the origin. 

19. To assign the geometrical signification of the equations 

(a; + ^ + c).{x - 3^ + c) = 0, (a? + ^ + c)' + (a; - y + c)' = 0. 

The former equation denotes two straight lines, the intercepts 
of which on the axes of coordinates are respectively (— c, — c) 
and (— c, c). The latter equation denotes a point, viz. the 
point of intersection of the two lines. 

20. To ascertain the geometrical signification of the equation 

The equation represents two straight lines, the equations 
of which are 

? + | + i = o, ^-1 + 1 = 0. 

ah a 2o 

21. K the equation 

cux? + by^ + 2cxy = c 

represent two diflferent straight lines ; to prove that, either c is 
zero and c* > ai, or c is finite, and c* = ah. 

22. To prove tiiat tiie equation 

@4-)-{?4-')-(f-f-')" 

represents two straight lines, and to find tiieir equations. 
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The equations to the two lines are included in the single 
equation x - a _y - ^ 

the two values of the ratio between I and m being determinable 
from the quadratic 




Section III. 

Polar Equation, 

1. AB and BC are two right lines perpendicular to each 
other ; -4 is a fixed point, B moves along 
a given right line EF^ and AB is to BG 
in a given ratio ; to determine the locus 

of a 

From A draw AE at right angles to EF. 

Let z GAE= 6^ L CAB = a; 

a being a constant quantity, because the 
ratio of AB to BG is constant. 

Let AE^a, AC = r. 

Then r cos a = AB = a sec (^ — a), 

r = a sec a sec (6 — a), 

the equation to the locus of (7, which is therefore a straight 
line. 

2. To find the polar coordinates of the point of intersection 
of the straight lines represented by the equations 

r = 2a sec {0 — ^tt), r = a sec (^ — Jtt), 

and the angle between them. 

The polar coordinates required are (^tt, 2a), and Jtt is the 
angle between the two lines. 
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3. To find the polar equation to a straight line which passes 
through the two points (r^, aj, (r^, aj. 

The required equation is 

sin (g, - gj ^ sin (g - gj ^ sin (a, - 0) _ ^^ 
r r^ ^9 

4. K, &om a point taken arbitrarily in the plane of a 
triangle, straight lines be drawn to its summits -4, B^ (7, and 
then, through the same point 0, perpendiculars be drawn to the 
three lines OA^ OB^ 00; to prove that the intersection of 
these perpendiculars with the sides J5C, (7-4, -4J5, respectively, 
will lie all three in one straight line. 

K being taken as pole, and the coordinates of -4, J5, C, be 
respectively (g^, rj, (g,, r^), (gg, r^ ; then, putting for brevity 
gg — gg = Sj, ttj — gg = Sj, gg — gj = Eg, we shall obtain for tiie 
equation to tiie line containing tii6 three intersections, 

2 . . . sin2e, , ^v , 8in2e, , ^. 
- .sm e^.sm e^.sm Sg H i .cos (g^ — a) H ^ .cos (g, — ff) 

, sin2eg . ^. ^ 
H s .cos (gg — ^) = 0. 

Bobillier: Oergcmne^ Annates de MatMmatiques^ torn, xviii. 
p. 185. 

Section IV. 
Rectilinear Loci. 

1. To find the locus of a point equidistant from two given 
straight lines. 

Let tiie equations to the given lines be 

X cos g + ^ sin g = S, 
and X cos g' + ^ sin g' = S'. 

Then a;^, y,, being tiie coordinates of the point, its distances 
firom tiie two lines will be 

± (a?j cos g + ^1 sin g — S), 
and ± (a?! cos g' + y^ sin g' - S). 
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Since these distances are equal, we must have 

iCj cos a + y^ sin a — S = ± (a?, cos a + y^ sin a — 8') ; 

this result shews that the required locus is two straight lines at 
right angles to each other and passing through the point of 
intersection of the two given lines. 

2. ACB^ DGE^ are two right lines of given lengths, G is the 
middle point of AB^ and the line through E and B meets that 
through A and i> in a point P; supposing AB to move parallel 
to itself, while DE remains fixed, to find the locus of P. 

Let xEO^ parallel to BA^ be taken as the axis of a?, and 
yA 0, parallel to DE^ as that of y. yt 

Let 

AG^a^BG, GE=h, DE^c. 

Then the equation to -4P, which 
passes through the points (0, b) and 

(a, c), is , , , 

ay — ca? = 6 (a — x) (1). 

The equation to -EP, which passes through the points (a, 0) 

and (2a, S), is 

ay = h{X'-a) (2). 

At the intersection P, of (1) and (2), we have, adding together 

the two equations, 

2ay = cXj 

the equation to the locus of P, which is therefore a straight line 
passing through 0. 

3. A straight line PP' is drawn parallel to the base AA' 
of a triangle AOA\ From P, P', 
are erected perpendiculars upon OA^ 
0A\ respectively ; to find the locus 
of the intersection of these perpen- 
diculars. 

Take Ox^ parallel to A'A^ as the 
axis of a?, and Oy, at right angles to A'A, as that of y. Let 
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then the equation to OA will be 

X = y tans (1). 

The equation to PF will be of the form 

o = y (2). 

The coordinates of P will therefore be 

ctane, c, 

and the equation to tiie perpendicular tiirough P will be 

y — c = — tan&.(a; — ctane) (3). 

Similarly, putting — s' in place of 6, we shall have for the 
equation to tiie perpendicular through P', 

y — c^ tan ^' {x -\- c tan z) (4). 

At the intersection of (3) and (4), 

X (tan 8 + tan e') = c (tan* e — tan' e'), 

x = c (tan e — ' tan s'), 

and therefore, from (3) or (4), eliminating c, we shall readily 
get, for the equation to the locus of the intersection of tiie two 
perpendiculars 

— a; 

^ "■ tan (e - £)' 
the required locus is tiierefore a straight line through 0. 

Puissant: Becueil de diver aes propositions de OSomStriej 

p. 124, troisihm Sdition. 
Lardner: Algebraic Oeometryj vol. I. p. 29. 

4. AB^ CD, are two given parallel straight lines; through 
C and D are drawn two straight lines PCF^ PDO^ cutting 
AlB in F^ <?, so tiiat tiie ratio of AF to BQ is invariable. To 
find tiie locus of tiie point P. 

Let AB^ produced indefinitely, be taken as tiie axis of a;, 
and a line tiirough A^ at right angles to AB^ as tiiat of y. 

Let (A, Aj), (A', Aj), be tiie coordinates of C, i>, respectively ; 
(a?, y) tiiose of P. Let AB = c. Also let 

n.AF^n.BG (1), 

n, n\ being constant quantities. 

c 
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The equation to PF^ which passes through the two points 
C, P, will be 

(Jc — y)x — {h — x)t/ = kx — hy (2). 

Similarly, the equation to P(?, which passes through the two 
points J9, P, will be 

{Jc — y)x " fji — x)y ^kx — Ky (3). 

Putting y = in (2) and in (3), we get, firom (2), 

. ^ , lex --hy 
k-y 

kx —" lit %i 

and, from (3), AO = aj' = -= ^, 

' • k — y 

whence BO = c = . 

k-y 

Hence, from (1), 

n {kx — hy) = nc {k ^ y) — n {kx — h'y)^ 
{n + n)kx — {nh + nK — nc) y = nck^ 

the equation to the locus of P, which is therefore a straight line. 
Leyboum's Mathematical R^ository^ New Series^ vol. I. p. 45. 

5. -4, P, are two given points, GD^ GEj two given straight 
lines. From any poiiit F in CD 
is drawn the straight line FBOj 
cutting CE in O ; from O is drawn 
QP parallel to P-4, and meeting 
P-4inP. To find the locus of P. 

Let GDj CEj produced inde- 
finitely, be taken as axes of a;, y, ___^_ 

respectively. Let a, A, be the co- '*' ^ 

creates of A ; a , J', those of B. Also let CF = m. 

Then the equation to OBF\a 

y__x — m 

z7 "~ ""^ J 

o a " m 
and thence, putting a; = 0, and y = CO^ we have 

a — m 




(2). 
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Hence the equation to QP^ which passes through (? in a 
direction parallel to BA^ is 

Ifm V — b 

y + -; = -7 a?, 

a — m a — a 

or {a — m) {(a — a) ^ + ia;} = l> {x (a — ni) — m{d — a)}...(l). 

Again, the equation to jFP, which passes through F and A^ is 

J a — m 

Eliminating y between (1) and (2), we have 

{h {a — m) — b' (a — m)}.{x {a — m) — m {a — a)} = 0, 

and therefore x{a — m) — m {a — a) = 0, 

and therefore, by (1), (a — a) y + ia; = 0, 

the equation to the required locus, which is therefore a straight 
line passing through C. 

Leyboum : Mathematical Repository^ New Series^ vol. I. p. 143. 

6. The sides containing a given angle are in a given ratio 
and the vertex is fixed ; supposing the extremity of one of the 
sides to move in a given straight line, to find the locus of the 
extremity of the other. 

Let OA^ OB, be the two sides; let lAOB = a, lAOx = ^, 
L BOx = ff^ Ox being a fixed straight line ; OA = r, OB = r , 

Then, since A moves in a straight line, 

r cos (^ - /3) = S, 
where fi and S are constants. 

Hence / cos (^ - /3) = nS, 

r cos (^ — a — /8) = nS, 

the equation to the locus of 5, which is therefore a straight line 
at a distance nS from 0, the inclination of this distance to Ox 
being a + /8. 

C2 
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7. From a fixed point A a straight line AB is drawn to 
a variable point ^ in a given straight line Ox^ and upon AB 
is described an equilateral triangle ABP. To find the locus 
of P. 

Let yA 0^ drawn through A at right angles to Ox^ be taken 

as the axis of y^ Ox being that of x^ and let AO = c. Then 

the required locus wiU be a straight line represented by the 

equation ,^ 

^ ajv3 — y = c. 

8. To find the locus of a point, the dbtances of which firom 
two lines _ ^ 

referred to rectangular coordinates, are always in the ratio 
of w' : ri. 

The required locus is a straight line defined by the equation 

a o , a o 

1 \» 



w ■*■ bV W "^ bV 



Lhuilier: EUmena d* Analyse 06om6tr{que et d* Analyse 
Algibrique^ p. 122. 

Puissant: Becueil de dtverses propositions de OSomitrie^ 
p. 190, troisOme Sdition. 

Gamier: OSomStrie Analytique^ p. 438, devadhne Sdition. 

9. To find the locus of a point, the algebraical sum of the 
distances of which from the sides of a given polygon is 
constant. 

If the equations to the sides of the polygon be 

a; cos a + y sin a = 8, a? cos a + y sin a = S', 
ojcosa" + ysina' = S", , 
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the equation to the required locus will be 

aj(co8a + cosa + cosa" +...) +y (cosiS + co8/8' + co8i8^4-...) 

= c + S + S' + S^+ , 

where c Is the constant quantity. 

Timmermans : Oergonne^ Annales de Mathlmatiqv^^ 
torn. XVIII. p. 217. 

10. Having given the positions of two points 0, G\ to find 
the locus of a point P under the condition that 

{PCy — (P(7)' = a constant quantity. 

Let a, 5, be the coordinates of (7; a\ h\ of C ; and a?, y^ of P. 
Then, the axes being supposed to be rectangular and c^ de- 
noting the value of the constant quantity, the required locus 
will be a straight line at right angles to CG\ defined by the 
equation 

(a - a\{^x - a - aO + (J - h\{^y - J - 5') = c*. 

Lhuilier: UlSmens cT Analyse OSomitrique et d^ Analyse 
Algibrique^ p. 121. 

11. A parallel to the base of a triangle being drawn, and 
its points of intersection with the sides being connected with 
the extremities of the base, to find the locus of the intersection 
of the connecting lines. 

The required locus is a right line bisecting the base and 
passing through the vertex. 

Lam^: Examen des dtffSrentes mSthodes employees pour 
rSsottdre Us probUmes de Oiomii/rie^ p. 47. 

Puissant: Becueil de diver ses pr<yposition8 de OSomStrie^ 
p. 122, troisihne Sdition. 

Lardner: Algebraic Oeometry^ vol. I. p. 28. 

Gamier : GSomStrie Analytigue^ p. 436, deuodhne idition. 

12. Oaj, Oy, are two fixed indefinite straight lines; from 
a point P are drawn PA^ PBj cutting Oxj Oy, respectively in 
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A^ B: supposing the angles PAxj PBy^ and the ratio of PA 
to PB to be given, to find the loons of P. 

Let Ox^ Oy^ be taken as axes of a?, y* Let L PAx = a, 
Z PBy = y9, and let PA be to PB as w to n. Then the equation 
to the locus of P will be 

mx sin a = /ly sin /8. 
L' Hospital: Traiti Analytique des Sections Comques^ p. 249. 

13. A straight line DGH, passing through two given points 
D, C, cuts a given straight line ABmH,m such a manner that 

BH^n' 

n and n being constants. Li the line ABj are taken any two 
points F^ O^ such that 

AFAH 

BO'^BH' 

To find the locus of P, the intersection of FC^ OD^ produced 
indefinitely. 

Let -HB, HCDy produced indefinitely, be taken as axes of 
Xj y, respectively ; let HC = kj HD = k\ Then the required 




locus will be a straight line, parallel to AB^ the equation of 

which is 

^n n\ 

Leyboum : Mathematical Repository^ New Series^ vol. I. p. 45. 
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14. AB^ ACy are two straight lines given in position; a 
straight line DE meets them in i>, J?, respectively, so that 

AD + AE = a constant length ; 

also DE is divided in a point P, so that DP bears a constant 
ratio to EP. To find the locus of P. 

Taking AD^ AEy produced indefinitely, as axes of x^ y, re- 
spectively, let the constant value of AD + AE be denoted by c, 

^^ ^^* a.DP = /3.EP', 

then the required locus will be a straight line defined by the 
equation ^ y _^ c 

Leyboum : Mathematical Repository ^ New Series^ vol. Ii. p. 7. 



15. .4CB is a given triangle, J7, iT, i, given points in the 
side -4J5; through -ff is drawn 
any straight line EHF^ cutting 
ACy BCy in Ej F^ respectively; 
through E and F are drawn right 
lines ELy FK^ intersecting in P. 
To find the locus of P. 

Let HL^a^ KB^\ HK^c^ AL = dy AB^^m^ AC=^n] 
and let CE^ produced indefinitely, and an indefinite line through 
(7, parallel to AB^ be taken respectively as axes of x and y. 
Then the locus of P will be a straight line defined by the 

^^^^*^^^ nu^^{ah + cd).ny. 

Leyboum : Mathematical Repository ^ New Series^ vol. Ii. p. 89. 

16. The loci of two points A^ P, are two parallel straight 
lines. To find the locus of a third point P, such that PA^ PB^ 
are inclined at given angles to the loci of ^, P, respectively 
and bear to each other a constant ratio. 
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Let a, /3, be the two given angles, and c the distance between 
the two parallel lines ; also let 

PA:PB::m:n. • 
Then, the locus of A being taken as the axis of Xy and that 
of y being at right angles to it, the equation to the required 

^^^ ^» wo sin a 

msina + wsinyS* 
L' Hospital: Tratti Analytique dea Sections ConiqueSj p. 251. 



Section V. 

Transversals. Explicit Paramieters, 

The word transversal is liius defined by Camot, in his Essai 
sur la Thhrie des Transversales : 

" J'appelle transversale une ligne droite ou courbe qui traverse 
d' une manifere quelconque un syst^me d^ autres lignes, soit 
droites, soit courbes; ou m^me un syst^me de plans ou de 
surfaces courbes." 

1. BAG is a triangle, and jB', C\ are points so taken in the 
sides ABy A C, respectively, or these sides produced, that 

AW ^- AC ^ AB -{• AC. 

To find the locus of the in- 
tersection of BC and B'G^ pro- 
duced indefinitely. 

Let ABy ACj jwroduced in 
definitely, be taken as axes of ^^ 

Xj y, respectively. 

Let AB=a, A G=^by AB'^a\ 
AG'=V. Then the equation to ^ 
5'Cwinbe 




and that \x> BG' will be 



a h 



a h 



(1), 



(2).. 
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Also, by hypothesis, a -{-V =^ a + b 
From (1) and (2), there is 



(3). 



a — d ^ V — b 



and therefore, by (3), 



But, from (1) and (2), 



aa 



W 



-. + 4=0 
ad bV 



(4). 



aa ab a bb ab b 

and therefore, by addition, attention being paid to (4), 

a? + y = a + J, 
the equation to the required locus. 

2. K A^ By 0, be two fixed lines and a fixed point ; then, 
drawing any two lines 06a, OftV , through 0, and joining the 
points a, b\ and a , &, the locus of the point (7, in which a&' 
and db intersect, is a fixed line passing through the point of 
intersection of A and B. 

Let the intersection K of Aj J?, be the origm of coordinates, 




A and B being the axes of x and y. Let Ka = a, ^a 
iTJ = 6, -ffS' = J' ; and let (\, /a) be the coordinates of 0. 
Then the equation to ab' is 



= a 



and to db is 



a ^ J' ^' 
X y 
a 
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At their mteraeotion (7, 

But, since oJ, a &', both pass through 0, 



(1). 



a a 



and therefore \i A + M (r — t; ) = ^ • 



whence, by (1), 






the equation to the locus of 0, which is therefore a straight line 
through K, 

3. K two lines AB^ CD^ intersect in 0, and if the lines 
AG^ BDj meet, when produced, in E^ and 
AD J BCj in -f; to determine the condition 
that the line -EFmay be parallel to AB. 

Let OA^ OCj be taken as the axes of 
Xj y, respectively. Let OA = a, OB = J, 
OC = Cj OB = rf. Then the equation to 
AGiB 




-+^ = 1; 

a c 



and the equation to BD is 



b d 



hence, at the point J?, ( — -^j y = a + J (1). 

Again, the equation to AD is 



a 



and the equation to BC is 
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hence, at the point F^ 






\-2}y"*'' » 



In order that EF may be parallel to AB^ the values of y in (1) 
and (2) must be equal : hence 

b a ^a b 
c d c d^ 



«G+S=K^^)' 



a =5. 

Thus the required condition is that AB be bisected in the point 0. 

F : Cambridge Mathematical Journal^ vol. I. p. 87. 

4. To prove that the perpendiculars from the three an&rles 
of a triangle upon the opp^te sides aU meet in one point. 

Let (a, /8), (a , P)^ (a", /8"), be the three angular points. The 
equation to the side through (a, P)^ (a", /8^), is 

The equation to the perpendicular upon it through the angle 

(a, )8) is 

(a-.a-) (a;-a) + (/3'-^(y-/9) = 0, 

or {a - a) X + {fir - fiT) y= a{a" - a) + ^ (fir - IT}...{1). 

The equation to the perpendicular through (a , fi^) upon the 
opposite side is, by symmetry, 

(a-a) x+{fi-fir)y = a (a - a) + fi^ {fi - fiT) ...(2). 

At the intersection of (1) and (2), we have, adding together 
their equations and changing signs, 

(a - a) oj + (/S' - iS) y = a (a - a) + /S^C/^ - /3). 

This equation coinciding in form with what we know by sym- 
metry to be the equation to the third perpendicular, we see that 
the intersection of any two of the perpendiculars lies in the 
third. 

Puissant: Recueil de diver ses propositions de GSomStrie^ 
p. 120, troisihm idition. 
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^ 5. To prove that lines drawn from the three angles of a 
triangle to bisect the opposite sides^ all meet in a single point. 

Let the coordinates of the three angles be (a, y3), (a, P)^ 
{a J iS^). The equation to the line through (a, ^9), and through 
the middle point between (a , ^S'), and (a", jS^), of which the 
coordinates are ^(a + a"), i()8' + /8^), is 

y — 13 a? — a 

or (a + a-2a)y-()8' + /3'-2y9)aj = ai8-a^+a/3-a/8^...(l). 

The equation to the corresponding line through (a , P) is 

(a'' + a-2a')3^-(/3^ + /3-2)8')a; = a)8'-a/3^+ayy-a/3...(2). 

At the intersection of (1) ancr(2), we have, adding and changing 
signs, 

a result which shews that the lines through (a, /8), (a , /8'), cut 
each other in the line through (a", jS^). 

6. In every quadrilateral, the three lines which join the 
middle points of the opposite sides and the middle points of the 
diagonals, pass through the same point. 

Let ABAB' be any quad- 
rilateral, the diagonab of which 
intersect in 0. 

Let OAx^ OBy^ be taken as 
the axes of coordinates* 

Let 0^=a, 05=6, OA^a% 
OB' = v. 

Then the coordinates of the 
middle points of AB^ and AR^ 
are respectively 

'i«^ .„j (- W' 




©-^ (:»-)■ 



Hence the equation to the line joining these middle points 
will be (a' + a) y _ (J' ^. J) as = ^{a'b - ah') (1). 
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Again, the coordinates of the middle points of AR^ AB^ are 
respectively 

(.t:.)-rt:')- 

and therefore the equation to the line joining these points will be 

(a + a) y + (J' + J) a; = i(aJ - aV) (2). 

Subtracting and adding the equations (1) and (2), we shall get, 
for the coordinates of the intersection of the lines thej represent, 

y = i(i-5')- 
Again, the intercepts on the axes of x and y of the line 
passing through the middle points of AA\ BR^ are 

These intercepts are accordingly twice the magnitudes of the 
coordinates of the intersection of (I) and (2) ; the intersection 
of (1) and (2) lies therefore in the line joining the middle points 
of the diagonals of the quadrilateral. 

Geigonne : AnnaleB de MaihSmatiqms^ tom. i. p. 353. 

7. In every frustum of a triangle, with parallel bases, the 
intersection of the two diagonals is in a right line with the 
middle points of the bases of the frustum and the summit 
of the triangle. 

Let the angle of the summit of the triangle be taken as 
the angle of the coordinates. 

Then the equations to the bases of any frustum will be 

M- ('). 

S^S- »• 

The equations to the two diagonals will be 

i+s- «. 
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At the intersection of (3) and (4), 

«r --^ (5), 

a 

which is the equation to a line which passes through the origin 
and through the intersection of every pair of diagonals. 

Combining (1) and (5) we have 

combining (2) and (5) we have 

X = -jXo, y = \U). 

These results shew that the line (5) bisects the bases of 
every frustum. 

Fr^gier : Oergonne^ Annates de MatMmatiques^ torn. Vll. p. 167. 

8. Let AB^ AB\ AlW^ be any three parallel lines. Let 
O, G\ C\ be the points of concourse respectively of .4'^", WB"\ 
of A"A^ BTB', and of AA\ BR. Then the three points 
C, C'j C", will lie in a right line. 

Take the axis of x parallel to the three lines AB^ AR^ 
AB\ Then the equations to the extremities of these three 
lines will be, 

/x^a\ J, (x^a\ .„ /x = a\ 

Hence we get for the equations of AA^ BB\ 
AA y--b = 7 (x — a). 

BB' y — b^ ; , (x — a — c): 

^ a-a +C-C ^ ' 
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whence we have for the equations to the point (T, where these 
two lines meet, 

dc — ac 




c — c 
By symmetry we have also, 



W / * It 

ac — ac 
x = 



C 

y = 

X = 

and C 



c 


— c 


7W p 

DC 


— be 


C 


It 
— c 




• 


>* 

ac 


1*. 
— ac^ 


n 

c 


-" 


be 


-h"c 



^ c — c 



Let the axis of y be so chosen as to pass through G and C : 
we shall then have 



ac '— ac ^ ac — ac 



— = 0, —, = 0, 

c — c c — c 

» » H II n 

or ac = ac ^ ac = ac^ 

whence also ac = ac', 

and consequently t- = : 

c "^ c 

the point (T will therefore lie also in the axis of y. 
Durrande : Gergonne^ Annalea de MathSmattqtieSj tom. vii. p. 183. 

9. K, from any point in a given line of indefinite length, 
equal distances OP^, P^Pj, PaPg) ... be measured off, and other 
equal distances OQ^^ QtQii Cj^sj ••• "^ *^® opposite direction; 
and if P^, P,, Pg, ... be joined by straight lines with a point 
JE?, and Q^j Q^^ ^g, ... with a point P, E and P lying in a 
line parallel to the given line ; then the intersections of lines 
of the former with lines of the latter group will all lie in 
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straight lines forming two groups of lines converging to two 
points in the line passing through E^ F. 

Let OPJP^.,. be taken as the axis of a?, and a line OA 



... ■ ^ ■ ■ - ' • • 



o O O J* JP J* 

^i ^z Yr f 2 9 

through 0, perpendicular to the two parallel lines, as the axis 
of y. 

Let OF^^a^ OQ^^l^ OA = c^ AE=m^ AF=n. 

Then, the intercepts of the line through E^ P^, are, as may 
be readily seen from similar triangles, 



ray 



ra.c 



ra — m 
hence the equation to EP^ is 



X ( m\y ,,, 

.+ r--)^ = r (1. 

a \ a] c 

Similarly, putting s for r, — J for a, — n for m, we have 
for the equation to FQ^^ 

-f-(-I)! (^'- 

At the intersection of (1) and (2) we have, adding their equations, 

e-i)-('^-M)!-'^ <')• 

and, subtracting, 

The equations (3) and (4) shew that the intersections of 
the two groups of lines always take place in one of a single 
pwr of lines so long as r + « or r — « is constant, there being 
as many such pairs as there are values of r + ^ and r — «. 



X 



X 
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Suppose y ^ c\ then, firom (3), 

m n 
a b 

^=— ' 

a h 
m n 

and, from (4), x = — _ . 

a b 

These values of a?, as not Involving r or «, shew that the lines 

of intersection (3) and (4) all pass through two points in JEF^ 

at distances 

m n m n 

a b a b 

TIT' FT' 

a b a b 
from the point A, 

F : Cambridge Maihematical Journal^ vol. I. p. 88. 

10. To prove that the middle points of the diagonals of the 
three simple quadrilaterals, forming a complete quadrilateral, 
lie all in one straight line. 

The figure, of which -4, 5, 0, Dj A\ jB', are the angular 
points, is a complete quadrilateral, consisting of the three simple 




quadrilaterals, 

AGBDA^ of which the diagonals are AJS^ CD ; 
A'DB^CA\ of which the diagonals are CD, A'R ; 
ASBAA^ of which the diagonals are AB\ AB. 

Let GA = a, CA = a, CB= J, CB = b\ Let M, M\ be 
the middle points respectively of the diagonals AB^ AR, 



D 
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Through these two points draw a straight line cutting CD 
in N. 

Let the lines CA\ CR^ be taken as axes of a?, y, respectively. 
The equation to AR is 






and the equation to AB is 



^+2^ = 1 
a 



The equations to the point D are therefore 

ab ^ ah ^ ^ ab ^ ab 



/?/ • 



The equation to CD will therefore be 

da {b — J') y = bb' {a — a ) ic. 

The equations to M are 
smd tibose to Jf ' are 

Hence the equation to MM' is 

2 (a — a ) y — 2 (J — &') aj = oi' — ab. 

Combining this equation with that to GZ), we shall have for 
the equations to N^ 

1 , h — V 1 ix' ^ ~ ^' 



fif • 



The coordinates of N are therefore respectively half of those 
of D, The point N is accordingly the middle point of CD. 
Thus the middle points of the tluree diagonals are in 9. single 
straight line. 

Bochat : Gergonme^ Armalea de Maihenmtiques^ torn. I. p. 314. 

11. Having given the position of a point relatively to a 
known angle and in the same plane with it, to find in this plane 
two other points such that if we draw tlyough them, i^ an 
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arbitrary direction, two parallel straight lines cutting the two 
sides of the angle, the given point shall always lie in the 
direction of one of the diagonals of the trapezium intercepted 
between the parallels and thp two sides of the given angle. 

Let the two sides of the angle be taken as axes of coor- 
dinates. Then the equations to a pair of parallels will be, {x\ y) 
and (a;", y") being the two required points P', P", 

y-y = a (a? - x)^ 

and y — y" = a (a? — x). 

The abscissa of the intersection of the former of these lines 
with the axis of x will be 

ax' — y 
a ' 

and the ordinate of the intersection of the latter with the axis 
of y will be y « ^x. 

Hence, (A, k) being the given point C, which by hypothesis 
lies in the line joining these two intersections, we have 

ah ^ _ 1 



ax — y y — ax 

or x.[x — A) .a' — {y" {x — A) + xy — kx] a + y {y" — A;) = 0. 

Since a is indeterminate, this equation resolves itself into the 

three following : 

x" [x — A) = 0, 

y {y - *) = 0, 

y" {x — A) + x^y — kx = 0. 

The problem is therefore indeterminate, since there are only 
three equations between the four coordinates x\ y\ a?", y. 

The first two equations can be satisfied by one of the four 
systems of values : 

fx x= 0\ (X = 0\ (Qi = A\ fx = A\ 

V.*oJ, \y^k), \y=o), \y=^k). 

It is easily seen that of these systems only the first and the 
last can satisfy the third equation. 

D2 
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The first, which shews that the point P" is in the axis of Xj 
and the point JP' in the axis of y , reduces the third equation to 

from which it appears that the two points P', P^, are in a right 
line with the point C. Thus the required points will be the 
intersections of the two sides of the given angle with any line 
whatever drawn through the given point. 

The last system, which indicates that the required points 
lie in lines drawn parallel to the two axes through the point (7, 
reduces the third equation to 

x'y — lex = 0, 
or a? y — y a? = 0, 

which shews that the points P', P', are in a right line with the 
origin. Thus we see that the points sought will be the inter- 
sections of a straight line, drawn arbitrarily through the summit 
of the given angle, with parallels to its two sides passing through 
the given point. 





Schumacher : Oergonne^ Annales de Maih&matiques^ tom. i. p. 193. 
Qumier : OSomStrie Analt/ttqtie^ p. 53. 

12. The equations to two lines being 

? + 3^=l ^+1^1 

to find the equation to a line passing through their point of 
intersection and through the origin of coordinates, a, J, a , h\ 
being subject to the relation 

a + J = a + J'. 
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The reqmred equation is 



ad hH ' 



13. To find the equations to the diagonals of the parallelo- 
gram, the sides of which are defined by the equations 

x=^ a^ a? = a , y = J, y = ^^ 

and to determine the coordinates of the point of their inter- 
section. 

The equations to the two diagonals are 

(a — d)y — ah = {b' — &) a? — J'a, 
and {a — a')y — ab = (&' — J) a? — dV ; 

and the coordinates of their intersection 

i(a + a), kib + b-). 

14. To find the condition that the three lines 

^-i_y-i ^+y-i ^4.^-1 
ab"^' d^V"^' d^W^^' 

may all pass through a single point. 

The condition is expressed by the following equation, 

J__i_+JL_±+±_±=o. 

ao ab ab ab ab ab 
Lamd : Gergonne^ Annates de Mathimatiqueaj torn. Vll. p. 230. 

15. I£ p^j j?g, j?3, denote the perpendicular distances of any 
point in a side of any quadrilateral from the three other sides ; 
and a, by assigned lengths ; to prove that the equation 

will represent one of a family of lines which all pass through 
a single point. 
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16. To find the equation to a straight line passing through 
the intersection of the two lines 

X cos e + y sin e = S, x cos e' + y sin e' = h\ 

a>nd cutting at right angles the line 

X COS e + y sm e = o . 

The required equation is 

X cos e+jrsins — S_aj cos e' + y sin e' — S' 

COS (e" — e) ~ cos (e" — e') 

O'Brien: Plane Coordinate Geometry^ p* 31. 

17. If, on the three sides of a triangle^ taken in turn as 
diagonals, be constructed parallelograms, the sides of which 
are parallel to two given straight lines, to prove that the other 
three diagonals of these parallelograms will pass through a 
single point. 

Sturm, Vecten, Querret: Oergonne^ Annales de MaJthi' 
matiquesy tom. XV. p. 103. 

18. K, through the extremities of the base AB of any 
triangle ABC^ be drawn straight lines AP^ BQ^ of arbitrary 
length, and respectively parallel to the sides BC^ AC\ and 
if, through the points P and Q, be drawn, parallel to BQ^ APj 
respectively, straight linest meeting in a point D ; to prove that 
the three lines AQ^ BPj DCj will pass through a single point. 

Gergonne: Annales de Mathetnatiquss, tom. XV. p. 88. 

19^ If any two strs^ght lines be drawn, one of which bisects 
the other, and the straight lines joining their extremities be 
produced to intersect, to prove that the line joining the two 
p(Hnts of intersection shall be parallel to the line bisected. 

20. If OAA'A\ OBRF\ be two straight lines, harmonically* 
divided, the former in the points -4, A\ and the latter in tibe 

* A straight line ABCD is said to be harmonically divided in the points 
JB, C, if the whole AD : either extreme AB ; : the other extreme CD : the 
mean EC. 
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points -B, -B', to prove that the straight lines AB^ AW^ A'B>\ 
will, produced indefinitely if necessary, either pass through 
a single point, or be parallel to each other. 

De La Hire : Secttones Conicce^ lib. i. prop. 18. 

21. From three points -4, ^, 2>, in a straight line ABCD^ 
straight lines are drawn through a single point P; through C 
is drawn a straight line ECF^ parallel to AP, cutting PB pro- 
duced in E^ and PD in F. To prove that 

AD.BC : AB.CD ::CE: CF. 
De La Hire : Secttones Conicce^ Appendix, prop. 3. 

22. From an angle (7 of a parallelogram ABOJDj a per- 
pendicular CE is drawn to the diagonal BD'j to prove that 
perpendiculars drawn to AB^ AD^ at the points J?, i), will 
intersect each other in the line CE. 

Leyboum : MathmuUical Repository^ New Series^ vol. III. p. 179. 

23. APB^ GQD^ are two parallel straight lines. Also 

AP:PB::DQ: QC] 

to prove that the right lines PQ^ AD^ BC^ meet in a single 
point. 

24. Euclid I. 47. Li the figure AL is perpendicular to BG\ 




to prove algebraically that DB^ ECj intersect AL in the 
point. 



same 
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25. K through the three angular points of any given tri- 
angle, lines be drawn parallel to the opposite sides, to prove 
that the straight lines joining their points of intersection and 
the opposite angles of the original triangle will intersect each 
other in a single pomt. 



Section VI. 

TransveraaU. Implicit Parameters. 

1. To prove that the three lines bisecting the angles of a 
triangle all pass through the same point. 

Let the equations to the three sides be 

t^ s 0, V = 0, 1£7 = 0, 

where w, v, w^ are of the form 

X cos e + y sin 8 — S. 

Then, the origin being anywhere within the area of the triangle, 
the equations to the bisecting lines will be 

w — i;=sO, v — t^ = 0, i£7 — w = 0; 

these equations shew that the bisecting lines pass through a 
single point.* 

2. If Imes be drawn, bisecting the angles of a triangle and 
the exterior angles formed by producing the sides, these lines 
will intersect in only four points besides the angles of the 
triangle. 

Taking a; cos e + y sin 8 — S = as the general type of the 
equation to a straight line, we may represent the equations to 
the sides of the triangle by 

t^ = 0, v = 0, «(? = 0, 

and the equations to the six bisecting lines by the equations 

v-\-w = 0...(1), w + u=^ 0...(2), u + v^ 0...(3), 
V -^ w == 0...(1)', w — u == 0...(2)', u — V = 0...(3y. 



♦ See problem (5) of this section. 
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The pairs of lines (1) and (I)'; (2) and (2)'; (3) and (3)'; meet 
respectively at the angles of the triangle. Also the triple 
systems of lines 

{(1), (2), (3)'}, {(2), (3), (1)'}, {(3), (1), (2)'}, {(!)', (2)', (3)'}, 

meet each in a point. 

Now, generally, the number of intersections of six lines is 
equal to 15 : hence, in the present problem, deducting from this 
number the number 3, for intersections at the angles of the 
triangle, and the number 2, for each of the triple systems which 
pass through only one point instead of three, we have, for the 
greatest number of mtersections, 

15 - 3 - 8 = 4. 

3. From the angles -4, jB, 0, of any triangle are drawn three 
straight lines AA\ BB^ GG\ bisecting the angles of the tri- 
angle: through ud, B^ (7, are also drawn three straight lines, 
respectively perpendicular to AA^ BB\ CC\ to meet the sides 
jB(7, C4, AB^ produced, respectively in (?, JT, K. To prove 
that (7, H^ £*, lie in a right line. 

Taking ajcos8 + ysine = Sas the general type of the equa- 
tion to a straight line, the equations to the several lines of the 
figure will be 

BC w = 0, CA v = 0, AB t(? = 0, 

AA' ... v — t(? = 0, BB' ... w> — w = 0, GC .... w — v = 0, 
AO ... v*-\'W = 0, BH....W + t^ = 0, GK u + v^ 0. 

From the equations to BG and A (?, it is evident that G will lie 
in a line, of which the equation is 

u + V + w = 0. 

Symmetry shews that this line must contain also J? and K. 
Vecten : Oergonne^ Annates de MathSmatiqiiea^ tom. x. p. 202. 

4. To find tiie equation to a straight line which passes 

through a proposed point and through the intersection of the 

two lines 

w = 0, t; = 0. 



42 STRAIGHT LINE. 

The general equation to a line passing through the inter- 
section of these two lines must be 

w = Xv (1), 

X being an arbitrary constant. This is evident when we con- 
sider that the values of x and ^, which satisfy the equations 
t» s 0, i; = 0, must also satisfy the required equation ; or, which 
IB the same thing, that whenever u=^0 and i; = 0, simultaneously, 
the required equation must be identically satisfied. 

Let Wj, Vj, be the values of w, t?, when the coordinates of tiie 
proposed point are substituted for Xj y. Then, »nce the equation 
(1) must be satisfied by these values of x and y, we have 

u^ = XVj (2). 

From (1) and (2) we have 

the equation to the' required line. 

Suppose for illustration the two proposed lines to be 

x y ^ X y ^ 
a o ay 

and the proposed point to be a, /8. Then the required line will 
have for its equation 

a b a 

a o a o 

5. To prove that any three lines, which intersect in one 
point, may be represented by the three equations 

t? — «(? = 0, i<? — w = 0, w — i; = 0. 

Let the equations to any two of the lines be 

i? = 0, y = : 

that to the third will be 

^ + Xg' = 0. 
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Hence any three lines whatever, which cut each other in one 
point, may be represented by the equations 

^ = 0, Xq = Oj —p — \q = 0] 
OTy putting jp ^ V — Wj \q = w ^ Uj 

by the three equations 

V — w = Oj w — u == Oj w — i;=rO. 

6. Three straight lines A^ B^ (7, pass through a single point; 
X, Y^ Z^ are three other straight lines such that Y^ Z^ intersect 
in -4 ; ^, X, in B\ and X, F, in C. To prove that the lines 
A^ B^ (7, X, F, Z^ may be respectively represented by the cor- 
relative system of equations 

ij — 1^ = 0, «(? — w = 0, w — i? = 0, 

The first three equations, as we know by problem (5), will 
always represent -4, 5, G. 

Again, since F, Z^ intersect in A^ the equations to F, Z^ 
must be of the forms 

^=sO, 05P + V — i<? = 0; 
or, putting oip ^X — u -- v^ of the forms 

w + V = X, 

Again, it is obvious that a line of which the equation is 

intersects Fin -B, and ZmCi this line must therefore neces- 
sarily be X. 

Hence the system of equations is 



A 
V — t(? = 

X 



B 
Y 

w -^ u ^\ 



G 
Z 



7. JZKX, PQ5, are two triangles ; to prove that if the straight 
lines jBP, KQ^ LR^ meet in one point 0, the intersections of 
Xi, QR'^ LH, RP'^ HK^ PQ ; lie in a straight line. 
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Since OPH^ OQK^ ORL^ all meet in a point, their equations 
may be expressed respectively in the forms 

Again, since KL^LH) LHj HK; HK^KL] intersect respec- 
tively in OBL^ OPH^ OQK^ the equations to KL^ LH^ HK^ are 

X^v + w^ X = «£7 + w, X = w + i;. 
For a like reason, tiie equations to QR^ BP^ PQj are respectively 

X =z V + Wj X = w + u^ X = u + V, 

Hence jSX, QB; LHj RP\ HK^ PQ] all intersect in a straight 

li»e X = X'. 

Grergonne : AnnaUa de MatMmatiques^ tom. vii. p. 187. 
Vincent: Cowrs de GSomStriey p. 210. 
Greatiiead: Cambridge McUJiemattcal Journal^ vol. I. p. 171. 
Frost: tb. vol. iv. p. 113. 

8. From the angles A^ B^ C, of a triangle, lines are drawn, 
through a point 0, to meet tiie opposite sides in E^ F^ (?, re- 
spectively : FO^ GEj JEF, are produced to meet 5(7, (14, AB^ 
respectively, in P, Q^ B. To prove that P, C, -B, lie in one line. 




A. 

Let the equations to BC^ CA^ ABj be 

u = Oj V = 0, w = 0. 
The equations to CG^ BFj are respectively 

u ^v 

and — = — 

where w,, Vj, w^^ are the values of w, v, w^ at the point 0, 
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The equations to the points (?, F^ are therefore, respectively, 



U 



V 

V 



^=0 



and 



u 



w 
w. 



1=0 



. 



Hence the line OFF is defined by the equation 



V w __u 



Hence the equations to the point F are 



- + — = 



V- 






P therefore lies in the line 



u ^ V w 

~ + - + — = 0. 
u^ Vj w^ 

Symmetry shews the same to be true of Q and B. Hence 
P, C -B, lie in one line defined by this last equation. 

We subjoin also another solution of this problem. 

Since AFj BF^ CGj meet in a point, their equations may be 
written respectively in the forms 

AF v-w = (1), 

BF w- u=: (2), 

CG u - v = (3). 

Since AB, AO, intersect in (1) ; P(7, BA^ in (2) ; 04, CB, 
in (3) ; the equations to C4, ABj BC^ will be respectively 

GA w + u- 2X (4), 

AB u+ v = 2\ (5), 

BC v + t(? = 2X (6). 
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Since FO passes through the intersections of (LI, jRF, and 
of AB^ CO'j OEy EFj passing through analogous points; the 
equations to FG^ OE^ EF^ will be respectively 

Fa u = \ (7), 

OE v = X (8), 

EF w = X (9). 

Hence P, Q, 5, the intersections of (6), (7) ; (4), (8) ; (5), (9) ; 

all lie in a line 

u + V + w = 3X. 

F: Cambridge Mathematical Journal^ vol. I. p. 87. 

9. To prove that, the circumstances of the preceding problem 
remaining unchanged, the lines joining 5, Q] G^ R\ A^ E] 
meet in one point, as also those joining C^ B] A^ P; P, P; 
and those joining A^ P] B^ Q', C^ G. 

The equations to GF^ BG, ABj CA^ being 

GF u = \, 

BG v + w? = 2X, 
AB u+ V = 2\ 
GA w + u = 2\ 

It is plain that the line denoted by the equation 

2u + V + w = ^\ 

passes through tiie intersection of GF^ BG] and of AB^ GA; 
the line is therefore the line joining -4, P. 

The equations to -4P, BQ^ GG^ are therefore, regard being 
paid to symmetry, 

AP 2w + V -^w = 4.\ 
BQ 2v + 1^? + w = 4X, 
CG u-v = 0. 

Since any one of these equations results from the other two, 
these three lines must all pass through one point. The same 
thing must, by virtue of symmetry, hold good respecting the 
intersections of the similarly related lines. 
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10. Let there foe any complete quadrilateral; let its sides 
be produced indefimtely; let its three diagonals be also in- 
definitely produced: the diagonals wiU intersect, two and two, 
in tliree points. Through each of these points let there be 
drawn straight lines to the two extremities of the diagonal 
in which it does not lie ; we shall thus have six straight lines, 
each of which will determine two points on two sides of the 
quadrilateral ; so that we shall have in all twelve of these points, 
distributed, three and three, on the four sides of this quadrilateral. 
It is required to prove that these twelve points will lie, two and 
two, on twelve new straight lines, meeting, four and four, in the 
three points of intersection of the diagonals of the proposed 
quadrilateral. 

Let AAA'RBB' be the proposed quadrilateral, of which the 
diagonals are AB^ AB^ A'B\ intersecting, AB and AB' in 0", 




AB and AW in G\ AB and AB'' in G. Let the point G be 
joined to the points -4, 5, by two straight lines, of which the 
former cuts the sides BA^ BA\ in n, y, and the latter the sides 
AA^ AB^ in m, p. Since the construction would evidently 
b^ the same for the point C, relatively to the diagonal ABj 
and for the point G'\ relatively to the diagonal AB] it will 
be siuflScient to prove, first, that the lines np^ mq^ meet in the 
point C, and, secondly, that the lines m/i, qp^ meet in the 
point G". 

Since the three lines AB'^ AB^ AG\ meet in one point, 
we may take for their equations 

AB' w- v = 0, 

AB t?-M? = 0, 

AG' wu^O. 
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Again, since A'B^ AA!^ AB^ intersect, two and two, in 
-4 J?', AB^ A"G\ their equations will be 

A"B u + V = 2X, 

AA' V '\- w =^ 2X, 

AB. w + t^ = 2\. 

Since AR passes through the intersection of AA^ AB^ 
and of A"B^ AE^ its equation will be 

AB i; = X. 

Since An passes through the intersection of AB, AA\ and 
of AW^ A'C\ its equation will be 

An — w + 2t? + t(? = 2X. 

Since Bm passes through the intersection of AR, A^C\ 
and of AB, AB, its equation will be 

Bm u + 2v — w = 2\, 

Since mn passes through the intersection of Bm, AA", and 
of An, AB, its equation will be 

mn u + Av -\' w = 6X. 

Since pq passes through the intersection of AH, Bm, and 
of AB, An, its equation will be 

pq — w + 4t? — t(? = 2X. 

At the intersection of mn,pq, we have, from their equations, 



(i^ + w = 2Xj ' 



their intersection therefore coincides with (T, the intersection 
of AB, AB'. 

Again, since np passes through the intersection of AB, An, 
and of AB, Bm, its equation will be 

np 3w — w ^ 2X. 

Since mq passes through the intersection of Bm, AA, and 
of AB, An, its equation will be 

mq — t^ + 3w> = 2X. 
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At the intersection of np and mq^ we have, from their equations, 

{w " u = \ 

their intersection therefore coincides with C\ the intersection 
of AB, A'C. 

Cor. If r, t^ be the intersections of mw, pq^ with J^K^ and 
«, V, those of wp, mq^ with AB'\ rs^ vt^ will intersect in -B, 
and rt;, «^, in ^. 

Availing ourselves of the preceding equations, we ^all easily 
obtain for the equations to r«, vt^ rv, st^ 

rs 3w + 4i? — w = 6X, 

vt tt + 4v — 3w> = 2X, 

rw — w -f 4i? -t" 3«? = 6X, 

«^ — 3w + 4v + w = 2\. 

From these equations the truth of the proposition asserted 
in the corollary is easily seen. 

The truth of the corollary is also evident from the con- 
sideration that the four points r, «, ;, t;, have the same relation 
to the quadrilateral mnpq^ which the four points m, n, ^, ^, have 
to the quadrilateral A*AKB>. 

Legrand, Rochat, Penjon: Oergonne^ Annalea de Maih6- 
matiqties^ tom. ii. p. 369. 

The reader is referred also to a memoir by Vecten, in the 
15ih volume of the Annates^ p. 146, where he will find other 
properties of the complete quadrilateral. 

11. Let AB^ AB\ AB\ be any three parallel lines. Let 
0, C, (7", be the points of concourse respectively of AA^ B'W^ 
of AA^ B"B^ and of AA^ BB\ Then the three points 
0, C\ Cr, wUl Ue in a right line. 

The lines AB, AB, AB\ AA\ RB\ AA\ BB\ may be 
represented by the system of equations 

AB u = c, AB' u = c, AK u = c"; 

AA ...V = 0, RB" w =* 0; 

AA u — V = c , BH u — w = c\ 

E 
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The equations to the points A^ A\ will then be 

A {« = '' 1, A' {« = ^' 

Hence the equation to the line A' A will be 

A" A (c — c)u '\- {c " c)v = c {c — c). 

Again, the equations to the points B^ B"^ will be 

B. |"=" 1, sr |«=^"l. 

The equation to the line RB will therefore be 

B'B (c — c)U'\' {c — c) w = c (c — c). 

From the above equations it is plain that the intersections 
of AA", RBT', of AA, B^B] and of AA\ BR] wiU all three 
lie in a line of which the equation is 

Durrande : Oergonnej Annales de MathSmattques^ torn Vli. p. 183. 

12. Let A8B, A8'B\ A STB", be three angles of which the 
sides are respectively parallel. Let 8A\ S'B"^ meet in Jf, and 
8'B\ 8A\ in Ni let 8''A\ 8B, meet in JT, and 8'B\ 8A, 
in N- : let 8A, 8'R, meet in M', and /SB, 8A\ in IT. Then 
the three lines MN^ M'N'j WN"^ will meet in one point. 

Let the equations to the sides of the three angles be 

A8. w = a, B8. v = /3; 

A 8' u = a, R8' v = yy ; 

A8\. u = a", B"8' v = ^. 

Then the equations to the points Jf, N^ will be 

^- {::^}. ^- {rr^}- 

The equation to ^^will be, therefore, 

MK (/S- - /S") « + (a - a") r = a'^S' - a'/S". 
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By similarity, for the equations to MN'^ M"N"y we have 

Mir (/9" - /3) w -h (a ^ a) V = a/S' - a/3, 

M'N" ....08 - ^ w -h (a - a> = a)8 - a/3^. 

Adding together these last three equations, we obtain an 
identical equation; the three lines MN^ M'N\ M'lT^ therefore 
all meet in one point. 
Durrande : Gergonne^ Annales de MathSmatiqueSj tom. Vii. p. 183. 

13. K three straight lines, drawn from the summits of a 
triangle, meet in one point, their respective paraUels, drawn from 
the middle points of the opposite sides, also meet in one point. 

The equations to the three former lines may be written in 

the forms 

V — M? = /A — V V OAi^ 

w — u= V — X...... OB^ 

u ^ v = \ — fi,,, 00] 

ajid the equations to the three latter^ being respectively parallel 
to the three former, in the forms 

t? — w? = Z...(4), w — u = m,.,{6)^ w — V = w......(6). 

In thesd six equations un^v^w^ are supposed to denote linear 
functions of x and y without constant terms j 7, m, n, X^ /t, v, 
being all constants^ 

Let v^, w^j be the values of v, w^ at the middle point of 5(7; 
«?^^, u^j those of Wj Uj at the middle point of OA ; and w ^^, v^^^, 
those of Uj Vj at the middle point of AB. 

Also let {u\ V , w')-j {uj v", w")^ {u'^ v", «?'"), be the values 
of (w, v, «?), at the points ^) -B, (7^ respectively. 

Then it is plain^ from the geometrical conditions, that 

2t;^ = V + V , 2w^ = w -{• w \ 
2w = tcT' 4- w\ 2u = w " + u ; 

/I '7 II 7 

But, from (4), (5), (6), we have 

2 (Z + m -h w) = 2 (v - i^J + 2 K - «J + 2 (w ^^ - vj ; 

E2 
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hence 



2/7 I I \ " w , /// /// 

(t + m + w) = v— «?-|-v — w 

-\- w — u + w — u 



/// 



/// 



= V — W -t-W7— V+t* — 



w . 



But, from the equations to OA^ OBy OCy 
t?— t(7=s/t — V, 117— w=F — X, w — 17 =X — /a: 

henoe 2{Z + w + w)=/a — X-t-v — /a + X — v, 

and therefore Z + m + w = 0. 

This result shews that the lines (4), (5), (6), pass through one 
point ((7). 

C!OB. It is easily seen that the equation to the line joining 
0, Oy if we put Z = /t' — F , m = F — X', w = X' — fi\ is 

(X' - X) 0^ - v) + (/*' - m) (v - X) + (f - f) (X - /t) 
= (X' — X) (v — w?) + 0^*' — /*) (l£7 - w) + {v — f) (w — 1?) 
= (V- X) (/-fO + (/t'- m) (f -X-) + (f' - f) (V - /t-). 

Fregier : Oergonney Annates de MathSmatiqtieSj torn. Vil. p. 170. 

14. To prove that the sides Ay A\ A^y A"y ... of any 
polygon, and the sides X, X'y X\ X'", ... of any polygon in- 
scribed within it, may be represented by the system of equations 



A 

M = 




A 
m' = 




A' 
u" = 




A"' 
u" = 







X, 

x\ 

x\ 



awH- u -\- 1*"+ w"+ + i«^"^ = 0, 

aw + aw-t- %"+ w'" + + w<"' = 0, 

aw + aw +01*"+ w"+ + w^"^ = 0, 



X"> aw + au + aw + aw'" + + aw<*> = 0. 




TRANSVERSALS. IMPLICIT PARAMETERS. 53 

Let the sides A^ A\ A!^ of the polygon be represented 

by the equations 

^ = 0, ^' = 0, ^' = 0, , 

and the sides X, X\ X*, by the equations 

-S:=0, X = 0, X'' = 0, 

Since A^ Xj X^*'\ pass through a single point, 

x«^ = x^ + M-s:, 

X and fjk being constants. In like maimer 

X =\^' +Mt-^', 
X' ^\A" 4/i.X', 
JT =X^'" +f,,X-, 



Multiply these ti + 1 equations in order by 

h M) MMi> M/*i/*a?-- MMi/*a) M-iJ 

then, representing 

X(->, /tX, fifi^X\ fifiji^ M«-i-^^"'*^ 

by r% F, F', F-% 

and X^, m\-4') MMl\^^ M/^iMa Mi.-i\^^"\ 

by M, w', w", w^% 

we have, putting a for fifi^fi^ /*«.i, 

F-) =w + F, 

F =t*' + F', 

F' =w + F", 

F" =w" + F'", 



3^(H-i)^^(M) +ay(»). 
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From these equations we have 

(l-a)F''^ = w+ u+ u+ + w% 

(l-a)r =aw+ u -{- w + + w^% 

(1 - a) F = aw + au + w + + w^"\ 

(1 - a) F"-'> = aw + aw' + aw" + + au^^K 

Since w, w', w", are constant multiples of -4, ^', ^", 

and the right-hand members of the last fi equations are constant 

multiples of F"\ T, F, and therefore of X^*^, X, X', , 

the truth of the proposition is established. 

Ex. Having given the equations to the sides of any quadri- 
lateral, to find the equations to the sides of an inscribed quadri- 
lateral the opposite sides of which intersect in two given points. 

Let the equations to the sides of the original quadrilateral be 
k = 0^ Z = 0, r/i = 0, n = 0. 

Then, since w, Uj u\ u\ must be some constant multiples 
of Tc^ Z, 7n, w, respectively, the equations to the sides of the 
inscribed quadrilateral will be of the forms 

aA + )8Z + 7m .+ ha = (1), 

a{^ + )8Z) + 7w + 6w = (2), 

a (A; + )8Z + 7m) 4 8w = (g), 

A; + )8Z + 7m-f6w = (4). 

Let the values of A;, Z, w, n, be \^ Z^, wi„ «,, iknd ft,, Z,, m,, «,, 
at the two given points. 

Then we shall have, for the determination of the constants 

«) A % % , ^, 

0*1 + ^\ + 7»^, + Sw, = (5), 

a (*a + ^^^ + 7^, + K = ^ W> 

a^c^ + )8Z, + 7mJ + ha^ = (7), 

K + ^^9 + 7»»2 + H = ^ W- 
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From (5) and (7) we have 

)8Zj -t- ywi, = 0, oAjj + Swj = ; 

and, from (6) and (8), 

h + )8Z, = 0, Tw^ + &i, = 0. 

Substituting the values of a, )8, 7, S, given by these four equa- 
tions, in (1), (2), (3), (4), we shall obtain, for the required equa- 
tions to the sides of the inscribed quadrilateral, 

^A ' \^^ " ' 

kj, — IJc mjfi — njmt __ 

^k ^.^ "" ' 

Z^m — m^ njc — k^ ^ 

^.^1 ^*. "" ' 

m,n - njn kJ, - IJc _ 

Cambridge and Dublin Mathematical Journal^ for May 1850. 

15. K the lines w = 0, v = 0, be parallel, to shew that, 
k being an arbitraiy constant, 

u -\-kv = 
is parallel to each of them. 

16. K, through the three angles of a triangle, straight lines 
be drawn at right angles to the base, to prove that, the general 
type of the equation to a straight line being 

the equations to the three sides of the triangle and to. the three 
perpendiculars may be represented by the system of equations 

t« = 0, t; = 0, t^ = 0, 
t; — t^ = 0, «£? — w = 0, w — v=sO. 

17. A straight line passes through the intersection of two lines 

w = 0, v = ; 
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and through that of two Imes 

u =0, t?' = 0. 

To prove that it is impossible to express generally the equation 
to this fifth line in terms of u^ v, li^ v. 

18. K lines be drawn through any two of the points A^ Bj (7, 
&c., and other lines through any two of the points a^ b^ c, &c.; 
to prove that the intersections of AB with ai, o( AG with oc, 
&c. will lie in one straight line, provided that the lines through 
the intersections of any two of the first series of lines and the 
corresponding intersections of the second series all pass through 
the same point. 

19. The four angles of a quadrilateral ABCD are bisected 
by four straight lines : the bisectors of A^ By meet in a ; ot B^Cj 
in )8 ; of (7, J?, in 7 ; and of J?, -4, in S. To prove that the 
directions of PZ^ a7, pass through the intersections of the direc- 
tions of ADy BCy and of AB^ GD^ respectively. 

20. In any quadrilateral ABB'A'^ let the diagonals AB^ A By 
be drawn, intersecting in -B", and the sides AA\ BB'y produced 




to meet in A" : also let A''B" be drawn, cutting AB and A'B' 
in C and G respectively. To prove that, a being the intersection 
of the diagonals of the quadrilateral ACGA\ and )8 that of the 
intersection of the diagonals of the quadrilateral BCGRy the 
three points a, B'\ ^, will lie in one straight line. 
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21. A IB any point whatevar 
in the plane of a triangle BCD: 
from A are drawn to B, C, D, the 
diree straight lines AB, A C, AD. 
On AB, A C, AD, are taken any 
points m, n, p, respectively ; and 
Stif Cm, Cp, Dn, Dm, ^, are 
joined : through the points of 
intersection D, R, C are drawn 
the transversals Ad, Ab, Ac, 

To prove Uiat ^ 

(1). The transversals Dd, Bb, Cc, cut each other in a single 
point A'. 

(2). The four transversals AA', BB', CC, DD, pass all 
through a single point. 

This is a particular case of a theorem in Camot'a Eaaai aur 
la TkSorte des Tranaversales. 

Cambridge and Dublin Maihematuxd Journal, jw F^, 1860. 



Section VII. 
RectHmear Areas. 

1. To find the area of the figure included by tiie lines defined 
by the ec|uations 

x-y = % x+y = (i, x-y = a, x + y = h. 

The constmction of the four lines shews that they form a 
rectangle, the first and third being two parallel udes. Now 
the distance between the first and third, which is the same thing 

as the distance of the origin from the third, is equal to -^ . 

Similariy, the distance between the second and fourth is equal to 

-T-j . Hence the area of the figure is equal to \ab. 
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2. From the ori^ of coordinates, 0, perpendiculars 0(7, 0(7', 
are let fall upon two straight lines 



- + ^ = 1 

« /3 ' 






respectively : the points C7, C\ are joined : to find tlie area of 
the triangle COG'. 

It is pUdn that '"' 

sin lGOC = sin lO'OA. cosiCOA * 

-sin^OO^coszO'O^', 

= cos^' sin^ — cos^ sin^', 

o' /9 o 




Also 



(g« + /8^4.(g'» + /3^)r 

05 afi 



and, similarly, 



CO = 0^ . 



C"0 = 



Hence 



area 



AB (g* + 0')i ' 

g'yS' 

(g" + /S^)l • 



~*(g'* + /8')(g'' + /S^)* 



3. To find the area OC'C, included between the three lines 
AB, A'B", JlB", the equations to which are respectively 

^j-^-i *" j.y -1 ^ ^y -\ 

I7"'"x~' ~Z' "^ T' ~ ^ 1""''F~ 
a o a a 




A' 1 
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From the geometry we see that 

CCG" = AC A - AG'CA\ 

= A C"A + A'GA" - A'CA. 

Now Bxes^ACA = ^AA' x ordinate of CT 

1 _ 1_ 

= i(a -a). -J 

In the same way it may be prored that 



/TW 



area AGAl = J (a" - aT . -j^p 777 , 

^^ ' ah — ah ^ 

hv 

and area -4" (7'^ = 4 (a" — a)* . -57 ra • 

^ ^ ah " ab 

Hence area GG'G" is equal to 

[(d^ay (d^aj la^aT 



^^ a a a a 



a a 



This area may similarly be shewn to be equal also to 

gh'-h)' , (y - b'Y jb - by 



a a 



n 

a a 



a 



a 



Pig. 1. 
4^ 



4. To find the area of a triangle, the coordinates of the 
angular points of which are given. 

Let A^A^^ (fig. 1) be the triangle, the 
coordinates of A^^ -4^, A^^ being respectively 

(«i) yi)» (a?8) yJj Kj ya)- 

Then the area of the triangle is equal to 
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whence, P denoting the required area, 

2P = xj/^ - a?^y, + x^y^ - x^y^ + x^y^ - x^y^. 




Had the figure been such as fig. (2), we might have shewn in 
a similar way that 

2P = x^y^ - x^y^ + x^y^ - x^y^ + x^y^ - x^y^. 

Thus we see that the area of any triangle, the angular coordi- 
nates of which are (a;^, yj, (a?^, yj, (a;,, y,), is equal to 

the + or — sign taken accordingly as the point A^ and the 
indefinite point x are on the opposite or on the same side of the 
indefinite line through A^^ A^. 

Puissant: Becueil de diverses propositions de Oiomitrie^ 
p. 115, troisi^me edition, 

5. To find the area of a polygon the angular coordinates 
of which are (aJ„y,), (aj„yj, {aj,,^,), (a?,, yj. 

fig. 1. fig. 2. fig. S. 




JC 



^- 



^f 




Taking a quadrilateral, we have, for the area of the triangle 
A^A^^^ in fig. (1) and (2), the expression 

and, in fig. (3), the expression 

\{xj)^ - x^y^ + aj,y3 - x^y^ + x^y, - x^y^. 
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Again, the area of the triangle A^A^^ is equal, in fig. (1) 
and (3)^ to the expression 

and, in fig. (2), to the expression 

hi^iVt - ^tVi + ^8^4 - ^4^8 + ^aVi - ^ly*)- 
Hence the quadrilateral area A^A^A^A^ is equal, in fig. (1) 
and (2), to the expression 

i(a?,y, - x^y^ + xjf^ - xj/^ + x^y^ - x^y^ + x^y^ - aj.yj, 

and, in fig. (3), to this expression affected by the negative sign. 

Thus we see that the area of a quadrilateral A^A^A^^ is 
equal to 

± i(«,yi - «iy« + «8y« - ^j/s + ^4^8 - ^'8^4 + ^xVa - ^^vd^ 

the + or the — sign being taken accordingly as the point A^ 
and the indefinite point x are on the opposite or on the same 
aide of the indefinite line through A^^ A^. 

Proceeding in the same way, we shall evidently obtain, for 
the area of the proposed polygon, the expression 

± iK^l - «iy« + ^zVi- ^%yz + ^4^8 - ^^8^4 + + ^vVn " ^nVl)' 

De Stainville : Oergonne^ Annates de MatMmatiguea^ tom. I. 

p. 190. 
Puissant: Recueil de dwerses propositions de OSomitrxe^ 

p. 116, troist^me idition. 

6. To find the area of the quadrilateral the equations to the 
sides of which, taken in order, are 

y = o (1), 

y = as (2), 

(y — o) V3 =3! — a (3), 

y = x-c (4). 

At the intersections of (1) and (2), (2) and (3), (3) and (4), 
(4) and (1), respectively, we shall have 

- cV3 
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But, P denoting the required area, 
2P= xjf^ - x^y^ -f x^y^ - x^y^ + x^y^ - x^y^ + x^y^ - a;^y^: 

hence, putting for the coordinates in this expreasiim their proper 
values, we have 

= 2ac + ^ 



V3 - 1 ' 

P=ac + lc'(V3 + 1). 

7. To find the area included between the lines 

a? = 0, V = 0, - + ^ = 1. 
' ^ ' 2 3 

Required area = 3. 

8. To find the area of the triangle formed by the three lines 

x^ a^ y = mx^ y = — ^wa?. 
Required area = mc?. 

9. To find the area included between the four lines 

x^ a^ x^ a\ y = i) y = i'. 
Required area = (a — a). (6' — J). 

10. To find the area of the triangle included by the three 
™C8 y = ft, y = oa?, y = a a?. 

Required area = \V ( — — , ) . 

\0L a/ 

11. To find the area of the triangle formed by the line 

a; + y = 1, 
a perpendicular upon it from the origin, and the axis of x. 

Required area = J. 

12. To find the area included between the three lines 

a? = 0, aa; + y = )8, 2aa; + y = 2)8. 

Required area = — . 
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13. To find the area of the triangle included between the 
three lines a? + 2y = 5, 2a? -f y = 7, y = a? + 1. 

Bequired area = |. 

14. To find the area included between the lines of which 
the equations are 

-= y ^ = y ?4.? = 1 

The required area is equal to 

*'*'^'(ayy-h6a).(a)8 + Ja)' 

15. To find the area included between the lines of which 
the equations are 

oj = 0, y " 0, a? = a, y = ft. 
The area is equal to ah. 

16. To find the area of the quadrilateral included between 
the four lines ^j = a, x^d^ y = aa?, y = a a?. 

Bequired area = i(a'* -^ a*). (a ^ a). 

17. To find the area included between the lines of whicK 
the equations are 

^ = 0, y = 0, - + f=l, ^+1 = 1- 

ah ah 

The area is equal to 

\{ab ^ aft'). 

18. To find the area of a parallelogram, the equations to 
the sides of which are 

ic + my ± S = 0, 

Xx + my ± S' = 0, 

CD being the angle between the coordinate axes. 
The required area is equal to 

488' sin 6> 

Im ^ Ira ' 
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19. To find the area of the quadrilateral included between 
the four lines 

y = our, y = a a?, y = mx + c, y = mx + c . 
Required area =±i(a -a). -^7 tt-t-t r. -7 tt"? r-. 

20. To find the area of the quadrilateral included between 
the four lines 

aj + y =. 4, - 3a; + 2y = 5, 12a; + 7y = - 35, 4a; - 5y = 25. 

Required area = 30*8. 

21. K a;,, y,; a;,, y,; a;,, y3; (a;^, yj ; denote the coor- 
dinates of Ae angular points of a polygon taken in order, the 
axes being inclined to each other at any angle a>, to prove that 
the area of the polygon is equal to 

± isin w {xjf^ - x^y^ + x^y-x^y^^x^y-x^y^ +...+ x^y-x^y^\. 

22. To find the equations to straight lines passing through 
a given point and including a given triangular area between 
given axes of coordinates. 

Let a, &, be the coordinates of the given point, a the angle 
between the axes, and c* the given area. Then the equations 
to the lines, which satisfy the conditions of the problem, will be 

± 2c' (x — a) (y — J) + sin a {a (y — J) — J (a; — a)}* = 0. 

Puissant: Recueil de dwerses propositions de OSomStriej 
p. 139, troisihm Edition, 

23. To bisect a trapezium A OBG^ the angles -4, 0, of which 
are right angles, by a straight line at right angles to OA. 

Let (9^ = a, 04 = *, BO = h\ and, thelmes OA^ OB^ 
being taken as axes of a;, y, respectively, let x be the abscissa 
of the bisecting line. Then 



x 






Puissant: Becmil de diverses propositions de GSomStrie^ 
p. 160, troisihne Sdition. 
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24. -4, 5, are two given points ; P is a point so placed that 
the sum of the squares of the distances PA^ PB^ bears to the 
area of the triangle APB the ratio of / to ^, and that the angle 
APE has a given value. Supposing the middle point be- 
tween A and 5 to be the origin of rectangular coordinates, 
OA produced indefinitely being the axis of a?, to find the 
coordinates of P. 

Let OA=-a= OBy lAPB = a. Then 

X = ±:^. —, .(rsin'a- 16/)*, 

/sma-4ycosop ^ ^^' 

_ 4tag sin a 
^ /sin a — 4tg cos a ' 

L' Hospital : TraitS Analytique des Sections Goniques^ p. 362. 

25. To find the lengths of the sides AA\ AA\ A'A^ of a 
triangle and its area, the equations to its sides AA\ AAH^ AHA^ 
being respectively 

X cos fi-\- y sin a" = S^, x cos a + y sin a = S, x cos a + y sin a = S'. 
The required lengths are 

... _ y sin (g — g") + 8 sin (a — a') + S' sin (g" — g) 

sm (g — g ).sm (g — g ) ' 

A' A" — ^ s"^ (ot' "" Q^') + y sin («' — g) + y sin (g ■- g") 

sm (g — gj.sm (g — g) 

J" >4 — y sin (g" — g) + y sin (g — g') + 8 sin {a — a) 

sm (g — g ).sm (g — g ) ' 

and twice the area of the triangle is equal to 

{h sin (g' — g") + y sin [ol — a) -\- S' sin (g — g') [* 
sin (g — g').sin {a — g"),sin {a — g) ' 

LhuiUer: ElSmens dP Analyse Oiondtrique et d Analyse 
Algebrique^ p. 116. 



( 66 ) 



CIRCLE. 

Section I. 

averred to two Perpendicular Diameters, TangerUa. 

1. To find the relation among the quantities a, b^ c, that 

the line ^ ., 

- + f = l 
a 

may be a tangent to the circle 

Ka be the inclination of the radius of any point in the 
circumference to the axis of o^, the equation to the corresponding 
tangent is a; cos a + y sin a = c. 

In order that this equation may coincide with that to the 
given straight line, we must have 

cos a _^ 1 sin a __ 1 

c a' c h' 

Squaring and then adding these equations, we get, for the 
required relation, 111 

? " ? "^ i^ • 

2. Tangents are drawn to a circle 

iBrt; two points {x\ y ), (x'yy) : to find the distance of a point 
(A, h) from a line passing through the centre of the circle and 
the intersection of the two tangents. 

The equations to the two tangents are 

XX + yy = c', 
XX -^ yy = c . 
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Subtractmg one of these equations from the other, we get 
for the equation to the line, which passes through the centre 
and the intersection of the two tangents, 

X {x - x) + y (y' - y) = 0. 

Let i denote the distance of (A, k) from this line ; then 

^_ {h {x - x) +k{2/' - y) }' 

3. To find the equations to straight lines touching the circle 

a:* + y* = 10 
at points the common abscissa of which is unity. 

The required equations are 

a? ± 3y = 10. 

4. To find the equation to a circle, the centre of which is at 
the origin of rectangular coordinates, and which is touched by 
the line y = 2x + 3. 

The required equation is 

5. To find the intercepts on the axes of coordinates of the 
tangent to a circle drawn parallel to a given straight line. 

If c be the radius of the circle, and ?, w, the direction-cosines 
of the given line, the required intercepts are equal to y , — . 

Puissant: Recueil de diver ses propositions de Oiomkrie^ 
p. 148, troiaikme edition, 

6. K, from a given point /S, a perpendicular SY be drawn 
to the tangent PY at any point P of a circle of which the 
centre is C, and, in the line MP at right angles to 08 and 
produced if necessary, a point Q be always taken such that 
MQ= 8Y to find the locus of Q. 

f2 
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Let G be the origin of coordinates, C/8, produced indefinitely, 
being the axis of x ; then, denoting G8 by a, and the radius 
by r, the equation to the locus of Q will be 



ax ^ ry ^ r^. 




Section II. 

Referred to two Perpendicular Diameters. Chords, 

1. K a chord be drawn parallel to a diameter of a circle, 
and from any point in the diameter lines be drawn to its 
extremities ; the sum of their squares will be equal to the sum 
of the squares of the segments of the diameter. 

Let the chord QR be drawn parallel to the diameter AB\ 
let Q^ i?, be joined by straight lines to any 
point P in AB. Draw QM^ RN^ at right 
angles to AB. ^ 

Let QM=y — RN^ CP= a^r=^ the radius of 
the circle, CM=x= CN. Then 

PQ^^PB!^ = f + (x-ay-\-f + (x + af 
= 2 (oj^ + y* + a«) 
= 2 (r* + a») 
= (r - ay + (r + a)" 
= P4" + PB\ 

2. To prove analytically that the angle in a Bemicircle is 
a right angle. 

Let (a, h)j be the coordinates of one end of the diameter of 
the semicircle ; (—a, — b) will be those of the other end. 
The equations to the two chords will be 

X — a _t/ — b 

x-\- a _y + b 
m 
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At the intersection of these two lines 



a^ , a« ^ y* - y 
IV mm 



(I). 




But, c being the radius of the circle, 

a'' + 6" = <?, 
and therefore a? -a^ + f -V = (2). 

From (1) and (2) we see that 

IV + mm' = 0, 
the condition for the perpendicularity of the two chords. 

3. (7 is a fixed point in the diameter BA^ produced, of a 
circle; from C any line CLE is 
drawn cutting the circle in two points 
i, K*^ AK^ Bl/^ are joined, inter- 
secting in P; to find the locus of P. 

Let OGx be taken as the axis 
of a?, and Oy, at right angles to it, 
as that of y. Let a denote the radius of the circle. 

Then the equations to AK^ BL^ will be, respectively, of the 

*^rm8 y = m (a; - a), 

y = w (a? + a) ; 

both of these equations being comprehended in the following one, 

(y — TWO? + m^) .{y — nx — na) = 0, 

or y* + mn3(? — [m '\' n) xy -\- a (m -- n) y -■' mno? = 0...(1), 

The equation to the circle is 

^ + f = a^ (2), 

Eliminating y* between (1) and (2), we get, relatively to the 
points of intersection of AK^ BL^ with the circle, 

y* — mny^ — (m + w) ajy + a (w — w) y =^ ; 

whence, dividing by y, we have 

(1 — mn) y '- (m + n) a; 4- (w ^ w) a = ,,.... (3), 
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as the equation to the chord KL, 

Let OG^c'^ then, since KL^ produced, passes through (7, 
we have, from (3), 

(w — w) a = (m + w) c (4). 

At the point P, in which AK^ BL^ intersect, we have 

m(x — a) = n{x •\- a) (5). 

From (4) and (5) there is 

a {{x -\- a) — {x — a)} = c {(a? + a) -\' {x — a)}, 

whence . = ^\ 

c 

which is the equation to the locus of P, being therefore a straight 
line at right angles to the axis of a;, passing through the point 
at which a tangent from G touches the circle. 

4. To find the length of a chord of the circle 

the equation to the chord being 

X y 
a 

(axt X 4 
^ 2 ^2) • 

5. If 2a, 2a , be the inclinations of two radii of a circle 

ic* + y* = c' 

to the axis of x^ to find the equation to the chord joining the 
extremities of the radii. 

The required equation is 

a? cos (a + a') + y sin (a + a') = c cos (a — a'). 

6. From any point Q in the circumference of a semicircle 
two chords are drawn to the extremities A^ 5, of its diameter. 
From any point M in this diameter a perpendicular to it is 
drawn, which cuts AQ in fi", BQ in K^ and the curve in P. To 
prove that ME. MK = {MPy. 
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7. H S represent the harmonic mean oetween the abscissfle, 
and K that between the ordinates, of the points, in which a circle 

st^ + y' = c' 

is cut by a chord Ix + my = S^ 

where Z, m^ are the direction-cosines ; to prove that 

28 

8. To determine, in the circumference of a given circle, 
a point P, such that, if it be joined to two given points Aj JB, 
the lines APy BP^ may intersect the circumference in the ex- 
tremities A\ B'y of a chord A'B' parallel to AB. 

The equation to the circle being 

a^ + y* = c*, 

and (a, ^), (a , /3^)j being the coordinates of Ay 5, respectively, 
the required point P will be determined by the intersection of 
the given circle with the straight line defined by the equation 

OKC + )% — c' _ a a; + ffy — c" 

This is a particular instance of the more general problem, 
"To inscribe in a given conic section a triangle the sides of 
which are Subjected to pass through three given points." 

Lam^ : Examen dea diffirentes mSihodea ernploySea pour 
rSsoudre Us prohlhnea de OiomStrtey p. 74. 



Section III. 

Referred to two Perpendicular Diameters. Points. 

1. Having given two points A and JS, to find the position 
of a point P in the circumference of a given circle, such that, 
if APy BPy be joined, and P be joined to the centre G of the 
circle, sinCP^ ^ m 

BmCPB''n' 
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Let Gx^ parallel to AB^ be taken as the axis of x^ and Gy^ 
at right angles to Gx^ as that of y. 

Let (a, ^), (a , ^), be the coordinates of 
-4, JB, respectively, and a?, y, those of the 
required point P, Let c be the radius of the 
circle. 

Then the equation for determining x or y 
will be an equation of the sixth degree resulting from the 
elimination of y or a? between the two equations 

and n.(ay-/9«:) {(a -«:)» + (/S-yrji 

Descartes: Lettresj Lettfe 65, tom. ill, p. 357. 
Puissant: JRecueil de dwerses propositiona de OSomStrie^ 
p. 168, troisibme edition. 

2. The distances of a given point G from two points P, Q, 
in the circumference of a circle 

are each equal to nr: to find the equations to the two lines 
PG, QG. 

K (a, h) be the coordinates of (7, the equations to P(7, QG^ 
are included in the equation 

{a» + 6» + (n« - 1) r»}». {(a? - a)« + (y - J)«} 

= 4wV. {a (aj - a) + J (y - J)}'. 



Section IV. 

Referred to any Rectangular Axes. 

1. To determine the relation among the constants of the 

two equations 

Ix + my = S, 

in order that they may touch each other 
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The cooFdinates of the centre of the circle are a, 5, and 
therefore the square of the distance of the centre of the circle 
from the straight line is equal to 

But this cUstance, the line being a tangent, must be equal to the 
radius: hence 

which is the required relation. 

C!0R. K Z, m, be the direction-cosines of the straight line, 

? + w* = 1, 
and the relation is reduced to 

± (oZ + hm — S) = c. 

2. To find the equation to a circle having for a diameter the 
line joining the points of intersection of the line y = ax and the 
circle f = 2cx-a?. 

At the intersections of the line and circle 

and therefore the coordinates of these two points are 

^ _ 2c 
2ac 

.^' = m?j 

Let x^ y\ be the coordinates of the centre of the new circle, 

and c its radius. Then 

c 



and 



X - ia;, - j-^p^ > 



1 oc 



a*' 



and c* = X* ■{■ y* = 



v 



1 + a' 



8 • 
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Hence the equation to the new circle is 

or (1 + a') . (a^ + y") = 2c (aj + ay). 

3. A straight line cuts two given circles in such a manner 
that the parts of it intercepted by them are of given lengths : 
to find the point in which this line cuts the line joining the 
centres of the two circles. 

Let the line joining the centres of the circles be taken as the 
axis of x^ and one of their centres as the origin of coordinates. 
Their equations will then be of the forms 

^+3^ = ^' (1), 

[x-^af^f^c' (2). 

The chords intercepted by the two given circles being equal 
and known, the perpendiculars from the centres of ^e two 
circles upon the intersecting line must also be given: let them 
be represented respectively by p^ p\ Let the equation to the 
intersecting line be 

- + ^ = 1 (3). 

Then,^ denoting the distance of the centre of (1) from (3), 

1 






and, p denoting the distance of (— a, 0), the centre of (2), from (3), 



a 

- + i 

±P=T\ iT4- 



W ''" «V 



Hence ± - = — hi, 

p m ' 



m = ~ , 



±p -p 
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which determines the distance of the required point from the 
origin. 

Lacroix : Application de VAlglhre h la GSomitrie^ No. 109. 

Puissant : Recueil de diverses propositions de OSomStrie^ 
p. 152, troisihne Edition, 

4. Diameters of two circles, the centres of which are -4, -B, 
make up a diameter of a greater circle, ^. 

the centre of which is C. 

To compare the lengths of the two chords 
-EF, KF^ of the greater circle, which touch 
hoth the smaller ones. 

Let a, J, be the radii of the two smaller 
circles, a + J being therefore the radius of 
the larger. Let EF = c, EF' = c . 

Let the equation to EF be 

X y ^ 
m n 

Then, p denoting the distance of G from EF^ 

Jc' = (a + J)»-/ 

s s 

mrrC 




= (« + *)' - -«— ,» 



(!)• 



Again, the distances of the centres of the circles A^ B^ from 
EF^ being a, J, respectively, we have 



__ n{b-m) 



, _ n{a + m) 



From these two equations we may, by a few obyioos algebraical 
processes, ascertain that 

'a" + b\* 



m 



~\a-b)' 



, (g' + bj 



Hence, substituting these values of m^ and n? in (1), and reducing, 

we shall get 

c? -\- ab-\-V 



c' = 16aJ . 



[a + Vf 
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Agam, c denoting the chord E'F^ we have 

lc* = 2a.2J, 

or c* = 16aft. 

Hence the ratio between the lengths of the chords EF^ EF^ 
is equal to (g* + qft + V)^ 

a + J 

5. K three fixed circles be cut by any other, to prove that 
the three chords will form a triangle, the loci of the angular 
points of which are three fixed straight lines meeting in a 
point. 

Let the coordinates of the centres of the three fixed circles 
be (a, h\ («', 6'), (a", 6"), and their respective radii c, c , c". Let 
(jp, q) be the centre of the variable circle, and r its radius. 

The equations to the first of the fixed circles will be 

{x - «)» + (y - Vf = c», 
and to the variable circle 

Subtracting the latter equation from the former, we have 

2a; (^ - a) + 2y (y - J) + / - c* =y - a' + 2* - }?^ 

which is the equation to the chord of intersection. 

The equation to the chord of the second of the fixed circles 
will be, similarly, 

2ic(j9 - d) + 2y (2 - J') + ^ - c" =/ - a'» + j« - V. 

At the intersection of these two chords, there is, one equation 
being subtracted from the other, 

2a;(a - a) + 2y (J - V) + c' - c'" = o» - a'» + 6« - V, 

idiich is the equation to the rectilinear locus of one of the 
angular points of the triangle of chords. 

The equations to the other two loci are, by similar reasoning, 

^x[a - a) + 2y (J' - 6") + c-* - c"' = a^* - iP + J-* - J"», 

^x[d' - a) + 2y (&" - J) + c"^ ~ c« = (P - a« + r - h\ 
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If we add together the equations to these three loci, we shall 
evidently obtain an identical equation. They must therefore 
pass through a single point. 

6. To find the equation to a circle the diameter of which 
is the conmion chord of the two circles 

The required equation is 

a? — aaj + y* = c' — ^a*. 

7. To find the equation to the straight line which passes 
through the centres of the two circles 

ic* + 2a; + / = 0, y* + 2^ + a;* = 0. 

The required equation is 

a? + y + 1 = 0. 

8. To find the equations to the circles which touch the three 
^«» x=:a, y = 26, y = 26'. 

The required equations are 

(a. _ a ± J' If j)« + (y - 6 - by = {b' ^ h)\ 

9. To find the equation to a circle which passes through 
three points the coordinates of which are (1, 2), (1, 3), (2, 5). 

The required equation is 

a? - 9a; + y* - 5y + 14 = 0. 

10. To find the equation to a circle, which passes through 
the three points (0, 0), (- 8a, 0), (0, 6a). 

The equation to the circle will be 

(a; + Aaf + [y - 3a)' = 25a'. 

11. To find the centre and radius of the circle 

a;* + y* - 6a; + 4y + 4 = 0. 
The coordinates of its centre are (3, — 2), and its radius is 3. 
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12. To find the equation to the common chord of the two 
circles (3, _ j). + (y _ 2)* = 6, 

{X - 2)« + (y - 3)' = 8. 
The required equation is 

X + y = S. 

13. To find the equation to a circle having for diameter the 
distance of a given point from the origin of coordinates. 

J£ OLj fij be the coordinates of the given point, the required 

equation will be ai" -^ f = ax + fiy. 

14. To find the length of the common chord of the two 
circles 

The required length = {47* - 2 (a - )8)"}*. 

15. To prove that all circles represented by the equation 
(x-ay+(2,-0)*-'/ + k{{x- af + (y - fif - x'} = 0, 

where a, /8, 7, a , /8^, 7^, are constant, and k any quantity what- 
ever, pass through two fixed points; and to find the equation 
to the straight line which passes through the two points. 

The required equation to the straight line will be 

2 (a - a> + 2 (/3 - /S j y + «; + /S; - «' - /3» = y^ - 7*. 

16. To find the equation to a straight line passing through 
the origin of coordinates and touching the circle of which the 
equation is ic* + / - 3ic + 4y = 0. 

The required equation is 

Sx = 4y. 

17. To find the equations to the lines which touch both the 
circles ai" + i/" = c% {x - af -^ f = c^. 

The required equations to the four common tangents are 
(c ±c)x ± {c? — (c ± c)*}*y = ac. 
Puissant: Recueil de diverses propositions de GiomStrie^ 
p. 150, troisihne Sdition, 
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18. The abscisssB of the centres of two circles are a^, a„ and 
the lengths of tangents drawn to them from the origin are Z^, Z, ; 
to find the position of a point in the axis of x such that tangents 
drawn from it to the two circles shall be equal to each other. 

The distance of the required point from the origin is equal to 

U — U '^ 

2 (a, - aj • 

19. To find the equation to a circle which touches the three 

Knes ^ y 

x^O, y = 0, -4f=l, 

in the positive quadrant. 

The required equation, if we put a* -h b* = c", is 

a? -hy' - {a-hb - c){x-{-y) -{■ {a + b "cY = 0. 

20. To find tiie equation to a circle which touches the two 

^^ ? + | = x, ? + f = ^, 

a ^ a ^ 
and of which the centre lies in the line 

dx =^by. 
The required equation is 

21. A fixed circle is cut by a series of circles, all of which 
pass through two given points ; to shew that the straight lines 
which join the points of intersection of the fixed circle with each 
of the series, all converge to one point, and to determine the 
portion of tiiis point. 

K tiie equation to tiie fixed circle be 
and (a, 5), (a, /8), be tiie two given points, the coordinates of the 
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required point will be 

(g - a)r' - a(a' + &') + a(a' + 0') 
a» + /9" - a» - 6» ' 

(^-6)r'-/3(a» + y) + 6(a'' + ^) 
'^'^ a« + ^ _ «« _ J» 

Leyboum : MathematicalBeposttory, New Series, vol. I. partli. p. 39. 

22. If P be the point of intersection (not the origin) of the 

a^ + y = _-, 0? + / = -^, 

and P" the point of intersection (not the ori^) of the circles 

to prove that 

^^' = (a' + 57.V + n> • «« - « )' + (* - *')'5 • 

23. Two parallel tangents are drawn to a given circle -4, 
and two circles Bj (7, touch each other and A 
externally, touching also the two tangents 
respectively; to find the locus of the point 
of contact of B and C, 

Let a denote the radius of A. Then, the 
centre of A being taken as the origin of coor- 
dinates, and the diameter of Aj which is per- 
pendicular to the two parallel tangents, as the 
axis of Xj the equation to the required locus 
will be 




Section V. 

Beferred to two Tangents as Axes of Coordinates. 

1. To find the equation to a circle referred to two tangents 
a9 axes of coordinates. 
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Let w denote the inclination of the axes, c the radius of the 
circle, and a, a, the equal coordinates of its centre. 
Then the equation to the circle will be 

[x — of 4- (y — a)' + 2 (a? — a),[y — a),GO%w — c": 

but from the geometry it is plain that c is equal to a sin to; 
hence the equation becomes 

a?+ 2irycoso) -f y* — 2a (1 + coso)).(a? +y) + 2a'(l 4- cos©) = a' sin'©, 

or (x + yY — 2a (1 + cos ©) (a; 4- y) + a* (1 + cos ©)* 

= 2ajy(l — COS©), 



or 



(a? 4- y — 2a cos — j = 4 sm — .ajy. 



or a; + y + 2 sin - . (icy)* = 2a cos* — . 

2. To find the equation to a circle, of which the radius is c, 
and which is referred to two rectangular tangents as axes. 

The required equation is 

a;* 4- y' - 2c {x -\- y) 4- c* = 0. 

3. To find the equations to two circles which touch tihe 
rectangular axes of x and y, and pass through a given point 
(a, h) ; to find also the equation to their common chord. 

The equations to the two circles are 

aj' + y*-2{a + J± (2aJ)*}.(a? + y) + {« 4. J ± (2aJ)*}» = 0, 
and the equation to the common chord is 

a; 4- y = a + 5, 

4L Supposing the inclination between the coordinate axes 
to be - , to prove that 

a? + y - a = {xyf 
is the equation to a circle the radius of which is equal to -jr . 
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5. To find the equation to a circle touching a given circle 
and the two sides of a given angle. 

The two sides of the given angle co being taken as axes 
of coordinates, let c be the radius and A, k^ the coordinates of 
the centre of the given circle. Then the equation to the 
required circle will be 

a? + y - 4a cos' ^ ) ~ ^ ^^ o '^' 

a being determined by the equation 

{h — ay + (A: — a)' + 2 (A — a) {k — a) cos © = (c ± a sin a))*. 

There being four values of a, it is plain that there will be 
four circles satisfying the conditions of the problem. 

Puissant: Recueil de diverses prepositions de GSomStrUj 
p. 159, troisihne idition. 



Section VL 

Referred to any Obliqtie Aoces, 

1- To determine the radius of the circle represented by the 
equatiOB ^i^ ^ ^ ^ 2xy cos © = aa? 4- Jy. 

The geaieral equation to the circle referred to oblique axes 
incliidiag an angle a> is 

i^x - Kf + (y - *)' + 2 (a? - h) (y - *) coso) * c\ 

where « is the radius. 

Equating the coefficients of x^ y, and the constant terms in 
these two equations, we have 

2 (A + Acosco) = a (1), 

2 (jfe H- A cos©) = J (2), 

c* = A* + ^ + 2AAcosctf (3). 

Multiplying (1) by A, (2) by k^ and adding the resulting 
equations, we see that 

2 (A* + ^ + ^hk cos 0)) = oA -h Ji, 
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and therefore, by (3), 

20* = aA + bk (4). 

From (1) and (2) we readily find that 

, a — b cos 0) I. «. ^ ~" ^ ^^® ^ . 

2 sin o) ' 2 sm w 

and therefore, by (4), 

- _ a' + S* — 2a5 cos a> 

Sin O) 

which determines the magnitude of the radius. 

2. To determine the inclination of the coordinate axes in 
order that the equation 

a^ — ay + i^ — ax — ay = 

may represent a circle ; and to find the magnitude of its radius. 

The inclination of the axes = f tt, and the radius = cu 

3. The axes Oa?, Oy, cut a circle in points Aj A\ J9, B\ 
respectively ; to compare the values of a?, y , at the intersection 
of the chords AB\ A'B. 

Let 0-4 = 0, OA' = a\ OB = /3^ OB' = fi' ] then 

y a' - a * 



Section VII. 

Polar Coordinates, 

1. From a point 0, without a circle, two tangents OFy 
00^ are drawn to the curve; the chord FQ is joined. 
From any straight line OPQR is drawn, cutting the circle 
in the points P, jB, and the chord in Q. To prove that the 
line OR is harmonically divided in the points P and Q. 

g2 
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CIRCLE. 




Join OCj C being the centre of the circle, cutting FO in M. 

Let a = the radius of the circle, OC = c. 

Let lBOM= tf, and let OP or 
OB be denoted by r. 

Then, by the polar equation to the 

circle, being the pole and OC the 

direction of the prime radius vector, 

there is 

(rcos<9-c)" + r^8in*tf = a^ 

or r* — 2c cos O.r + c* — a* = 0, 

or, since <? — cf ^j^^ /denoting OjP, 

f^ - 2ccostf.r +/* = 0. 

Hence it appears, by the theory of equations, that 

OROR^f, 

and 0P+ OjB = 2ccostf, 



whence 



+ 



2c cos 6 



OP' OR /* • 
But, joining CF^ we see by the similar triangles OMF^ OFC^ 



that 



OQcos0 = OM=^ 



^f 



Hence 



+ 



OP ' OR" OQ' 
De La Hire : Sectianes ConiccB^ lib. L prop. 21. 



2. If on any three chords, drawn through the same point 
in the circumference of a circle, as diameters, three circles be 
described; the points of intersection of these circles lie in a 
single straight line. 

Let the point of the ori^al circle through which the three 
chords are drawn be taken as the pole and the diameter through 
it as the prime radius vector. 

Let c represent the diameter of the original circle, and c of 
one of the three new ones. Let a represent the angle between 
c and c\ 
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Then the polar equation to the circle, of which c is the 

diameter, will be 

r = c cos (tf — a) : 

but it is plain that c = c cos a ; 

hence r ^ c cos a cos (6 — a) 

= icfcostf + cos [6 - 2a)} (1). 

Similarly, the equations to the other two new circles will be 

r = ccosa' cos(tf - a') = Jcfcos^ + cos (© - 2a)}. ..(2), 

r = c cosa" cos (^ — a") = \c {cos Q + cos [Q — 2a'')}. ..(3). 

At the intersection of (1) and (2), 

tf = a 4- a', r = c cos a cos a' ; 

this intersection therefore lies in a straight line represented by 
the equation 

r cos (a 4- a' + a" — ^) = c cos a cos a' cos a". 

By symmetry it is plain that tiiis line will contain also the 
intersection of (2), (3), and tiiat of (3), (1). 

Greatiiead : Cambridge McUhematical Journal^ vol. I. p. 168. 

3. To determine the magnitude and position of the circle 
of which the equation is 

7^-2 (cos ^ 4- V3 sin ^) r = 5. 

The coordinates of the centre are ^ = Jtt, r = 2, and the 
radius is equal to 3. 

4. To prove analytically that if, from a point witiiout 
a circle, two straight lines OPQ^ OA^ be drawn, one of which 
cuts the circle in P, Q, and the other touches it in -4, the square 
of the line OA which touches the circle is equal to tiie rect- 
angle contained by the straight line OPQ which cuts the circle 
and the part of it OP without the circle. 

5. Through a given point to draw two straight lines at right 
angles to each other, such that the parts of them intercepted 
by a given circle may bear towards each other a given ratio. 
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Let c, c', be the lengths of the two Intercepted chords, 
and <f> the inclination of the former to the diameter passing 
through the given point ; let r denote the radius of the circle, 
and a the distance of the given point from its centre. Let 
c = fic'j /JL being a constant. Then 

Puissant: Becueil de diver aes propositions de GSomStrie^ 
p. 145, troisihne Sdition. 

6. To find the position of the centre of a circle which passes 
through a given point, touches one given straight line, and 
intercepts from another given straight line a chord of given 
length. 

Let the summit of the angle included between t)ie straight 
lines be taken as the pole, the straight line which touches the 
circle being the prime radius vector. 

Let/= the length of the given chord ; let (/8, p) be the coor- 
dinates of the given point, a the radius vector of the point of 
contact, c the perpendicular distance of the centre from the 
prime radius vector, a the angle between the two straight lines. 
Then a and c are to be determined from the two eqiiations 

2cp sin /8 = p* -f a* — ^ap cos )8, 
p» (4a« +/*) si^« fi = {2ap sin ()8 - a) + (p" + a') sin a}', 

the latter being a biquadratic in a. 

Bossut: Giondtrie^ p. 345. 

Puissant: Becueil de diverses propositions de Oeometrie^ 
p. 173, troisihne Edition. 
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will be \ - u 

<?C08 — ^-^ == r COS 



Section VIII. 

Polar EquaJbions to Tangents and Chorda, 

1. If a constant moveable angle has its summit fixed at 
a point in the circumference oS a circle, the chord, which it 
subtends in the circle, is always a tangent to another circle, 
concentric with the original one. 

K r s= c be the equation to the circle ; \, /ca, the angular co- 
ordinates of the chord in any position, and e the constant angle ; 
then, the perpendicular distance of the origin from the chord 

being ccos — r-^, and — -~- being the inclination of this 

distance to the prime radius vector, the equation to the chord 

{> - H^) ■ 

But from the geometry it is easily seen that 

\ — ^ = 2 (tt — e). 

Hence the equation to the chord becomes 

c cos (tt — e) = r cos f ^ — ^ j , 

which is the equation to a series of straight lines, varying in 

X + u 
position with the value of — - — , the perpendicular distances 

of all of them from the origin being cco8(7r — e). The chord 
therefore always touches a concentric circle, the radius of which 

is c cos (tt — e). 

Bobillier : Gergowne, Annales de MathSmatiqiies^ tom. XViii. p. 190. 

2. To find the equation to the chord of a given circle, 
suj^sing it to subtend a right angle at the centre, and having 
given the position of one of its extremities. 
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Let a be the angular coordinate of the given extremity, and 
c be the radius of the circle. Then the equation required is 



= V2 . r * cos ( ^ "" a ± 7 ) • 



Section IX. 

Poles and Polars* 

1. J£ any number of circles touch each other in one point, 
all their polars, which correspond to a common pole, will pass 
through a single point. 

Let the point of contact of the circles be taken as the origin 
of coordinates, the common diameter through the origin as the 
axis of Xj and the tangent as the axis of y. 

The equations to any two of the circles will be 

a^ -\- t^ = 2rx. 

Let (a;^, yj be the common pole. Then the equations to the 
polars of these two circles will be 

{x^ - rO a? + y,y = rx^j 
and {x^ — r) x -h y,y = r\. 

At the intersection of these two polars, 

(/ — /) a; = — (/ — /) a?^, 

aj' 
X = — X. y = -^ . 

Since the values of x and y are independent of the radii 
of the circles, the truth of the proposition is obvious. 

2. To find the locus of the pole, when the polar of a given 
circle always passes through a given point. 
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Let the equation to the circle be 

the axis of x being so chosen as to pass through the given 
point. 

Then {x^^ y)^ being the pole, the equation to the polar 

But X ^ a^ y ^ ^y simultaneously, a being some constant 
quantity. Hence 

' a ^ 

the equation to the locus of the pole, which is therefore a line 
perpendicular to the line which passes through the centre of 
the circle and the ^ven point. 

3. A fixed circle is cut by a series of circles touching each 
other at one point ; to find the locus of the pole of the fixed 
circle, the polar of which passes through the two points in which 
the fixed circle is cut by any one of the series of circles. 

The equation to the fixed circle being 

{X - ay +{y- /3)' = 7», 

and that to any one of the series of circles 

0?* + ^ = 2nr, 

the equation to the required locus will be 

(7* - a« + /3*) (y - /3) + 2r/l3 + 2al3{x - a) = 0. 

4. The equation to the polar of a circle, denoted by the 
equation aj* -f- y* = c\ 

being 1 + 1=1' 

to find the coordinates of the corresponding pole P, and, AB 
being the portion of the polar intercepted by the circle, to find 
the inclinations of -4P, JSP, to the axis of x. 
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2 2 



The coordinates of P are - » t- , and, t denoting the tangent 
of the inclination of AP or BP to the axis of a?, 



a» - c» 2c'' 6» - c« 



a a^ h 

Section X. 

Radical Axesj Centres of Similitude^ &c, 

1. If three circles, described in one plane, intersect, two and 
two, their three chords of intersection pass through a single 
point. 

Let the equations to the ^ee circles be 

(a; - a)' + (y - J)' - c» (1), 

(a;-ar+(y-*T = c'* (2), 

{x-ay+{j,-hy=c"' (3). 

Subtracting (2) from (1), we have, for the equation to the chord 
of intersection of the first two circles. 

Similarly, for the intersections of (2), (3), and of (3), (1), we have 

2(a - a') X + 2(6"-y) y + a'*~ a"«+ 6'*- *"" = c"- c"^..(5), 
and 

The three lines, denoted by (4), (5), (6), as their equations indi- 
cate, pass through a single point. 

The lines (4), (5), (6), have been called by Gaultier the 
radical axes of the pairs of circles (1, 2), (2, 3), (3, 1), respec- 
tively, and the point of intersection of (4), (5), (6), has been 
called by hiTn the radical centre of the three circles. The terms 
radical ajxes are applied to the lines denoted by (4), (5), (6), and 
radical centre to their point of intersection, even when the circles 
do not cut each other. 

Gaultier-de-Tours: Journal de VEcoU Polytechniqvs^ Cah. XVI. 

Camot: GSornStrie de Position^ p. 347. 

Durrande: Gergonne, Annates de Matkimatiques^ tom. XI. p. 13. 
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2. The tangents drawn to two circles, from any point whatr 
ever in their radical axis, and terminated at their points of 
contact, are equal to each other. 

Let the equations to the two circles be 

(X - ay + (y - by = c'», 

{x - aj + {y- bj = c\ 
The equation to the radical axis will be 

Suppose the origin to be so chosen as to lie in the radical axis ; 

or a'' + J'«-.c"* = a"^4-i"'-c"«, 

an algebraic expression of the truth of the proposition. 

Durrande : Gergonne^ Annaka de MathSmatiqties^ tom. VIII. p. 322. 
Plucker : Gergonne^ Annates de MathSmatiquss^ tom. XVIII. p. 33. 

3. ' To find the equations to the internal and external jpolars 
of similitude of any two circles. 

The term centre of similitude was introduced by Monge. 
The external centre of similitude of two circles is the point of 
intersection of the two common external tangents, and the 
internal centre is the point of intersection of the two common 
internal tangeiits. Any straight line containing three of the 
cefn^es of similitude of a system of three circles is called an 
axis of similitfude ; an external axisj when it contains the three 
eoBtemal centres of similitude^ and an internal aosisj when it con- 
tains one external and two internal centres of similitude. 

The internal polar of similitude is the polar of the internal 
centre of similitude^ and the external polar of similitude is the 
polar of the external centre of similitude. 

Let the equations to the two circles be 

{x-aY + {y-bY = c^ (1), 

{x-<^Y+ky-hJ=d-' (2). 
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The equation to a tangent to (1), at a point [x^ y\ is 

(X - a) . (a; - a) + ( r- i) . (y - 6) = (? (3) ; 

and that to (2), at a point [x\ y)^ is 

(X - a') . (aj' - a') + (F- V) . [y' - V) = c'" (4). 

If the lines (3) and (4) are coincident, then, the coefficients of 
X, r, having the same ratios in both equations, we must have 

\(a?'— a) = a?— a (5), 

and X(y' - i') = y - 5 (6): 

hencCy from (3) and (4), 

(a' - a) . (a; - a) + (6' - i) . (y - 6) = c" - Xc'^ ... (7). 

But, from (1), (5), (6), 

and therefore, [x\ y') being a point in (2), 

^ = ^ 5 or A = ± - . 

The equation (7) is therefore reduced to the form 

(a' - a) (aj - a) + (J' - i) (y - J) = c(c T c'), 
and is equivalent to the two 

[ci •^a)[X'-a) -V [V -b) {i/-b) = c{c- d) ... (8), 
and [cL -a){x''a)-\- {V - b) {y - b) = c{c -{- c) ... (9). 

Either of these equations, combined with (1), will give two pairs 
of values for the coordinates of contact : they will accordingly 
represent two chords of contact, perpendicular to the line joining 
the centres of the circles, viz. the two polars of similitude re- 
latively to the circle (1). 

Salmon : Treatise on Conic Sections^ p. 100. 

4. To find the coordinates of the centres of similitude of two 
circles. 

The centres of similitude evidently lie in the line joining the 
centres of the two circles, the equation to which, if we adopt the 
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circumstances and notation of the preceding problem, will be 

V — b a! — a^ 

that to a common tangent to the circles at a point (a;, y), being 
(X- a) [x-a)-\- (F- b) [y-b)= (?. 

From these two equations we have 

(X- a) {[a' - a) (ic - a) + [b' - b) {jf ^ b)] = (^(a' - a\ 

and therefore, if we suppose ic, y, to be a point in the former 
of the polars of similitude, 

a — a ^ ac — ca -^ Vc — db 

JL — a =^ c J , JL = r~7 ■» = r~ • 

c — c ^ c — c ^ c — c 

From these values of X, F, we see that X — a, F — 5, have 
the same signs as X — a , Y — b\ and that accordingly the 
point X, Yj lies in the prolongation of the line joining the 
centres of the circles. Hence these values of X, F, belong 
to the external centre of similityde^ and the equation (8) to the 
ext&mal polar of similitude, 

K we suppose the point a;, y, to be in the latter of the polars 
of similittidej we shall get for the coordinates of the internal 
cmJbre of simHitude 

the equation (9) belonging accordingly to the internal polar 

of similitude. 

Salmon: Treatise on Conic Sections^ p. 101. 

For further information respecting centres and jpo2ar^ ofsimi" 
litude^ the student is referred to memoirs by Durrande; Ger-^ 
gonne^ Annates de Mathematigues^ torn. ii. p- 1 ; tom. xvil. p« 285 ; 
and Plucker, iJ. tom. XVIII. p. 29. 

5. To find the locus of the radical centre of three circles, the 
radii of which are r + p, / 4- p, r" + p, where p is a variable 
quantity, the centres of the three circles being fixed. 
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Let (a, 5), (a, ft'), (a", ft"), be the central coordinates of the 
three circles: then the required locus will be a straight line 
defined by the equation 

{r [a — a) + r [a — a) -f r [a — a)] x 

+ {r (ft' - ft") H- / (ft" - ft) + r (ft - ft')} 2^ = 0, 

the position of the radical centre of the three circles, when p = 0, 
being taken as origin of coordinates. 

Plucker : Oergonne^ Annales de MatMmatiques^ torn, xviii. p. 35. 

6. To prove that the locus of the radical centre of the three 
*^^'«« (a, - a)' + (y - bf = (r + p)\ 

[^ - «T + {y- f>'T = ir' + P)% 

(a, - a")' +{y- bj = {r + p)% 

where p is a variable quantity, is at right angles to theit external 
axis of similitude. 

Plucker: Gergonne^ Annales de MaihSmatiques^ torn. XVill. p. 36. 

7. The four tangents, which are common to two circles 
which do not intersect, and are terminated at their points of 
respective contact, have their middle points on the radical axis 
of the two circles. 

Gergonne : Annales de Mathimatiques^ tom. Vill. p. 323. 

8. Let two circles be touched respectively by a single straight 
line A A in A and A\ and by a single circle BBC in B and B : 
if the straight line and the circle touch in the same manner the 
two circles^ the point C of the concourse of AB and A'B\ will 
lie on the circumference of the circle BBC and on the radical 
axis of the two other circles. 

Durrande : Oergonne^ Annales de MatMmatiques^ tom. viii. p. 324. 

9. The external centres of similitude of three circles, taken 
successively two and two, all lie in one straight line ; and eac^ 
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of them is situated in a right line with two of the internal 
centres of similitude. 

Fuss: Nova Acta AcademicB Petropolitance^ tom. XIV. p. 140. 
Durrande : Oergonne^ Annates de Mathimatiques^ tom. XI. p. 8. 
Puissant : Recueil de diverges propositions de OSomStrtej 
p. 165, troisvhne idition. 

Fuss says, in relation to the former portion of this problem : 
" H y a d4jk plusieurs ann^es qu' un jeune Francjois, employ^ 
alors au Corps Imperial des Cadets de Terre, me parla d' un 
Th^or^me de Gdom^trie qui, dans le tems qu' il ^toit encore 
k Paris k I'Ecole Koyale militaire, avoit eu quelque c^l^brit^ 
et qu' on avoit pr^tendu tenir de feu Mr. d'Alembert. Je lui 
en donnai une demonstration, dont j' ai retrouv^ depuis pen le 
brouiUon en fouillant mes papiers. En relisant cette demon- 
stration j' ai vu que la belle propriety qui en fait le sujet, pent 
conduire k d' autres non moins remarquables. En rassemblant 
mes id^es sur cette mati^re il en est r^sult^ le petit M^moire 
que j'ai I'honneur de presenter ici k 1' Academic pour la col- 
lection des M^moires traduits en Kusse, qu'elle se propose de 
publier, ou bien pour les Actes m^mes, si elle le juge digne 
de cet honneur. H y fera sans doute plaisir k plus d'un 
amatem* de la G^om^trie, et peut-^tre m§me k quelque G^om^tre 
de profession." 

10. The three circles 

(a, _ «)» + (y - bf = /, {x- a'f + (y - by = r", 

{x - ay + (3/ - by = r"*, 

are touched by a fourth circle : to prove that the point, in which 
the third circle is touched, lies in the line of which the equation is 

(g - g") . [x - a ) + {b - b") . ( y - b") + {r - r) r 
(a _ aj + {b- by - (r - »•")' 

_ (g' -g") . [x-a) + {b' - b") . {y-b") + (/ -/) r 
(a' _ ay + {V - by - (r' - rf 

For full information on the subject of the contact of a fourth 
circle with any three proposed circles, the reader is referred 
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to Euler/ Fuss,* Schubert,' Grergonne,* Puissant,* Montucla,* 
Heam,' Salmon.* 



Section XI. 

Inscribed and Circumscribed Polygons, 

1. ABCP and A'B'C'P are two concentric circles, ABC 
and AB'C* any two equilateral triangles inscribed in them. 
K P, P*, be any two points in the circumferences of these 
circles, to shew that 

{AFf -f (5T)» + (O'P)' = {AFY + [BPy + {CP)\ 

Let the equations to the two circles be 

ic^ -f y' = r'*, a;* 4- y* = ^". 

Let (aj, y) be the coordinates of P, and «,3^/), «,y,'), «,3^s')? 
those of -4', JS', C\ respectively. Then 

But, rV3 being the side of the triangle in the circle A'B'C'P^ 
Sr- = « - <)' + (y/ - yj = 2r- - 2 (« + ^^/y.'), 
2 (« + y/y.') = -/' = - «» + y."). 
SimUarly 2 (« + y.'y,') = - « + y."*), 
and 2 (« + y.'y/) = - (a,.- + y «). 

^ iVova ^cto AcademuB PetropoHtarue, torn. yi. p. 95. 

2 Ibid, torn. VI. p. 102. 

8 J&u^. torn. X. p. 77. 

* ^nna^M c{e lfa^A^ma<t;iM«, torn. Tii. p. 289. 

B RectteU de diverses propositions de OiomStrie, p. 176, troiaihne idition. 

« Histoire des MathSmatiqties, torn. i. p. 263. 

^ R««earcAe9 on Curves of the Second Order, p. 22. 

« Treatise on Conic Sections, p. 104, &c. 
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Adding together these three equations, we have 

« + < + <)«+ (y.' + y.' + y,T = 0, 
and therefore 

< + < + < = 0. yi + y» + y.' = 0- 

Hence (^T)' + {B'P)' + ( C'P)' = S{f' + r"*). 

Also, by BTinmetry, 

{AP")* + {BPy + {OPy = 3 (r" + r"). 

2. Any quadrilateral being described about a circle, to prove 
that the Une, which joins the middle points of the diagonab, 
passes through the centre of the circle. 

Let the equation to the circle be 

0? + ^* = c": 

this equation is equivalent to the two following, 

where a is arbitrary : whence we have 
The equation 

K« + 3 + V(^(»-^) = ^^ « 

represents therefore a tangent to the circle, which we will 
suppose to coincide with a side of the quadrilateral. The 
equation 

K«'-^s)-^vei)(«'-S') = ^'' (^) 

may be taken to represent the next side. 

At the intersection a?j,,, y^,,, of these two lines, as may be 
easily shewn, 

n 



X 
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Similarly, at the intersection of the other two sides, 

l + a"a"' ,, ,, l-aV 



j(" ^ jj- 1 ^*« - • ^ ' a" + a 



If X, F, denote the coordinates of the middle point of the 
diagonal through these two intersections, we have 

„ , n + oo' 1 + a"a"'\ 



•vr 1 // ,N /I - oa' 1 - a"a'"\ 

whence, performing obvious simplificationB, 

T_ . a(l-aV) + aXl-aVO + a^^(l-a"-a) + a-"(l-aaO 

X"'^^ ^^ • a (1 + a'a") + a'(l H- a' V") + a"(l + a"'a) + a'"(l + oa^ ' 

This result, being symmetrical in regard to a, a\ a", a'", shews 
that in the case of the other diagonal, we shall have the same 
ratio for the coordinates X\ Y'j of its middle point. Hence 

T_Y 
X'" X' 

which shews that the two middle points are in a line through the 
centre of the circle. 

Durrande : Oergonne^ Armales de MathSmattqueSj tom. xiv. p. 309. 

3. To prove that the equation to a circle, circumscribed 
about a triangle, the equations to the sides of which are 

t« = oleosa +ysina — ^, 
V = X cos 13 + y sm/S — q^ 
w = X cos 7 -f y sin 7 — r, 
is vw smA + lou smB + uv mnC =0^ 

Aj B^ 0, being the angles between the sides (t?, «?), («?, w), (w, v), 

respectively. 

Salmon : Treatise on Conic Sections^ p. 92. 

4, If two triangles are the one inscribed in a circle and 
the other circumscribed about it; so that the summits of the 
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inscribed are the points of contact of the circumscribed triangle ; 
to prove that, (1), the points of concourse of the directions of the 
opposite sides of the two triangles lie in a single straight line, 
(2), that the lines joining their opposite summits meet all three 
in a single point, and, (3), that this point is the pole of the 
aforesaid straight line. 

Durrande : Oergonne^ Annales de MathSmatiques^ tom. xiY. p. 45. 

Salmon: Treatise on Gome Sections^ p* 94. 

5. The feet of the perpendiculars let fall, upon the directions 
of the sides of any triangle, from any point in the circumference 
of the circumscribed circle, all lie in one straight line. 

Servois, Gergonne : Oergonne^ Annales de MaihSmatiques^ 

tom. IV. p. 251. 
Durrande : Ibid, tom. vii. p. 253, 
Querret : Ibid. tom. XIV. p. 285. 
Salmon : Treatise on Conic Sections^ p. 94. 

6. The base OA of a triangle POA is given, and the triangle 
is such that a circle of given radius may always be inscribed in 
it : to find the locus of P. 

If 0P= r, lPOA = 0^ OA =za^c— the radius of the inscribed 
circle, the equation to the locus of P will be 

sin ^ . (a sin ^ — 2c) r = 2c (a sin ^ — c cos d — c). 

Manderlier : Qvstelet^ Corr. Math, et Phys.^ tom. ii. p. 320. 

7. To find the radius of a circle inscribed in a triangle the 
equations to the sides of which are 

X cos a H- y sin a = 8, x cos a' + y sin a' ^ 8', 

X cos a" H- y sin a = 8". 

The radius is equal to 

8 sin (g^ - a") + ^ sin (a" - a) + h" sin (a ~ a!) 

4 sm — - — . sm — - — . sm 



2 2 2 

Lhuilier: EUmens d'' Analyse Oiomitrique et d^ Analyse 
AlgHbrique^ p. 119. 

H2 
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8. The equations to three straight lines are 

w = 0, Wj = 0, Wg = 0, 

a? sin ^ — y cos ^ -f c = 0, being taken as the type of the equa- 
tion to a straight line : to prove that the equations of the four 
circles, to each of which these lines are tangents, are 

w sin -^-- — ^ + Wj* sm — - — ^ -f u^ sm -^ — = 0, 

J» £ JL 

w' Sin -2-— — i + u^ COS — - — ^ + u^ COS—*— — = 0, 
w' COS-*-— — ^ + w, sm — -— * + Wj cos -^ — = 0, 

2 2^ 

vr cos-s— — i + u^ cos — 5—^ + Wj sin -i— — = 0. 

£t A St 

Salmon : Treatise on Conic Sections^ p. 94. 

9. Having given the equations to the three sides of a tri- 
angle, to find the equations to the lines joining the angles of the 
triangle with the points in which the escribed circles touch the 
opposite sides. 

The notation of the preceding problem being retained, the 
equations to the three lines will be 

Wj cos' — —a = u^ cos* -i- — , u^ cos" -i~ — = u cos'* -2— — i , 

8 V- — r. S ^ ~" ^Q 

U COS -8— ^ = U^ COS — * . 

These equations shew that the three lines pass through a single 
point. 

10. If any number of quadrilaterals, inscribed in a given 
circle, have a common side, to prove that the lines which, in 
these quadrilaterals, join the intersection of the diagonals and 
the point of concourse of the sides adjacent to the common side. 
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will all meet in a single point of the perpendicular on the middle 
pomt of Hie common side. 

Durrande : Oergonne^ Annales de MatMmatiquea^ tom. XIII. p. 308. 
Puissant : RecueU de diverses propositiona de OiomStrie^ p. 137^ 
traisihne edition. 



Section XII. 

Circular Loci. 

1. The distances of a point P from two fixed points A^ A'^ 
are r, /. To find the locus of P, supposing that ni^ -f wV* is 
equal to a constant quantity c", where n, n', are given quantities. 

Let (a, b)j (a', 5'), be the coordinates of A^ A\ respectively, 
(a;, y) being those of P. Then 

n [{X -af^(y- J)«} + n' {{x - cif + (3^ - *')«} = c», 

[n -f w') (aJ^ + y*) - 2ic (na -f n!d) -2y{nb-\- n'b') 

+ n{a' + b') + n' {a" + i'«) = c", 

, ^ na+na' » ^ nh+n'b* c^-n (a'+i") - w7a'*+i'') 

ar-2 ; — - .X'\-v' — 2 ; — r -y= ^ : — r-^ -^ 

n + n ^ n-\-n ^ n + n ' 

'''-'^« ' nb + n'V^^ 



I 71^ + nay I nb + nb\ 



c* nn 



n ■\- n [n -\- n) ^^ ' ^ ' ^^ 

the equation to the required locus, which is therefore a circle, 
its radius being equal to 

^ 7 [(w + fi) c' - W {(a - a')' + (J - iT}]*, 



and central coordinates to 

na + rid rib + n 5' 

Lhuilier: EUmens d^ Analyse OSomStriqus et d^ Analyse 
Algibrique^ p. 131. 
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2. To find the locus of a point such that the sum of the 
squares of its distances from any number of proposed points may 
have a given value. 

Let there be n proposed points (a^, )8J, (a^, /SJ, (ttg, ySg), 

(a^, )8^), and let (a?, y) be the coordinates of the moveable point. 
Also let (? be the constant value of the sum of the squares. 
Then, the axes being rectangular, we have 

{X - «.)' + (y - /3.)« 

+ («;-«/ + (y-/3.r 

+ (a; - «,)» + (y - /SJ" 



or 

«^+2^- -(«.+«.+«.+ - +«J a; - ^ (^.+/3,+^,+ ... +/3J y 

the equation to the required locus, which is therefore a circle the 
centre of which has for its coordinates 

i (a, + a, -f a. + ... + aj, i {^^ + /3, + ^^ + ... + ^J. 

Apollonii Pergcei Locorum Plmwrum hibri II. Restituti a 

Roberto Stmsorij p. 159. 
Montucla : Histoire des MatMmatiques^ tom. I. p. 284, 2* SdiL 
Puissant : Recueil de diverses propositions de QiomMrie^ 

p. 194, troisi^me idition. 
Gamier : GeomStrie Analytique^ p. 183, deuocihm Edition. 

3. There are 2n given straight lines, which make with 

another given straight line angles a, ^, 7, A point P is 

taken such that the sum of the squares of the perpendiculars 
drawn from it upon these 2n lines is constant. To prove that 
the necessary and sufficient condition, that the locus of P may 
be a circle, is 

w H- cos 2 (a - i8) H- cos2 ()8 - 7) + cos 2 (a - 7) + ... = 0. 
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Take the fixed line of reference as the axis of y^ and any line 
at right angles to it as that of x. Then the equations to the 2n 
lines will be of the forms 

X cos a -f y sin a = a, 

X COS )8 -f y sin )8 = ft, 

X cos 7 + y sin 7 = c, 



The condition of the problem, A denoting the constant value of 
the sum of the squares, gives us 

(a? cosa + y sina — a)' -f {x cosyS -f y sinyS — hf 

+ [x C0S7 -\- y sin7 — cf -f = A^ 

In order that this equation may represent a circle, it is 
sufficient and necessary that the coefficients of a? and y' be equal, 
and that the coefficient of xy be zero : hence 

cos 2a H- cos 2)8 H- cos 27 + = 0, 

and sin2a + fim2)8 H- 8in27 H- = 0. 

These two equations are equivalent to the single equation 

(cos 2a + cos 2)8+cos 27 -f . . .)* + (sin 2a + sin 2)8+sin 27 +. . .)*=0, 

or, squaring the two members, simplifying and dividing by 2, 

n -f cos 2 (a - ^) + cos 2 (yS - 7) H- cos 2 (a — 7) + ... = 0. 

Lhuilier : EUmens d^Awilyse Oiom^trique et d^ Analyse 
AlgSbrtque^ p. 142. 

4. To find the locus of the intersection of a perpendicular 
fi-om a fixed point upon a line passing through another fixed 
point. 

Let the former fixed point be taken as the origin of polar 
coordinates : then, p denoting the perpendicular and ^ its incli- 
nation to the prime radius vector, the polar equation to the line 
mentioned in the problem will be 

p = r cos {0 -- <!>). 
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Let r', &^ be the given point : then 

^ = / COS (ff — ^). 

This result shews that p^ ^^ are the polar coordinates of any 
point in a circle of which r is the diameter, this circle being 
therefore the required locus. 

5. To determine the geometrical locus of the point which 
divides into two parts, in a constant ratio, the straight line 
drawn from a given point to any point in the circumference of 
a given circle. 

Let the circle be referred to two diameters as axes of x and y, 
the axis of x being so chosen as to pass through the given point. 
The equation to the circle will be, c denoting its radius, 

a^+y* = c' (1). 

Let a be the abscissa of the given point (7, and a?', y', the 
coordinates of the dividing point P. Let GP meet the circle 
in P, and let CP = n. CP^ n being, by the condition of the 
problem, constant. 

Then it is easily seen, by similar triangles, a?, y, being the 
coordinates of P, that 

a — ai = n [a — x\ 

or wa; = a?' + (n — 1) a, 

and ny = y\ 

But, from (1), {nxY + [ny^ = W : 

hence we have, for tiie equation to the required locus, 

{x' + (n - 1) aY + y" = [nc)\ 

which is therefore a circle, the radius of which is wc, its centre 
lying in the axis of a? at a distance [1 — n) a from the origin. 

Cor. Suppose the equation to the locus of P to be given, 
and let it be (a-' ^. A)« + y" = c'\ 
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Then, for the determination of the position of G and 4f the 
magnitadeofn^wehave 

(n — 1) a = A, c' = nc^ 
and therefore n «= - , a s= 



c ' c — c 



Remark. Thus, two circles being given, we may find the 
position of such a point and also determine such a ratio, that, 
if we draw through the point any straight line to cut the 
circumferences of the two circles, the ratio between the parts 
of this straight line, comprised between this point and the 
circumferences, may be equal to the ratio. 

The proposition which constitutes the subject of this re- 
mark belongs to a class of propositions, to which (according to 
Simson*) the ancients gave the name of porisms. While a 
locus is determined by certain independent conditions; on the 
other hand, when a locus is proposed, it determines certain 
relations among the conditions by which it would have been 
itself determined; so that two or more of these conditions are 
simultaneously determined by the proposed locus. Thus, the 
locus of the point P', which is the object of the present problem, 
being proposed, the position of the point C and the ratio of OP 
to CP* are conjointly determined. 

Playfairf has taken a diflferent view of the nature of a 
poriam ; he has arrived at the conclusion that the ancients gave 
the name of porisms to those propositions which affirm the 
possibility of finding conditions such as to render a particular 
problem indeterminate or susceptible of an infibiite number of 
solutions. 

Simson's definition of a porism is the following: "Porisma 
est Propositio in qua proponitur demonstrare rem aliquam, vel 
plures datas esse, cui, vel quibus, ut et cuilibet ex rebus in- 
numeris, non quidem datis, sed quas ad ea quas data sunt eandem 
habent relationem, convenire ostendendum est affectionem quan- 

* De Porismatibua Trcutattia ; Opera qucBdam reliqua, 1776, Glasgow, 
t Transactiotts of the Royal Society of Edinburgh, yol. iii. 
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dam comnmnem in Propositione descriptam;" or, in Playfair's 
translation of these words, " a Porism is a proposition, in which 
it is proposed to demonstrate, that one or more things are given, 
between which and every one of inniunerable other things, not 
given but assumed according to a given law, a certain relation, 
described in the proposition, is to be shewn to take place." 

Lhuilier: EUmena d* Analyse Giomitrigue et d^ Analyse 
AlgSbrique^ p. 39. 

Lam^: Examen des diffSrentes MSihodes employSea powr 
risoudre les ProbUmes de Qiomitrie^ p. 22. 

6. To find on the circumference of a given circle a point 
such that the sum of the squares of its distances from two given 
points shall be equal to a given area. 

Let the equation to the given circle be 

a^+/ = c' (1); 

and let (a, i), (a , &'), be the coordinates of the given points. 

Then, w? representing the given area, we have, by the 
condition of the problem, 

(X - of -f (y - by -f (aj - ay +{y- h'Y = m% 

or a:^H-y«-(a + a>-(J + J')y = iK-a*-i«-a'"-y*)...(2). 

From (1) and (2) we have 

(a + a')^ + (J -f h')y = \{2(? ^ m^ + a^ -^ W + a!^ -f i'*)...(3). 

Thus the required point will be an intersection of the circle 
(1) with the chord (2). 

Cor. Suppose that 

a + a' = 0, J + J' = 0, 

and 2c" - m' + a« + J» + a'» + J'« = 0, 

or a» + y -f c* = im* = a'« + J'» + c\ 

Then the equation (2) becomes an identical equation, and 
the problem becomes indeterminate ; any point whatever in (1) 
satisfying the conditions of the problem; the required point 
being thus replaced by a circular locus of appropriate points. 
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This problem affords an exemplification of Playfair's inter- 
pretation of the ancient signification of the word porism. 

Playfair : Transactions of the Royal Society of Edinburgh^ 

vol. III. 
Lhuilier: EUmens d* Analyse OSomStriqiLe et dT Analyse 

Algibrtqiie^ p. 204. 

7. A and B being two fixed points and P a point sach that 
AP = fi.BPj to find the locus of P. 

The locus is a circle^ the centre of which is in tiie line AB 
at a distance from A equal to 

fjL^a 

and of which the radius is equal to 

fjua 

Newton : Arithmetica Universalis^ prob. XXVI. 
L' Hospital : TraitS Analytique des Sections Coniques^ p. 252. 
Lhuilier: Elimens d^ Analyse Giomitrique et W Analyse 
AgSbriqae^ p. 129. 

8. To find the locus of a point such that the square of its 
distance from a point (a, h) Is equal to the rectangle contained 
by its distance from a line 

X cos a + y sin a = 8, 
and a given line 2c. 

The required locus is a circle defined by the equation 

{oj— (a+c cosa)}*H- {y— (J+c sin a)}* = 2c {8+ (a cosa-f 5 sina) -h^c}. 

Lhuilier: EUmens d^ Analyse OkymMrique et d^ Analyse 
Algihrique^ p. 131. 

9. To find the locus of the intersection of two straight lines, 
which pass tiu*ough two given points, and are inclined to each 
other at a given angle. 
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Let the axes be so chosen that the one point coincides with 
the origin and that (a, 0) are the coordinates of the other point. 
Then, c denoting the tangent of the constant angle included 
between the two lines, the locus will be a circle defined by the 

equation ' ^ 

a? + y* = - {ex + y). 
c 

Puissant: Recueil de diverses prcpoaittons de Oiomitrie^ 
p. 199, troisihne idition. 

10. AB^ AO^ are two straight lines given in position; 
DE is a straight line of given length terminating in them at 
D^ Ey respectively; from i), Ej are drawn perpendiculars to 
ABy ACj respectively, intersecting each other in P. To find 
the locus of P. 

Let -4 JS, A C^ produced indefinitely, be taken as axes of aj, y. 
Let DE = Cj L BA (7=0). Then the required locus will be 
a circle defined by the equation 



a? •\- j^ •\- 2xy cos o) = - 



c« 



sm'o) 



Leyboum : Mathematical Repository^ New Series^ vol. I. p. 115. 

11. Given one side of a triangle and the opposite angle, 
to find the locus of the intersection of the bisectors of the other 
two angles. 

The middle point of the given side being taken as the origin, 
and a perpendicular to it through this point as the axis of y, 
the locus required will be a circle defined by the equation 

oj^ + y -f 6ay cot)8 = 9a*, 

2a being the given side and ^ the given angle. 

Lardner: Algebraic Oeometry^-p. 110. 

12. Straight lines are drawn from the extremities of a given 
diameter of a circle to the extremities of a chord which always 
subtends a given angle at the centre : to find the locus of the 
intersection of the straight lines. 
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Let a == the given angle, a = the radius of the circle. Let 
the centre of the circle be taken as origin of rectangular coor- 
dinates, and the given diameter as axis of x. 

Then the required locus will be a circle represented by the 

equation ^ 

^ + y* ± 2ay tan - = a', 

the + or — sign being taken accordingly as the diameter and 
chord are joined towards the same or opposite parts. 

13. To find the locus of a point, such that, if lines be drawn 
from it through the three summits of a triangle, and through 
each summit be drawn a perpendicular to the line passing 
through it, the three perpendiculars shall always pass through 
some one point. 

Let one summit of the triangle be taken as the origin of 
rectangular coordinates; and let the coordinates of the other 
two summits be (a, b) and (a, V). Let c, c', be the lengths 
of the two sides which meet in the origin, and a the angle 
between them. 

Then the required locus will be a circle, defined by the 
equation ^c' (a^ + y) sina + c" {bx - ay) 

- (? [h'x - a'y) = 0, 

being therefore the circumscribed circle of the triangle. 

Stein : Oergonnej Annales de MatMmatiqtiea^ tom. XV. p. 73. 

14. A straight line is drawn through a given point G within 
a circle, to cut it in points P, F. If a point p be taken in 
this straight line, such that 

{CpY^GRGF, 
to find the locus oip. 

If a be the distance of G from the centre, and r be the 
radius of the given circle, the locus of ^ will be a circle of which 
G is the centre, and of which the radius is equal to (r* — a*)*. 
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15. A straight line, drawn through a point 0^ cuts two given 
drcles, the centres of which are (7, C", in P, Q^ and P^ Q^ 
respectively. To find the locus of 0, having given that 

0R0Q^li.0F.0Q. 

The equations to the two circles being of the forms 

{x-af^f^ c% {x - a'Y + y = d\ 

the locus of will be a circle, defined by the equation 

{x^af + f- <? = /t {(aj - df-^-f- c'*}. 

Cor. 1. The centre of this circle will lie in CC or C'C 
produced accordingly as /a is < or > 1. 

Cor. 2. If /A = 1, the locus of becomes a straight line. 

16. From a point are drawn perpendiculars upon the sides 
of a regular polygon. To find the locus of the point, supposing 
the sum of the squares of the perpendiculars to be equal to 
a given area. 

Let the centre of the polygon be taken as origin of rect- 
angular coordinates; let n be the number of the sides of the 
polygon, c the distance of its centre from each side, and S the 
given area. 

Then the required locus is a circle represented by the 

equation /.c 

^ + ^ = 2(^-0' 

Lhuilier: ElSmens cT Analyse QiomStrtqtie et d^ Analyse 

AlgSbrique^ p. 135. 
Gamier: QiomStrie Analytique^ p. 187. 

17. The equations to the four sides of a quadrilateral taken 
successively are 

u =x cos a + y sin a — S = 0, w' = aj cos a' + ^ sin a' — 8' = 0, 

w"=:iBcosa"+ysina"-S"=0, w'" = a;cosa"' + ysina'"-8'" = 0: 

the rectangle between the distances of a point P from the first 
and third of these Unes is to that between its distances from the 
second and fourth, as r^ to v!. To find the conditions that the 
locus of P may be a circle. 
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The conditions are n & n\ 

and a + a" = a' -f cT', or a + a" = 2ir - (a' + a"'). 

Lhuilier: EUmena dC Analyse GSomStrique et cT Analyse 
Algibrigue^ p. 144. 

18. To find the locus of a point in the plane of a triangle, 
Mch that, if perpendiculars be drawn from it upon the directions 
of its sides, the area of the triangle, formed by straight lines 
joining the feet of the three perpendiculars, may be constant. 

If the equations to the three sides of the triangle be 
ajcosa +y sina = S, x cosa' +y sina' = S*, x cosa" •\-y sina" = 8", 

and T^ be the constant area, the required locus will be two 
drcles denoted by the double equation 

N i^ / ( sm a sm a sm a j 

+ S sin (a' — a") [x cos (a + a" — a) + y sin (a' + a — a)} 

+ S* sin (a" — a) {x cos (a" + a — a') + y sin (a" + a — a')} 

+ S^ sin (a — a') {x cos (a + a' — a") + y sin (a + a' -- a")} 

, ^.jj,^, fsin (a - a') , sin (a - a") ^ sin (a" - a)) 
+ S5'5'| ^ + g + g^ 1. 

Querret : Oergonne^ Annales de MathSmatiqtieSj tom. XIV. p. 280. 
Sturm : Ibid.j tom. xiv. p. 286. 
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PARABOLA. 

Section I. 

Referred to the Axis and its Tangent. Ordinates. 

1. A parabola, of which the equation is 

/ = &, 
is cut in four points by the circle 

(a? - a)» + (y - /3)» = y : 

to find the product of the distances of the four points of inter- 
section from the axis of the parabola. 

Eliminating x between the equations to the two curves, we 

get (y'-far + z'(y-/3r = zv, 

or y* + + r(p? + ^- 7«) = 0. 

Whence, by the theory of equations, the required product is 
equal to ?«(«« + ^ « rf)^ 

or, a being the distance between the centre of the circle and 
the vertex of the parabola, to 

r (a» - rf). 

2. Two ordinates of a parabola meet its axis in points equi- 
distant from the focus. If the vertex be joined with the point, 
where one of the ordinates meets the parabola, to find the 
equation to the locus of the point where this line intersects the 
other ordinate. 

The equation to the parabola being 
let the abscissae of the two points be x and x'. 
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Then, by the hypothesis, 

X + x' = 2m (1). 

The equation to the line joining the former point and the 
vertex is „ 

= OV (^)' 

and the equation to the ordmate of the other point is 

a?, = 0?' (3). 

At the intersection of (2) and (3), 

a; + a? = 4wi -~ + a? . 

and therefore, by (1), 

{2m - ajj y^ = 4^3?^, 

the equation connecting the coordinates of every point of the 
curve formed by the intersection of the line through the vertex 
and the other ordinate, that is, the equation to the required 
locus. 

3. The rectangle contained between two ordinates y^, y^^, 
of a parabola y* = 47?ia?, is equal to m*, the distance between 
these ordinates being equal to m: to find the magnitudes of 
y^ and y^^. 

y. = ^(V5-2)*, y^,==mW5 + 2)K 

4. To prove that the area of a triangle inscribed in a 
parabola is equal to 

where t/\ y", y'", are the ordinates of the vertices of the triangle, 
y* = 4cmx being the equation to the curve. 

5. The abscissa and double ordinate of a segment of a common 
parabola are a and 5, and the diameters of its circumscribed 
and inscribed circles D and d] to prove that 

JD + d= a -^b. 

1 
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6. If a parabola intersects a circle in four points, to prove 
that the ordinates of the points of intersection, which lie on 
one side of the axis of the parabola, are together equal to the 
sum of the ordinates of the points of intersection, which lie 
on the other side of the axis. 

De La Hire : Secttones Conicoe^ lib. V. prop. 29. 



Section II. 

Referred to the Axis and its Tangent, Tangents. 

1. Two tangents are drawn to a parabola ; the one touches 
it at a point (a, J), the other at a point (a', i'). To find the 
point in which the two tangents intersect. 

If 4m denote the latus-rectum, the equations to the tangents 
^«^^® by «2m(a; + a), 

h'y = 2m [x + a'). 

At the intersection of these two lines, eliminating a;, and 
observing that J*, 5", are respectively equal to 47na, 4ma', we 
have (5 - 6') y = 2w (a ^ a') 

= W - v% 

whence y = \if> -{-V). 

Also, eliminating y^ we see that 

ah' — dh 



a? = 



Thus the coordinates of the required point are 

ab'-dh ,6 + y 

— ? TT — and . 

b^V 2 

2. In the parabola, of which the equation is 

^ = AmXj 

two tangents are drawn at points of which the abscissse are 
in the ratio of 1 : /it ; to find the equation to the locus of their 
intersection. 



THE AXIS AND ITS TANGENT. TANGENTS. 115 

If {x'j y')y {x"j y"), be the two points of contact, the equations 
to the two tangents will be 

yy' = 2nux; + Jy**, 
yf = 2mx-h y. 

But y** = 4.mx\ y"* = 4wa?" = 4cfimx\ 
and therefore y" = ± fi^y (1). 

At the intersection of the two tangents, we have, from their 
equations, y (/ -y') =*(/'- 3^"), 

y=4(y'+y) 

= i(l± /**)/, by (1). 

Hence, fr^m the former of the equations to the tangents, we 
see that 

the appropriate equation to the locus being, by virtue of (1), 

y" = [fi^ -\- fi'ymx^ 

or y* = — (/^^ — f^ *)* *y^j 

accordingly as the points of contact are on the same or on 
opposite sides of the axis of the parabola. 

3. To find the area of the triangle included between the 
tangents to parabolas 

y* = 4omXy y* = AfiXj 

at points the common abscissa of which is a, and the portion 
of the ordinate intercepted between the two curves. 

The required area is equal to 



2 (w* ^ /i^).aK 



12 
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4. To find the magnitude of the ordinate of such a point 
in a parabola, that the intercepts, on the axes of coordinates, 
of a tangent drawn to the curve at this point, may be equal 
to each other. 

The required magnitude = half the latus-rectum. 



Section III. 

deferred to the Axis and its Tangent Magical Equation to the 

Tangent. 

1. A straight line, inclined at an angle ^ to the axis of a;, 
touches both the curves 

y* = 49720;, a?* 4- y* = c'* : 
to find the value of ^. 

Put tan = a : then the equation to the line, since it touches 

the former curve, will be 

m 

and, since it touches the latter, 

y = oa? + c (1 + a'*)*. 

Since these two equations represent the same line, they must 

be identical : hence , ^ 

c(l-^0* = ^, 

whence « sec ^ = m cot ^, 

or c sin ^ = w cos' ^ ; 

an equation which determines the value of ^. 

2. Two straight lines, which are always tangents to a given 
parabola, are such that the sum of the cotangents of their 
inclinations to its axis is constant; to find the equation to the 
locus of their intersection. 
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The equation to either tangent is 

m 

whence -5 — ~-H — = 0. 

a ma m 

Hence, a', a", denoting the two values of a, 

a a m 
but, by the condition of the problem, 

/3 denoting some constant quantity. 

Hence y = m^S, 

the equation to the required locus, which is therefore a diameter 
of the parabola. 

3. If ttj, a,, be the trigonometrical tangents of the incli- 
nations of any two tangents of a parabola to its axis, to find 
the equation to the tangent at the extremity of the diameter 
which passes through their intersection. 

The equation to the parabola being 

y* = 4cmXy 

the equations to the first two tangents will be 

and V = a^a? + — . 

At their point of intersection, y^ being its ordinate, 

aad therefore y^ = — (a^ + aj, 

which is the equation to the diameter 
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The equation to the required tangent will therefore be 

2a OL flL + OL 

or V = — *-- X 4- -^ — -3 w. 

^ a^ + a^ 2aja, 

4. From the vertex of a parabola a straight line is drawn, 
inclined at an angle ^tt to the tangent at any point ; to find the 
equation to the locus of their intersection. 

Let the equation to the strai^t line be 

y = a'« (1); 

then, by the hypothesis, the equation to the tangent being 

3^ = 0^ + - (2), 

we shall have 1 = r- r- » a' '=■ z ; 

1 + aa' 1 — a' 

hence the equation (1) becomes 

y = i^ra«^ (3). 

Obtaining a from (3), in terms of x and y, and substituting 

its value in (2), we shall get 

y '- X V -¥ X 

y = X- H m- , 

y + a; y — a?' 

or [f + ^).[y - aj) = m (y + a;)*, 

which is the equation to the required locus. 

5. To prove that the three altitudes of any triangle circum- 
scribed about a parabola all pass through a single point in the 
directrix. 

The equations to the three sides of the triangle will be of 
the forms 

y = «r+J (1), y = o!x+'^ (2), y = «"a,+ J (3). 
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The equation to one altitude, viz. that which passes through 
the intersection of (1) and (2) at right angles to (3), will be, 
as may easily be ascertained, 

OLa{x + a"y) = w(l + aV + a"a) (4). 

By similarity it is clear that the equation to the altitude, 
which is at right angles to (1), is 

a'a"{x + at/) = m{l + a' a + aa') (5). 

At the intersection of (4) and (5) 

aj = - m, y = -^^ (1 + a'a" + a"a + aa'). 

These results, being symmetrical in relation to a, a', a", 
shew that the three altitudes all pass through a single point. 
The value of x shews that the point lies in the directrix, which 
is therefore the locus of the intersection of the altitudes of a 
variable tangential triangle. 

Steiner : Gergonne^ Annales de MathSmatiqueSy tom, xix. p. 59. 

6. To find the equation to the tangent of a parabola 
y* = 4cmXy which passes through the point in which the directrix 
cuts the axis. 

The required equation is 

y = cc + w. 

7. To find the locus of the intersection of two straight lines, 
which always touch a parabola 

y* = 4waj; 

the product of the trigonometrical tangents of their inclinations 
to the axis of x being a constant quantity k. 

The locus is a straight line of which the equation is 

BrOchat : Oergonne^ Annales de MaihSmatiqiLes^ tom. ii. p. 229. 

8. To find the distances of the vertex and focus of a parabola 
from the tangent, in terms of the inclination of the tangent to 
the axis of x. 
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If 4> denote the iuclination, the required distances are re- 
spectively equal to 

m cos* A J TW 
— ; — — and -. — T- 
sin 9 sm 9 

9. If, from the focus of a parabola, lines be drawn to meet 
the tangents at a constant angle, to prove that llie locus of the 
points of intersection will be that tangent to the parabola, the 
inclination of which to the axi» is equal to the given angle. 

10. Two tangents to a parabola make angles ^, ^', with its 
axis. To find the locus of their intersection, having given that 
Bin d.sm ff is invariable m magnitude. 

Put sin tf.sin ^ = a ; then, y* = Amx being the equation to 
the parabola, the required locus will be a circle defined by the 

11. Two tangents to a parabola make angles ^, 0\ with 
its axis. To find the locus of their intersection, supposing 
cot — cot ff to be invariable. 

The equation to the parabola being y^ = 4wia?, the required 

locus will be another parabola, the equation to which, a denoting 

cot — cot 0'y is 

y* = 4o7nx + aW. 

12. To prove that the area of the triangle formed by three 
tangents to a parabola, the cotangents of the inclinations of 
which to the axis are successive terms of an arithmetical pro- 
gression, of which the common difference is \, is equal to \W, 
4m being the latus-rectum. 

13. From two points in the diameter of a parabola, two 
pairs of tangents are drawn to the curve; the trigonometrical 
tangents of the inclinations of the one pair to the axis are a^, a^, 
and, of the other pair, ttg, a^ : to prove that 

1111 

- + - = --♦--. 

«1 ^2 «3 ^4 
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14. If any hexagon be described about a parabola, to prove 
that its three diagonals will all pass through a single point. 
(This problem is a particular ca^e of the same proposition in 
regard to any conic section). 

Lubbock : Philosophical Magazine^ Atigvst 1838. 
Ellis : Cambridge Mathematical Journal^ vol. I. p. 204. 

15. Kajj, y^; a?8, y,; ^aJ^sJ ^® ^® coordinates of the 

angles of any re-entering polygon of 2n sides, circumscribing 
a parabola, to prove that 

rg% rg% Of* /y% — /«• rg% /y* /«• 

a»d Vx-y^ + y^- - y«« = 0- 

Ellis : Cambridge Mathematical Journal^ vol. Ii. p. 48. 

16. To prove that the continued product of the abscissas of 
the points of intersection of any number of tangents to a para- 
bola, is equal to the continued product of the abscissae of the 
points of contact, provided that no three points of intersection 
he in the same straight line. 

Ellis : Cambridge Mathem^xtical Journal^ vol. II. p. 48. 



Section IV. 

Referred to the Aods and its Tangent. Normals. 

1. In a parabola y = ic, the ordinates of three points, such 
that the normals pass through the same point, are y^, y^^ y^ : 
to prove that y^^y^+y^^ 0, 

and to find the equation to the circle passing through these 
three points. 

Let (a;, y) be the coordinates of any one of the three points ; 
a, /8, being the common point of the normals. Then 

Eliminating x between this equation and y^ = J», we have 

2/ = Z(2a-0y + P/9 (1). 
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The form of this cubic shews that 

3^1+^2 + ^8 = 0- 
Let the equation to the circle passing through the three points be 

From this equation and that to the parabola, we have, for the 
points of intersection, 

y* + Z(Z + X) y» + Z'My + Pv = (2). 

Multiplying this equation by 2 and attending to (1), we get 

Z(2a + Z + 2\) y" + P(i8 + 2/*) y + 2Pv = 0. 

This equation must be satisfied by t/^j y^^ y,, as roots : hence we 
must have 

2a 4- i + 2X = 0, i8 + 2/iA = 0, v = 0. 

Itese Aree equations reduce the equation to the circle to the 

^'^ a:* + y* - (a + iZ) a; - i/3y = 0. 

This equation shews that the circle passes through the vertex of 
the parabola. 

2. To find the locus of the intersections of the normals at 
any two points of a parabola, on opposite sides of its axis, the 
ordinates of which are as 1 to 2. 

The equations to such a pair of normals are 

Multiplying the equation (1) by 8 and adding the result to the 
equation (2), we have, at the intersection of these two lines, 

9y - ey = - ^ X, 

^ 2w — aj 
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Substituting this expression for jf in (1), and reducing, we Aall 
get for the equation to the required locus 

which is the equation to the evolute of the parabola. 

3. If 8L be drawn from the focus fl^ of a parabola perpen- 
dicular to the normal at any point P, to find the locus of the 
point L. 

If tan"* a be the angle made by the tangent at P with the 
axis, the coordinates of P will be 

m 2m 
a^ a 

Hence the equation to the normal at P will be 

2m 1 f m\ ,.. 

^-T = -a['"-^) (^)- 

Also, the equation to SL will be 

y^^dix-m) .<«). 

From (1) we have 

o?y + ax = m(- + 2a J, 
and, from (2), oo; — y = am. 

Hence, at Z, (1 + a') y = w f - + a 1, 

atd therefore, from (2), 

y* ±= m[i:t — m), 

which is the equation to the locus of L. The locus is therefore 
a parabola the latus-rectum of which is one-fourth of that of the 
original parabola and of which the vertex is 8. 

4. To find the equation to the normal of a parabola, which 
is inclined at any proposed angle to the axis of the curve. 
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K a = the tangent of the normal's inclination to the axis of 
the parabola, the equation required will be 

flKC = y 4- (a* -*- 2) am. 

5. To prove that, y^ = ^mx being the equation to a parabola, 
three normals may be drawn to the curve from any point within 
the area of the curve defined by the equation 

27my* = 4 (a; - 2m)% 
and, from any point without the area, only one. 

6. Two normals to a parabola are always at right angles to 
each other : to find the locus of their intersection. 

The equation to the parabola being y' = 4tmXj the required 
locus will be another parabola defined by the equation 

y* = m (oj — 3m). 
Bobillier : Oergonne^ AnnaUs de MathSmatigues^ tom. xvii. p. 28 1 . 

7. To draw, from a given point, normals to a parabola. 

Let (a, h) be the coordinates of the given point, and let 
y* = 4maj be the equation to the parabola. There wiD be 
generally three normals passing through the intersections of the 
parabola with the circle represented by the equation 

a? — (2m 4- o) x 4- y " — ^hy = 0. 

James Bernoulli : Analysis et Gonstructio Problematis Hu- 
geniani^ Opera^ tom. il. p. 700. 

8. The axis Ax of a parabola is divided into a number of 

successive portions AM^^ ^J^^y ^J^z^ equal respectively to 

Z, 3?, 5Z, where I denotes the latus-rectum. Circles are 

described with AM^^ MJd^^ ^g^j ^ diameters. To prove 

that two radii of every circle, except the first, are normals to 
the parabola. 

De la Hire : Sectiones Gonicce^ lib. vii. prop. 43. 
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Section V. 
Referred to the Axis and its Tangent, Chords, 

1. If chords be drawn to a parabola, all passing through the 
point where the axis meets the directrix, to find the equation to 
the locus of their middle points. 

Let (ajj, yj, (ojj, y^), be the two extremities of any one of the 
chords. Then, y denoting the ordinate of its middle point, 

y = i(yi+yj (1). 

Now y^, ^g, are the roots of a quadratic resulting from the 
elimination of x between the equations 

y = a(a; + m) (2), 

and y = ^mx ; 

that is, of the equation 

If y 4- 4m = : 

(X 

- 4m 

hence 3^1 + ^a = — 7 

and therefore, by (1), 

y-T (^)- 

Eliminating a between (2) and (3), we get for the equation to 
the locus, y» = 2m (a; + m), 

which belongs to a parabola similar to the original one; the 
distances between their vertices being m. 

2. If a circle, described upon a chord of a parabola as a 
diameter, meets the directrix, to prove that it also touches it ; and 
to shew that all the chords, for which this is possible, intersect in 
a single point. 

Let (a;', y'), {x\ y"), be the two ends of the diameter. Then 
the equation to the circle will be 

{a!-i(a,'+a,")r + [y-W+vlf = i{K-«'T+(y'-yT}, 

or a!» + 2^ - (a;' + a") a; - (y' + y") y + as'x" + y'y" = 0. 
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Let the equations to the chord and parabola be 

y =z ax -{- 13^ y* = ^mx. 

At their intersection, 

a*a?» - 2 (2w - a)8) a? + /3» = 0, 

and ay — 4my + 4w/3 = : 

2 ff 

hence x' + a;" = -^ (2m - a)8), xx" = ^ , 

y+y = — , yy =-^- 

The equation to the circle is therefore 

a^ + y + -T(a^-2m)a; y + n?+ — - = 0. 

^ a ^ ' a a a 

If the circle meets the directrix, a? = — m, and therefore 

4m» / )8^ » 



« 4m , 4m" / fiV ^ ., 

In order that y may be possible, we must have 

m + ^ = (2), 

which shews that the equation to the chord is 

y = a (a? — m) ; 

the chords therefore all pass through the focus. 

The roots of (1), under the condition (2), are equal, and 
therefore the circle UmcJm when it vmets the directrix. 

3. To find the equations to all the common chords of the two 
curves ^ = 2ca? - a?, / = 4ma?. 

The required equations are 

4. To inscribe in a given parabola a chord Pp of given 
length, passing through a given point Q. 
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Let Pp intersect the axis Ax of the parabola in 0, and let 
^-^be the ordinate of Q. Let AN^ a, QN^ l^Pp^c^ 0N= «, 
I = the latus-rectum. Then the value of z will be defined by 
the biquadratic equation 

Pz' - 4tbHz' + bn (4a + Z) «« + J* (4aZ - c*) = 0. 

. Newton : Arithmettca Universalis^ prob. XIV. 



Section VI. 

Referred to the Axis and its Tangent, Focal Properties, 

1. P', F\ being any two points in a parabola, and the 
point of concourse of the tangents at these points, and 8 the 
focus: to prove that 

[POY _ {F'OY 

P'8 "" P'S ' 
Let the equations to the tangents at P', P", be 

, m 

y = ax+-f^ 

OL 



tt 



y = a a? + - . 



Combining these two equations we obtain, for the coordinates 
of the point 0, 



m 



^1 ~' «'/." ' 

OLOL 



aa 



Also, combining each of the equations to the tangents with that 
to the parabola, viz. tf = 47?ia?, we have, for the coordinates 
of P\ P", respectively, 



x = 



Hence 



{Foy 



m 
2m 

IT 



\ and 



X — „j, 
OL 



jt 



2m 
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and {FSy = (x' - mf + y* 

= m" (l + I.)". 
We have therefore 

F8 '"W a'V* 
Symmetry shews that we must have also 

F'8 '"U" dj' 



Hence (^-?)- = (^)- 

Massabieau, Guillaume, Gobert, B^rard : Oergonne^ Annales 
de MatMmatiques^ torn. lY. p. 183. 

2. To find the locus of the intersection of a tangent at one 
extremity of a focal chord of a parabola with the ordinate at the 
other produced. 

Let x\ y\ be the coordinates of the point of contact of the 
tangent ; and let [x^ y) be the point of intersection of the tangent 
and ordinate. Then 

yy' = 2m [x + a?'), 

y'y'^ = 4m» [x + 0^7, 

a?y = m(a;+ajT (1). 

13 X 111 1.1 

But - = -?y7i+-a7v = — ; — ? + 



whence 



m 8P 8P m+x' m + x^ 

I _ X 

m -\- x' m (m 4- a;) ' 



and X = — . 

X 

Hence, from (1), —^ = m f a? H j , 

Tnocy^ = {a? -\- m*)*, 
the equation to the required locus. 
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3. To prove that a series of circles, of which the centres are 
in a parabola, and which pass through the focus, all touch the 
directrix. 

4. PT^ PO^ are the tangent and normal of a parabola, at 
a point P, terminating at T, O^ in the axis: 8Q^ 8Rj are 
perpendiculars upon PT, PGj respectively, from the focus 8: 
to find the area of the rectangle 8QPR^ and to determine the 
position of P when the rectangle is a square. 

The equation to the parabola being y^ = 4»ia?, the area of 
8QPBj if Xj y, are the coordinates of P, is equal to 

iy (a; + w) ; 

and, when the rectangle is a square, the point P is at an ex- 
tremity of the latus-rectum. 

5. If from the focus of a parabola as centre and with the 
focal distance of a point in the parabola as radius, a circle be 
described, to prove that the intersections of the tangent and 
normal to the parabola at the point, with the axis, will lie in the 
circumference of the circle. 

6. K 8L be drawn, from the focus 5 of a parabola, at right 
angles to the normal at any point P: to prove that the abscissa 
of the point L is equal to /SP, and that, AM being the abscissa 

^^^' [8Ly^AM.8P 

7. In the preceding problem, to find the locus of the point L. 

The equation to the parabola being y^ = 4»ia?, the required 
locus is another parabola defined by the equation 

y* = m (oj — m). 
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Section VII. 

Referred to a Tangent and its diameter as Axes, 

1. From a point are drawn two lines to touch a parabola 
in the points P and Q: another line, parallel to PQ^ touches 
the parabola in B and intersects OP, OQ^'m 5, T, respectively : 
if F be the intersection of the lines joining PT, Q8^ crosswise, 
to prove that 0, i?, F, are in the same straight line. 

Let BThe taken as the axis of y, and the diameter through B 
as the axis of x. Since PQ is parallel to SBT^ we may take 
{x'y y') and (a?', — y'\ as the coordinates of Q^ P, respectively. 

The equations to ^0, PO, will accordingly be of the forms 

and V = r (i» + a?). 

These two lines therefore intersect in the axis of x. 
Moreover the coordinates of T are 

^1 = 0, 

lie equation to P J' is therefore 

Similarly, putting — y* for y', we see that the equation to Q8 is 

x'y - ly'a? = - \x'y\ 

These two lines P7, Q;9, therefore also intersect in the axiB 
of X. Thus 0, JB, F, all lie in the axis of x. 

2. From any point 0, in the arc of a parabola, a straight 
line OB is drawn, parallel to the axis of the curve, to meet 
a chord Qg^^ produced if necessary, in B. To prove that 

BQ.Bq oc BO. 
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Let a tangent PT^ and its diameter Px^ be taken as axes of 
coordinates, P7^ being parallel to qQ. 




Produce OR to meet PT in E. 

The equation to the curve is of the form 

Let A, h^ be the coordinates of B : then, if we put h for a;, 
and k — y ior y , the values of y In the resulting quadratic 

or y* - 2ky + A* - iA = 0, 

will be equal to BQ^ Bq : hence 

BQ.Bq = 1f-lh, 

= 1{0E-BE), 
= IBO, 
ocBO. 

De la Hire : Seo^iones Contcce^ lib. v. prop. i. 

3. K two tangents be drawn to a parabola, to prove that 
a third tangent, parallel to the chord joining the points of 
contact, will bisect the parts of the other tangents which are 
included between their point of intersection and their points of 
contact. 

K2 
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4. -B(7, GZ), are two consecutive arcs of a parabola, the 
sagittaB of which, bisecting their chords and being parallel to the 
axis, are equal; to prove that the chord BD is parallel to the 
tangent at G, 

5. From a point -B, without a parabola, two straight lines 
are drawn, one touching the curve in P, and the other cutting 
it in Q. A straight line HEF is drawn, parallel to JSP, cutting 
in the point H the diameter through -B, and the curve in the 
points E^ F, HQ is joined. To prove that 

{BPy : HE.EFi : BQ : HQ. 
De la Hire : Secttones Gonicce^ lib. iii. prop. 28. 

6. Qq is a chord of a parabola : from any point R in this 
chord is drawn REF^ parallel to the axis of the parabola, 
meeting the curve in E^ and the tangent, drawn through the 
point Q^m Fx to prove that 

RQiRqiiEFiER. 
De la Hire : Sectiones Gonicce^ lib. V. prop. 25. 

7. Through a point P in a parabola, a chord is drawn to cut 
in Qj J, another parabola, equal to the former, the axes of the 
two curves lying in a single straight line : to prove that, Qq 
remaining always parallel to itself, the rectangle FQ,Pq will 
remain constant for all positions of P. 

De la Hire : Sectiones GoniccBj lib. vi. prop. 13. 



Section VIII. 

Referred to two Tangents as Axes. 

If the parabola be referred to two tangents as axes of co- 
ordinates, its equation will assume the symmetrical form 
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a and h being the lengths of the tangents from their intersection 
to the points of contact. 

Puissant: Recueil de diver sea propositions de OSomStrie^ 

p. 105, troisihne Edition. 
Gregory : Cambridge Mathematical Journal^ vol. ii. p. 14. 

1. To prove that two parabolas cannot touch each other in 
more than one point. 

If possible, let the tangents at two points of contact be taken 
as axes of coordinates, and let a, 5, be the distances of these 
points of contact from the origin. 

Then the equation to either parabola will be 

(a) ^ \h 
and therefore the two parabolas coincide. 

Ilapa/3o\rf wapafioXrj^ ov/e iffxiwrerai Karh irXelova arjfieta 

'ATIOAAQNIOY IIEPrAIOY KwvtKMV ro riraprov^ Uporatris k^. 



± r =±1; 



2. The equation to a curve referred to oblique axes, which 
are inclined to one another at an angle d, is 

a^ -I- y* = a* : 

to prove that, when the axes are changed into a system of rect- 
angular ones, of which the axis of x bisects d, the equation 
will become 

2a sin' \ 



y' = 



cos 4^ 



{x — \a cos^^). 



Let P be any point whatever. 
Let OM^ PMj be the coordinates 
of P in regard to the original axes 
Oa;, Oy ; and 0M\ PM\ in regard <>' 
to the new axes Ood^ Oy\ Draw 
MK^ parallel to ccO, meeting PM 
mK. 
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Then x=OQ- M'K 

= ^ - n — y » \ 



X 



Also 



2cosid 2gm^0' 
^ ^ — ^ ^ sin ^ 



sin 

x' 



+ 



Now 
and therefore 

hence 



cos 



2 cosi^ 2sini(?' 

a^ 4- y* = a*, 

a; + y 4- 2 (a?y)4 =s a : 

i^ sinH^^V cosily' 



cos^'i^ 



,8 2a sin'A^ , , , y ^. 

V = 1-^ (i» — ia cos*^). 

•^ cosi^ ^ ^ '^ ^ 

3. K three parabolas be described, having their principal 
diameters in the continuations of the lines bisecting the three 
angles of any plane triangle, and if each parabola touch one side 
of the triangle and the prolongation of the other two : then, if A 
denote the area of the triangle ; a, i, c, its sides ; a half the sum 
of the sides ; and w^, tt^^, tt^, the semiparameters of the three 
parabolas, it is required to prove that 

^ (?> + c) (c + a) [a + l) {^ 
otbc 



"^i^a^s = 



Let EKT be the triangle. If 8 
be the focus of the parabola in the 
diagram, TS will bisect the angle 
A = PTK. K P, e, be the points 
of contact, it is plain that PT = QT. 
Let ?P, TQ^ be taken as axes of 
coordinates. Then the equation to 
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the parabola, if TP = m, will be 

aj* j-y* = ± mh (1). 

Let TH^a^ TK=b. Then 

M- » 

is the equation to a tangent to the parabola. 
But the tangent at a point a?^, y^j is 

-^ ± -^, = ± 1 (3). 

Comparing (2) and (3), on the supposition of their representing 
the same line, we see that 

(w^,)* = ± a, (my,)* =» b : 
and therefore, by virtue of (1), putting a?,, y,, for a?, y, we get 

a + b:=^m^PT. 

But, by known properties of the parabola 

PT^28Pqo&^4f 
and Prsin"i4 = 2^5cosi^; 

hence ir^ = 2A8 = (a 4- i) ^ — J^ • 

Similarly ^^=(i + c)^^, 

, f . sin'iC 

and 7r^= ic + a) . fr^ . 

• ^ ' cos^C7 

Hence ^,;.,^,= (^-^'') (<'+") (^+^) . {s{»-a){sf){s-c)f 

^ • ' (WC 8 

^ {b + c){c + a){a-['b) My 

Lady* 8 qnd Qenileman^8 Diary^ 1844. 

4. From P, the point of concourse of two tangents to a 
parabola, viz. PQ, PQ^ a straight line PABG is drawn, meeting 
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the curve in A^ (7, and the chord QQ m B, To shew that 
PA^ PBj PCj are in harmonical progression. 

Let PQ = a, PQ = b. Then the equation to the parabola, 
referred to these tangents as axes, will be 

(!)'*©'— ("■ 

The equation to QQ will be 

M- (^)- 

The equation to PABG we may take to be 

y = y3^ (3). 

Let ajj, ajg, cCg, be the abscissaB of -4, -B, (7, respectively : then, 
from (1) and (3), 



1 1 )8 
and, from (2) and (3), ^ = " + j • 

TT 1 . 2 11 

Hence we see that — = — 1 — . 



s 
J 



x^ X^ X^ 



But it is plain that x^^ oj^, ajg, are proportional to P4, PB, P(7; 



hence 



2 11 



+ 



PB PA^PC 
De la Hire : Sectionea Contcce^ lib. ii. prop. 21. 

6. To determine the magnitude of the latus-rectum of the 
parabola represented by the equation 

i 4 4 

» ± y' = ± a\ 

the axes being rectangular. 

The latus-rectum = aV2. 
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6. ?!P, TQj are two tangents to a parabola : any other tan- 
gent cuts these two in pomts^, j, respectively : to prove that 

7. Pr, QT^ are two equal tangents to a parabola, P and Q 
being the points of contact. If PT^ QT^ be cut by a third 
tangent in E^ F^ respectively, to prove that 

PE^FT^ and QF^ET. 

8. If there are three tangents to a parabola, the triangle 
formed by their intersections is half of that the angular points 
t)f which are the points of contact. 

Gregory : Cambridge Mathematical Journal^ vol. II. p. 16, 

M 

9. Three straight lines MN^ NL^ LM^ 
produced if necessary, touch a parabola in 
the points P, Q^ jB, respectively; to prove 
that 

RL : LMm LQ : QNy. MNi NP. 

De la Hire: Sectiones Conicce^ lib. ill. 
prop. 20. 

10. Two tangents 0-4, OP, are drawn to a parabola: in 
the line -4P, joining the points of contact -4, P, is taken any 
point whatever E: from E are drawn the straight lines EHj 
EKj parallel to PO, AOj respectively, and cutting AOj BO^ 
respectively in P", K\ to prove that HK will touch the parabola 
in some point P, and that PE is a diameter of the curve. 

De la Hire : Sectiones GoniccB^ lib. ill. prop. 21. 

11. Two straight lines 0-4, OB^ touch a parabola in -4, P. 
The chord -4P is joined. M is the middle point of AB] OM 
is joined. A third tangent to the parabola cuts 0-4, OB^ re- 
spectively in H^ K. 




138 PARABOLA. 

K lMOA ^\ l mob = /a, OA^ a, OB = J, Ojg'= a, 
OK s )3, to prove that the equation to the directrix, OA^ OB^ 
being chosen as the axes of a?, y, respectively, will be 

ojcosX + y COS/A = cot(X + /A).(a sinX + ^sin/t). 

Cor. It may easily be shewn that the directrix always 
passes through a fixed point of which, g> denoting the angle 
between the axes, the coordinates are equal to 

cos© ,^ N COSO) , r. V 

-?-o — (p — a COS a), -T-o — (a — p cos cd). 
sin ft) ^ '' sin ft) ^ ' 

12. Two tangents to a parabola, the lengths of which are 
a, ^, intersect in at an angle «>, and a circle is inscribed 
between the tangents and the curve; to find the distance of 
the centre of the circle from 0. 

The required distance =x - — —j. ^ — , i^ / im x — i— • 

^ (a + 6) sec^ft) + 2 (o^jitan Jft) 

13. Parabolas are described touching two given straight 
lines at right angles to each other; to find the locus of the 
vertices of the parabolas, supposing the chords of contact to 
be all parallel to a fixed line. 

Let the two given straight lines be taken as axes of coor- 
dinates ; then, Z, m, being the direction-cosines of the fixed line, 
the locus of the vertices will be a straight line represented by 
the equation ^ y 



Section IX. 

Referred to any Rectangular Axes whatever. Reduction, 
The most general form of the equation to a parabola is 
aa? + hy' + 2cxy + 2a'x + ib'y + c' =«= 0, 
the parameters a, J, c, being subject to the relation <? = ah. 
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The object of the general problem of reduction is to ash 
certain the positions of the vertex of the parabola and its 
focus. This object may be effected by first turning the axes 
of coordinates through such an angle that the coefficient of 
xy in the transformed equation may be zero, and then chan^ng 
the origin into such a position that the final equation may 
consist of only two terms, one term containing the first power 
of one of the coordinates, and the other term containing the 
second power of the other. The equation will then be reduced 
to the more simple form belonging to the axis and its tangent 
as axes of coordinates. 

1. To find the position of the vertex and the magnitude 
of the latus-rectum of the parabola 

aJ* ± y* = ± «*• 
Squaring the equation, we have 

X ± 2ic*y* + y = a, 
and thence [x -\- y — of — Axt/j 

or a? ^ 2xy H- ^ — 2aa? — 2ay + a' = 0. 

If we turn the axes through an angle d, the equation will 
become 

(a?' cos ^ - y sin 0^ - 2 (aj' cos ^ - y' sin 0).{x' sin ^ + y' cos 0) 

H- [x' %m0 -\- y' cos 0^ — 2a [x' cos ^ — y' sin 0) 

- 2a [x %m0 -\-y cos ^) + a' = 0. 

Assume the coefficient of a?'y' to be equal to zero ; then 

- 2 sin d.cos ^ - 2 (cos' ^ - sin" ^) + 2 sin d.cos ^ = 0, 
and therefore cos2^ = 0, 2^ = Jtt, ^ = Jtt. 

Hence, substituting for cos and sin their common value 
-T-, in the equation to the curve, we get 

4^" + 4y'" - 2 [i^x'^ - iy») + \x'' + iy'« 

- a [xW^ - y V2) - a {xW2 + y V2) H- a» = 0, 
and therefore 2y" - 2^2 ax' -h a!" = 0. 
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Again, changing the origin of coordinates to a point a, )9, 
we have 2 [y" + fif - 2V2.a [x" + a) + a* = 0. 

Equating to zero the coefficient of y" and those terms which 
involve neither x" nor y", we obtain 

4)8 = 0, )8 = 0, 
and 2/8* - 2V2.aa + a* = 0, 



a 



whence a = ,^-7^ . 

2y2 

The equation then becomes 

Thus the latus-rectum of the parabola is equal to aV2, and 
the coordinates of the vertex, referred to the original axes of 
coordinates, are J a, J a. 

The diagram will elucidate the analytical transformations. 




jLxOx' = Jtt, 



0A = 



a 



2V2' 

0-H"= acos Jtt = Ja, 
AH= asin Jtt = Ja. 



^5 = 



a 



2^2' 
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2. To find the magnitude of the latus-rectum of the parabola 
of which the equation is 

[y — mxY = ex, 
c 



The required magnitude = 



(1 H- mi 



3. To find the position and dimensions of the curve 

a? -\-2xy -\-y* -Zx + y + 1^0. 

The latus-rectum = -j- , the coordinates of the vertex are f , — J, 
and the inclination of the axis of figure to the axis of x is 45**. 

4. To find the position of the parabola represented by the 
equation (^ ^ ^)i ^ f^y ^ ^)i ^ 2a*, 

and the magnitude of its latus-rectum. 

Its vertex is at the origin of coordinates, its axis bisects the 
angle between the axes of x and y, and its latus-rectum is equal 

to 4aV2. 

5. The equation to a parabola being 

{x H- yV3)' - 8aj(l + V3) + 8y (1 - V3) H- 48 = 0, 
to find its latus-rectum and the inclination of its axis to the axis 

of 0?. 

The latus-rectum = 4, and the required inclination is equal 
to Jtt. 



Section X. 

Polar Equation. Focus the Bole, 

1. If, with the focus 8 o{ 2l parabola as centre, a circle be 
described, passing through the vertex, to prove that the rect- 
angle under the intercepts PQj qp^ of any focal chord PQSqp^ 
included between the circle and the parabola, is constant. 
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The polar equation to the parabola being 

r ?= msec* J^, 
and that to the circle r = m, 

the difference between these radii vectores for any value of 6 
is equal to mtan'i^. 

The corresponding ffiflferwice for a value tt + S of the 
angular coordinate is equal to 

mcot^ J^. 

The quantities mtan'^d, mcot^^d, are the values of the 
intercepts PQ^ pq : the area of the rectangle included by them 
18 equal to the constant quantity m^. 

2. To find the locus of the vertex of a series of parabolas 
which have a given focus and touch a given line. 

Let EF be the ^ven Une, and 8 the given focus. Draw 
BY at right angles to EF. Let P be the point at which one 




of the parabolas, of which A is the vertex, is touched by EF. 
Let EF cut the axis of the parabola PA in T. 

Let LASY^e, lA8P^4>, YS=c, AS^m. 

Then, by the nature of parabolas, 

c= 8T.coB0^ SP COB e. 



But 



hence 
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KJJ. 


1 + COS ^ * 


C 


2m COS d 
1 + cos^ 




2m cos d 




~ 1 + cos 2d 




m 




~oosd' 


CCO&0 


= m, 



or 

which shews that the locus of ^ is a circle of which SY is the 
diameter. 

This proposition is easily proved geometrically. We know, 
by a property of the parabola, that L 8A F is a right angle ; 
hence the locus of ^ is a circle on 8T as diameter. 

Lardner: Algebraic Geometry^ p. 129. 

3. If r, r\ be two radii vectores of a parabola at right 
angles to eaeh other, and I the seimi-latuB-rectum, to prove t^t 



( 



1 i\* (i^ iV-1 

r I) "^ v"" I) ^r' 



4. In the focal distance BP of any point P in a parabola, 
ii^ is taken equal to the distance PN of P from the axis; to 
find the equation to the locus of ^. 

The equation to the parabola being 

2m 



r = 



1 + cos d ' 

that to the required locus will be 

r = 2m tan J^. 

5. If, from any point P in a parabola, a perpendicular PK 
be drawn to the directrix, to prove that, 8 being the focus, 
fiP, 8K^ and the latus-rectum, are in geometrical progression. 
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6. If -4 be the vertex, 8 the focus, and P8p a focal chord 
of a parabola, to prove that the rectilineal triangle PAp varies 
as {Pj>)K 

7. From any point in the directrix of a parabola, two 
tangents are drawn to meet the curve : to determine the length 
of the latus-rectum of the parabola, the lengths of the two 
tangents being given. 

If a, J, be the lengths of the two tangents, the length of 
the latus-rectum will be equal to 

4a'y 

8. A chord Q8Q' is drawn through the focus 8 of a. 
parabola, parallel to the tangent at a point P; to prove that, 
L denoting the latusHrectum, 

8Q.8g = L.8P. 

9. If P be a point in the radius vector produced of a 
parabola r (1 + cos 0) = 2w, such that its distance from the 
focus is equal to the corresponding focal chord; to find the 
equation to the locus of P, and to shew that in this curve, if 
two radii vectores be taken at right angles to each other, the 
sum of their reciprocals is equal to the reciprocal of the latus- 
rectum of the given parabola. 

The equation to the required locus is 

4m 



r = 



sm 



20- 



10. If Pr, pt^ be the tangents, and PG^ pg^ the normals 
at P, p^ the extremities of any focal chord P8p in a parabola, 
r, f, being the intersections of the tangents and G^ g^ of the 
normals, with the axis, to prove that 

PT.PG ^ ,A8P 

— = tan* —J— , 

pt.pg 2 
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11. Let 8 be the focus of a parabola P^P^^...P^j of which 

the vertex is A^ axis AM^ and a^^ "^p^^n 

latus-rectum L. Draw any line 
iSPj, and make n angles P^SP^j 

P^8P,j P^8P,, round 8, all ^sx 

equal to each other. Draw 8Q a| 
so that the angle M8Q = n times 
the angle M8P^. It is required 
to prove that 

8P,.8P,.8P, 8P^ = r\8Q. p - 

Herschel: LeyhawrvUs Mathematical Repository^ New 8erie8y 
vol. IV. p. 67. 

Section XI. 
Pohr Eguation. Vertex the Pole. 

1. Two given parabolas have a common vertex A and a 
common axis: P, F^ are points in the two curves, such that 
AP^ AF^ are at right angles and equal to each other: to find 
the magnitude and positions of AP^ AF. 

Let c, c', be the two latera recta ; let AP be inclined to the 
axis at an angle 0, and let r denote its magnitude. Then, by 
the polar equation to the curve AP^ 

rsin^d = ccos^ , (1). 

Similarly, by the polar equation to the curve AFj 

rcos?0 = c'sin^ (2). 

From (1) and (2) there is 

which determines the position of AP^ AF, 
Also, from (1) and (2), 

r = c cos ^ H- c' sin ^ 

(c* + c'*f 
which determines the magnitude of AP or AP. 
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2. Having given r, r\ two radii vectores of a parabola at 
right angles to each other, the vertex being the pole and the 
axis the prime radius vector, to find the latus-rectum. 

If I denote the latus-rectum, 

7* + 7* 



Section XIL 

Polar Equation. Pole a point in the Axis. 

1. A point C is taken in the axis of a parabola, at a distance 
from the vertex A greater than half the latus-rectum; to de- 
termine the least distance CP of this point from the curve. 

Let CA = c, and 4w = the latus-rectum. Then, G being 
taken as the pole, the polar equation to the curve, if we put 
LPOA^e, CP^r, wiU be 

r^ sin" ^ = 4w (c — r cos 0)j 

whence r^ cos* — 4mr cos ^ = r^ — 4?wc, 

(r cos ^ — 2m)' = r^ — 4m (c — m). 

From this result it is evident that {4m (c — m)}^ is the least 
value of r. The corresponding value of is given by the 
equation 



>, 2m / m \i 
cos ^ = — = ; 

r \c ^ mj ^ 



the value of cosd being always possible, because c is greater 
than 2m, and therefore c — m than m. 

If the ordinate drawn frx)m P meets the axis in JIf, then, from 

9/VM 

the value — of cos d, we see that CM is equal to half the 

latus-rectum. 

ApoUonius : Conicorvm Liber Quintusy prop. 8. 

2. In the axis of a parabola is taken a point (7, at a distance 
fix)m its vertex A equal to half the latus-rectum. P is any 
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point in the curve ; CP is joined. PJIf is an ordinate to the axis. 
To prove that CA is the least value of CP and that 

[CPY •- [CAY ^ [AM)\ 

Apollonius : Conicorum^ lib. V. prop. 4. 



Section XIIL 

Polar Equation. Pole anywhere. 

1. Through a given point within a parabola, a chord is 
drawn ; to find the position of the chord that the rectangle of 
its two segments may be equal to a given square. 

Let A, h^ be the coordinates of the given point. 
The equation to the parabola, referred to its axis and 
tangent, being 

the polar equation, (A, Ic) being the pole, will be 

(r sin ^ + Tef = Z (r cos ^ + A), 
or r^ sin' ^ H- (2A sin ^ - Z cos d) r + A:^ - tt = 0. 

K r^, r„ be the roots of this equation, 

^^-'lh 



r.»r^ =s 



sin*^ 



The point (A, h) lying within the parabola, A^ — tt is ne- 
gative : hence, c denoting the side of the ^ven square, we shall 
have, equating c" to the area of the rectangle between the 
two segments of the chord, 

8in«e ""^^ 

or sm' = s — . 

c 

This equation gives two values of d, or two positions of the 
diord ; provided tiiat <? is not less than Ih — T^^ when the 
problem is impossible. 

L2 
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Cob. If the given point were without the parabola, we 

should have ^ Jd^ — Ih 

sin' = a — • 

c 

De la Hire : Sectiones CaniccB^ lib. V. prop. 39. 

2. Through a ^ven point 0, within a parabolic area, is 
drawn a chord POQ: to find the inclination of POQ to the 
axis in order that the rectangle PO.OQ may be the least 
possible. 

The chord must be at right angles to the axis. 

De la Hire : Sectiones ConiccBj lib. vii. prop. 28. 

3. If, from a point T without a parabola, two tangents be 
drawn to the curve, meeting it in P and Q, and the axis in 
E and F respectively ; to prove that 

PT _ET 
QT" FT' 



Section XIV. 

Linear Fqtiation, 

1. To prove that, in a parabola, the semi-sum of the focal 
radii vectores which terminate at the extremities of any arc 
of the curve, is always equal to the radius vector which ter- 
minates at the end of the diameter drawn through the middle 
point of the chord, together with the part of this diameter 
intercepted between the arc and the chord. 

Let Xj x\ be the abscissae of the ends of the arc, and x^ the 
abscissa of the end of the diameter. Let r, r', r^, be the 
corresponding radii vectores. Let also 4w be the latus-rectum. 
Then, by the linear equation to the parabola, we have 

r = m + a?, 

r' ^ m + x\ 
and therefore \[r + r') - m -\- ^ {x -\- x'). 

But i (a? + ^') is equal to the abscissa of the middle point 
of the chord, that is, to a?^ H- c, where c represents the intercepted 
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part of the diameter: hence 

J (r H- /) = m + a?^ + c 
= r^ + c. 

2. The abscissaB of two points in a parabola, reckoned along 
the axis, are x^ 3a?, and the corresponcUng focal distances r, 2r : 
to find the position of the former of these points. 

The required point is an extremity of the latus-rectum. 

Section XV. 

Polar Equation to the Tangent. 

1. If Pr, QT^ be tangents at the points P, Q^ of a parabola, 
the focus of which is 8^ to prove that 

8R8Q = 8T. 

A being the vertex of the parabola, let AA8F=aj and 
A8 = m. Then the polar equation to PT will be 

2m 
r 

Similarly, if L A8Q = )8, the polar equation to ^T will be 

2m 
r 

At the intersection T, of (1) and (2), 

cos (^ — a) = cos [6 — /8), 

whence ^ - a = - (^ - /8), ^ = i (a + /8), 

and therefore 

2m a + /3, a-/8.a 13 

_= cos— ^+cos— ^ = 2C0S-C08~, 

8T=^ 



= cos ^ + COS {0 - a) (1).* 



= cos ^ + cos (^ - fi) (2). 



cos Ja.cos J)8' 



* This equation to the tangent of a parabola is given by Mr. Davies in the 
PhilotcphiccU Magazine for 1842, p. 191. 
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Whence, by the polar equation to the parabola, 

cofl" Ja * co8*i/8 
= 8R8Q. 



2. To prove that a circle, described aboiat the triangle formed 
by three tangents to a parabola, will pass throi^ the focus. 

The polar equation to a parabola being 

^"l + cos^' 
the polar equations to three tangents will be 

— = cos^ + cos(5 — a) (1), 

— = cos5 + co8(^- a') (2), 

— = cos^ + cos (« - a") (3), 

a, a', a", being the angular coordinates of the three points of 
contact. 

If 5^^, r^,, be the coordinates of the intersection of (1) and (2), 

^u = *(a + a)^ - = cos -. cos -. 

Similarly, (^, r), (^^, rj, being the coordinates of the inter- 
sections of (2), (3) J (3), (1) ; we shall have 

5 = i(a +a), -= cos -cos—; 

and ^.=»i(a" + a), 7=«>8|"«>8|. 

It is evident from these results that the three points (d, r), 
{^ii ^/)? i^iii Oi all lie in a circle of which the equation is 

m (^ a + a' + a"\ a a' a" 

— cos ^ = cos - COS ~ cos -— . 

r \ 2/222 
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The equation to the circle shews that it passes through the 
focus of the parabola. 

Poncelet : Gergonne^ Annates de MctthSmattqtieaj torn. YIII. p. 9. 
Davies, Goodwin : Philoscphical Magazine^ vol. XXI., 1842, 

pp. 190, 219. 
Greathead : Cambridge MdtheTnatical Journal^ vol. i. p. 170. 
Ellis : Cambridge Mathematical Joumalj vol. I. p. 206. 
Haydon : Cambridge Mathematical Journal^ vol. IV. p. 192. 

3. To determine the magnitude of the latus-rectum of a 
parabola the equation to which is 



©'-(!)'='- 



a> being the angle between the coordinate axes. 

The form of the equation shews that the axes of x and y 
touch the parabola, a, &, being the 
distances of the points of contact from 
the origin. 

Let Pr, QT^ touch the parabola 
in P, Q^ respectively, PT being de- 
noted by a, and QT by i; then 
LPTQ^ta. Join fiP, SQj ST^ 8 
being the focus ; let A be the vertex. 

Vutl.P8A^a,l.Q8A^fi. Then 
the equations to PTj QT^ are, respectively. 




2m 



2m 



= cos 5 + cos (^ — a), — = cos 5 + cos (d — /8), 



and therefore at T, the intersection of these two lines, 

d^^{a + /3)^LA8T, 
whence i P8T^ i (a - /8) » z QBT. 

But L8PT^\{nr - a), L8QT^\{ir + /8). 
Hence LPT8r=.\ (tt + /8), z QT8=i {ir - a), 
and consequently m = lPTQ = tt — J (a — /8) 



(1). 
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From the triangle 8TP, 



sin — --^ 



a=ST> 



TT — a 
sin — - — 



_ m sinco 

"" cosja.cos J/8 * cos Ja' 

911 sin o> ott 13 ,^, 

= cos -. cos — (2). 



a 2 2 

Similarly, from the triangle STQ^ 

msino> „i8 a ,„v 
J =C08«-.C0S- (3). 

From (2) and (3), we see that 

- a wii . - S ma . 

cor - = — TT . sm 0), cos — = -tjt- sm »• 
2 a* ^ 2 6* 

buty from (l)y 

cos^a cos J/8 + sin^a sin^/3 = — cosaf, 
cos* Ja cos* J/8 + 2 cos 0) cos ^a cos J/8 H- cos' a> = sin* Ja sin' ^)8 

= 1 — cos'Ja — cos* J)8 + cos*ia co8*i/8, 
cos*Ja H- 2cosa> cos^a cos J/8 + cos* J)8 = sin*©; 
hence, putting for cos^a, cos J)8, their values, we have 

(a* + 2aft cos 0) -h &*) = (sin «) , 



(«&)* 



and therefore 

, , , 4a* J* sin*© 

latus-rectum = 



(a* + 2a& cos a> + J*)* 

4. If a straight line be drawn from the focus of a parabola, 
intersecting at an angle fi the tangent at any point of the curve ; 
to find the equation to the locus of the intersection. 

The equation to the parabola being 

_ 2m 
^ "" 1 + cos ^ ' 
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the required locus will be a straight line of which the equation is 

sm (^ + p) ' 

and which is therefore a tangent to the curve at a point of 
which the angular coordinate is tt — 2/8. 

5. A right angle moves in such a manner that its sides 
always touch respectively two confocal parabolas, the axes of 
which lie in the same line; to find the locus of the smnmit 
of the angle. 

The equations to the parabolas being 

2m ^ . >, 2m' ^ ^ 

— = 1 + cos ^, = 1 + cos ^, • 

the required locus will be a right line, perpendicular to the axis 
of the parabolas, defined by the equation 

rco%d=^m-\-m\ 
Bobillier : Oergonne^ Annales de MaihimatiqiieSj torn. xix. p. 323. 



Section XVI. 

Poles and Polars, 

1. If, from any point of the exterior of two similar parabolas, 
having the same axis, tangents be drawn to the interior one, 
to shew that they will touch it at the extremities of diameters, 
the distance between which is constant. 

Let the equation to the interior parabola be 

y* = 4Lmx (1), 

and to the exterior y = 4w (a? + c) (2). 

The equation to the polar in the parabola (1), corresponding 
to a pole (a?j, yj, is 

y^i = 2w (a? H- ajj 

or 2yy^ = ^mx + ^mx^ (3). 
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At the intersections of (1) and (3), we have 

y* ~ 2^1^ + 4wKCj = 0. 
Let y\ y"j be the ordinates of these intersections : then 

/ + y' = 2y,, yY=:47na;j, 

(y" - yT = ^y, - i6^t (4). 

Suppose the point [x^^ y^^ to lie in (2) : tben, from (2) and (4), 

{f/'-yJ = IGinc, sT -y = 4 (mc)4, 
which is the distance between the two diameters. 

2. To find the locus of a pole, relatively to a given parabola, 
the portion of the corresponding polar intercepted by the curve 
being constant. 

Let the equation to the parabola be 

y = Amx (1). 

Then, (A, 1c) being the pole, the equation to the polar will be 

% = 2w(aj + A) (2). 

Let [x^^ y^ be the middle point of the intercepted portion of the 
polar: then, putting in (1) 

oj = ajj + »• cos^, y = ^1 + »• sin^, 
we shall have 

r^ fsir?0 + 2r (y^ sin^ - 2wi cos^) + y^ - 4mx^ = 0...(3). 

Also (2) becomes 

k [t wlO + yj = 2m (r cos^ + i»i + A) ; 
but, (ajj, yj being a point in (2), 

ky^ = 2m(ajj + h) (4), 

and therefore h sind = Tim cosd (5). 

At the intersection of (3) and (5), is common to both, and the 
values of r in (3) are o and — o, 2c denoting tiie length of the 
intercepted portion of the polar. 

Hence, by the theory of equations, 

y^ sin^ = 2w cos^ (6), 

c' sin*^ = Amx^ - y^ (7). 
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From (5) and (6) we see that 

y.^Tc (8). 

From (4) and (7) 

(? sin'^ + y^ = 2%^ — 4wA ; 
whence, by (8), <? sin*^ = A:^ — 4mA, 

or (? sin"^ = (J* - 4mh) (cos'^ + sin*^, 

and therefore, by (5), 

4wV = (Ai" - ^mJi) {i? + 4w»), 
the equation to the required locus. 

3. If the normal at one extremity of the latus-rectunj of a 
parabola be ihe polar, to prove that the corresponding pole will 
lie in the diameter through the other extremity of the latus^ 
rectum, and to determine its exact position in this line. 

If y ==: 4:mx be the equation to the parabola, the coordinates 

of the pole will be 

a? = — 3w, y = — 2m. 

4. To find the locus of the intersection of a perpendicular 
drawn from the vertex of a parabola to meet a polar, the pole 
of which lies in a similar external parabola having an axis co- 
incident with that of the inner parabola. 

If the equation to the inner parabola be 

then, a denoting the distance between the vertices of the two 
parabolas, the equation to the required locus will be 

(m + a?) y* = (o — a?) a?. 

5. Any ntimber of parabolas are described having the same 
vertex and axis, and any straight line is drawn without the 
parabolas at right angles to the common axis. If any points 
whatever in this line be taken as poles, to prove that all the 
polars belonging to all the parabolas will intersect in a single 
point. 
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6. The polar belonging to a pole P, relatively to a given 
parabola, intersects the curve in points E and F: the triangle 
£lPF being supposed to have a constant area, to find the locus 
of P. 

The equation to the parabola being 

and (? denoting the constant area, the required locus will be 
a parabola defined by the equation 

/ = ir -h (ic'Z)*. 



Section XVII. 

Intersection of ParcAolas, 

1. If two parabolas have their axes perpendicular to each 
other ; to prove that, if they cut each other in four points, those 
four points will lie in a circle. 

The equations to the two parabolas, supposing the axes of 
coordinates to be parallel to their two axes, will be of the forms 

y* + i8y+aa;+7=0, 

ir* + iS'a; + a'y + 7 = 0. 

At the intersections of these parabolas, we shall have 

a^ -f- y" + (a + /8') a; + (/3 + a') y + 7 + 7 = 0. 

This equation shews tiiat all their points of intersection lie in 
a circle* 

2. Three parabolas, of which the axes are parallel to each 
other, intersect: to prove that the three chords joining their 
points of intersection pass through a single point. 

3. If a parabola, of which the equation is y* = &?, be inter- 
sected in four points by a parabola, the diameters of which are 
parallel to the axis of y, to prove that the sums of tiie ordinates 
of intersection on opposite sides of the axis of abscissae, will be 
equal to each other. 

De la Hire : Sectiones ConiccBj lib. v. prop. 30. 
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4. Ax is the axis of a parabola AEj Ay being the tangent 
at A. Also Ay is the axis of a para- 
bola AF^ Ax being a tangent to it 
at A. To prove that, jE, F^ being 
the latera-recta of the parabolas AE^ 
AFy respectively, 

E:PM::PN:F, 

P being the point of intersection of 
the two curves, and PM^ PNy at right 
angles to Ax^ Ay^ respectively. 

This is one of two methods of finding two mean proportionals 
between two given lines E and F^ discovered by Menechmus, 
a geometrician of the School of Plato. His two solutions of the 
problem of the two means afford the earliest instances of the 
application of geometrical loci and conic sections to the solution 
of problems which cannot be solved by means of the rule and 
compass, called by the ancients solid problems. 

The problem of the two means excited much interest among 
the ancient philosophers by reason of its intimate connection with 
the celebrated Delian problem of the duplication of the cube. 
Many solutions were accordingly discovered by various Greek 
geometricians; by Eudoxus, Plato, Hero, Philo, Apollonius, 
Diodes, Pappus, Sporus, Menechmus, Architas, Eratosthenes, 
and Nicomedes. The solution of Diodes, as depending upon 
the construction of his cissoid, has been rendered more complete 
by Newton, who has given in his Universal Arithmetic a method 
of describing this curve by continuous motion. For an exposi- 
tion of the various solutions of this problem the reader is 
referred to the Commentaries of Eutochius on the Second Book 
of Archim^des^ Ylepl ^^alpa^ xal KvXlvSpov ; to the Mathe- 
maticas Collectiones of Pappus, lib. ill., where he will find an 
account of several of the solutions; and to Montucla's Histoire 
des Mathimxitiques^ tom. I. p. 186. 

ArjKloi^ yctp \ocfi(o^a<riv, €')(firiaev o \iroKK(ov, airaXKa- 
yi^a-aaOai rov \oifiov, el rov jSoDfibv Scjrkaaida-ova'tv, kv^lkov 
e'Xpvra a'xfj/jLa, oX 8' €ir<pKoh6iJi/qaav TrpoadevTe^ t^ irporiptp 
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fi^fA^ irepov Kvfiov taoy a\X* 17 r&v Svo /cv/Swv avvO'qKrj, 
TO rod KVJSov <rxrjfia riKKoltoae' yiyoy€ Bk avrl tcvjSov, 
SoKi^* rod Xoifiov Sk fAff iravo'afi^ov, ij^prfcey 6 deb^ f^tf 
TreirotTiKivai, ainoi^^ to irpoaraxOev* 6 /^ev yap irpoaera^e 
hvirkaawura^ rov levfiov rovrioTi, jStofibv KarcurK€vd<r<u 
Kv/StKoy Tov Trporipov Bvirkdamv* oi Si, tcvjSov hri levfiip 
iTriOfjieay. fjXJdoy oiy 7rpo9 UXdrtoya ^fjrovyre^ fxiOoSoy, 
ir&^ &y Toy KvjSoy Siirkaaidaaiey 6 Se irpb^ avrov^ tfyijatv, 
ioiicey vfity oyeiSl^eiy 6 &eo9 C09 afiekova yetofierpia^. 6 Se 
TOV lev^ov SiirXao'iaa'fib^, evpeOriaeral (fyrjaiy, el Svo evdei&y 
Svo fjkicai ayoKoyoy evpeffeley koX tovto to irpofiXrjfjM Tot^ 
fiaOfjTai^ irpoe^dXXeTO' otrtV69 teal "irepl tovtov yeypd<f>a(rLy, 
C&9 SeSiyrp-ai Itcaaro^* &y ovSevTi irepiafa^erav f^ixP'' '^^^ ^> 
aXX' ovS* 6 yetdikkrpri^ irepl tovtov iirea-rjfM'pyaTO* Svo f/kky yap 
SoOetaSy evBeiwy, fAcaoy dydXoyoy evpely, i^eOero T^y diroSei^cy. 

•IQANNOY TOY TPAMMATIKOY, EIS TA TSTEPA 'ANAAYTIKA 
'APISTOTEAOYS, nrnOMNHMA. Venice, 1634, p. 24. 

KofAi^ofjbiyoi,^ ^fuy die Alyvwrov irepX KapCay ArjkUay 
Ttv^9 dTn^yrTfo-ay, Seojievoi, YlXaTeoyo^ &^ yeafierpiKov Xvaai, 
yfifjap^y avTot^ &TOiroy viro tov Oeov "jrpo/SefiXrjfMiyoy. fjy 
Si XPi7tr/i09> Ai^X/bt? ical toI^ oKKoi^ '^EXXi^trt iravkay T&y 
7rap6yTc»y KOK&y ecea-Om Si/irKaatdaaai Toy iy A^X^ jSto/jLoy* 
oUtc Si Tfjy Stdyouiy iteeiyoi avfi^dWeiy Svyd/Meyoi, ical 
frepl T^y tov fiwfAov KaTaatcev^y yeXota irdaypyTe^, (eKdarfj^ 
ydp T&y Tea-a-dptoy TrXevp&y Svirkaa-ia^o/Miyrj^, eXaOoy t$ 
av^i^cei Toiroy arepeby otcrairKdaioy direpyaad/Meyoi, Si 
aweiplay dyaXoyla^, fj t^ fA^ieei SiTrXdaioy irapix^^^O HXa- 
T€oya TTJq diropla^ iirexaXovyTO fiorjffoy, 6 Si, tov AlyvTrriov 
fiytfcOel^f irpoairal^evv e^ Tby Oeby "'EXKTiai^y, oXtytopova-i, 
nraiSela^f oloy i^v^pCl^oyTa Ttfy djiaOlay ^fi&y, /cal KekevovTa 
yetofierpla^ awreaOai, fiif wapipyov. ov ydpToi <f>avXoy, 
ovS* dfi/SXv Suiyola^ opaxrrj^, aKpno^ Si Ta9 ypajifj^d^ ^a-Krj' 
fiiyrj^ ipyoy elyai, teal Svoly fiiawy dyakoyoy Xrjfy^ty ^ fioytf 
StirXaaid^eTai ayrjfjka kv^vkov awjiaTO^, itc irdarj^ ofAom^ 
axf^ofievoy Staardaem^* tovto fkiy oiy ESSo^oy avTol^ tov 
KyiSvoy, fj Tby Kv^itcrjyby ^E\iK&ya, avyTeXia-ecy. 

HAOYTAPXOY Utpi toS SQKPATOYS AAIMONIOY. 
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Section XVIII. 

Parabolic Lod. 

1. A triangle is constructed on a given base, its vertex lying 
in a given line parallel to the base : to find the locus of the 
intersection of perpendiculars from the extremities of the base 
on the opposite sides. 

Let AB be the base, and C the vertex. The perpendiculars 




A O L B 

AH^ BK^ CL^ from -4, 5, (7, on the opposite sides of the triangle, 
will meet in a single point P. Let Ox^ Oy^ be the axes of 
coordinates, being the middle point of AB, Then, putting 
AO = a = BO^ GL = i, 02/ = a?, PL = y, we have 



whence 



-2L.== tan^^i = cotzCBi = 2_£ 

a* — a? = i^, 



the equation to the locus of P, which is therefore a parabola, the 
latus-rectum of which is equal to the distance between AB and 
the locus of (7, and which passes through A and P. 

2, Two straight lines SPs^ TPt^ are drawn through two 




<K 



OD 



T A S M 

points /S, r, the former of which is fixed and the latter arbitrary, 
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of an indefinite straight line xAoc, PM is at right angles to 
axe*. Supposing that the angles 8PT^ 8TP^ are always equal, 
and that, A being a given point, ^ 7 is always equal to AMj 
to find the locus of P, in which the two straight lines intersect. 

Let Ax be taken as the axis of Xj and a line through Aj at 
right angles to it, as that of y. 

Then, denoting A8 hj w, the equations to Tt^ Ss^ will be 
respectively of the forms 

y = oa; +/3 (1), 

y = a!{x — m) (2). 

Since lSTP^ lSPT^ we have 

« = r+^ ('^5 

and, since AT^ AM^ we have 

^=^ + ^ (4). 

a a —a ^ ' 

From (3) and (4) there is 

'^ " 1 + aa' ' 

a^ = m (5). 

From (4) we have 2a^ = a'(i8 — ma), 

and therefore, by (5), 2m = a'(/8 — ma) (6). 

From (2) and (6), 

2m (oj — m) = y (^ — ma) (7). 

From (1) and (7), 

y" - 2m (g? - m) ^ _ y* -f 2a; (a; - m) 

a = 7 \ « o ^ m 7 r . 

y{x + m) ' T/^x-^-m) 

Substituting these expressions for a and fi in (5), and simplifying 
the result, we shall get 

{/ -h (i» - w)*} . (y - 4ma?) = 0. 

Kejecting the former factor, the equating of which to zero would 
give impossible values to the coordinates, we have 

y' = 4ma;, 
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the equation to a parabola of whicli A is the vertex and 8 tiie 
focus. 

Baymond : Oergonne^ Annates de MaihSmatiques^ torn. III. p. 1 43. 

3. To find the locus of the centre of a circle inscribed in 
a sector of a given circle, one of the bounding radii of the sector 
remaining fixed. 

Let a be the radius of the circle of whidi OBQ is a sector, 
OJ? being the fixed radius. Let vQ 

p denote the radius of the in- 
scribed circle : r, 0^ the polar 
coordinates of P, the centre of 
the inscribed circle, lPOB be- 
ing equal to and OP to r : 
then, manifestly, 



and 
hence 




r = 



l-hsin^' 

the equation to a parabola of which is the pole and focus, and 
of which the latus-rectum is equal to twice OB. 

4, Two lines DE^ DN^ indefinitely produced, are given in 
position : MEN is a given angle, the smnmit E of which always 




moves along DE^ while the side EN always passes through 
a given point (7: moreover EM is a third proportional to 
NO, CE. To find the locus oi M.. 

Draw CA parallel to ND] and draw CB so that lCBE 
= lGEM. From A draw AQ^ meeting the indefinite line DN 



M 
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in C, 80 that lBA Q = lABC. Draw MP parallel to QA^ 
meeting the indefinite line DE in P. 

Let AD = a, AB = b^BC=c^ AF^x^ PM^y^ AE=z. 
Then, by the constmction, 

iEPM=^/lDAQ = lCBE: 

also LPEM+ lCEM^ lGEP^ lGBE-vlBGE 

^lGEM-^lBGE, 

and therefore L PEM = lBGE. 

The two triangles PEM^ BGEj are therefore equiangular. 
By the condition of the problem, 

{GEY = EM.NG. (1). 

But, by the similar triangles PEM^ BCE^ 

CE_BC_ c 

EM EP^x-z ^^^• 

Also, by the similar triangles GAE^ NDE^ 

GE _AE z 

NG" AD^ a (^^• 

From (1), (2), (3), | = ^ ..(4). 

Again, by the similar triangles PEM^ BGE^ 

PM BE 
PE" BG' 

y z "b 
or -^— = (5). 

X — z c ^ ^ 

Eliminating z between (4) and (5), we shall readily get, putting 
a -h c =/, for the equation to the required locus, 



Q^ ^jL X — -^ y = 0. 



a a 



" Le Comte Roger de Vintimille a propose ce Probldme avec 
quelques autres dans le Journal de Panne du mois d' Avril 
de Tann^e 1693, ce qui a donn^ occasion au P^re Saquerius de 
faire imprimer un petit livre & Milan, dans lequel il avoue qu'il 
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n' a pii resoudre celui-ci, quoiqu' il fasse assez paroltre par la 
solution des autres qu' il est fort versd dans la Gdomdtrie." 

L' Hospital: TraitS Analyttque des Sections Coniqties^ p. 254. 

5. To find the equation to the locus of a point the distance 

of which from the origin of coordinates is equal to its distance 

from the line 

(y — c) cos^ -h X sm0 = 0, 

and to refer it to axes inclined to the original ones at an angle 

The required locus is a parabola the equation to which, 
referred to the new axes, is 

y* = c cos^ (c cos^ — 2x). 

6. In a plane triangle ABGj if 

tan^.tanJJ5= 2, 

and AB be fixed ; to find the locus of C. 

U AB=c^ BG = r, ^ABG = 5, the locus of will be a 
parabola defined by the equation 

c 



r = 



1 + cos^' 



7. From any point Q, in a fixed ordinate of a parabola at 
right angles to its axis, a diameter is drawn to meet the curve 
in P. A being the vertex of the parabola, and AB the abscissa 
of Qj BA is produced to (7, so that AG = AB. To find the 
locus of the intersection of AQ^ GP^ produced indefinitely. 

The required locus is the parabola itself. 

8. A is the origin, B a point in the axis of y^ BQ a line 
parallel to the axis of a?: in AQ^ (produced if necessary), P is 
taken such that its ordinate is equal to BQ: to find the locus 
of P. 

K AB = c, the locus will be a parabola defined by the 
equation ^ ^ ^x. 

M2 
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9. K, from any point P of a circle, PC be drawn to the 
centre (7, and a chord PQ be drawn parallel to the diameter 
AGB and bisected in JS, to find the locus of the intersection 
of CP and AB. 

If c be the radius of the circle ; then^ ABC being taken as 
the axis of x and a diameter, at right angles to it, as the axis 
of y, the required locus will be a parabola of which the equa- 

10. OA is a fixed straight line of length a, POP a straight 
line through making an angle with OA. To find the locus 
of P or P', having given that the product of the triangular areas 
AOP^ AOP\ is equal to a*, and their quotient to cot* J 5. 

The locus of P or P will be a parabola represented by the 

equation ^ 

r = 



1 + cos^* 



11. Having given one side of a triangle, and the sum of the 
tangents of the adjacent angles, to find the locus of the vertex. 

Taking the origin of rectangular coordinates at the middle 
point of the given side, the given side being chosen as the axis 
of a?, we shall have, for the equation to the required locus, 

m [c? — a?) = 2ay, 
2a denoting the given side and m the given sum. 

Lardner : Algebraic Geometry ^ p. 116. 

12. To find the locus of the centre of a circle, which passes 
through a given point and touches a given straight line. 

Let the given straight line be taken as the axis of a?, and 
a line perpendicular to it, through the given point, as that of y. 
Let c be the ordinate of the given point. Then the required 
locus will be a parabola defined by the equation 

a? + c' = 2cy. 

Puissant: Becueil de diver ses propositions de QSomitrie^ 

p. 196, troisi^me Edition. 
Gamier : Qiometrie Analytigue^ p. 180. 
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13. To find the locus of the centre of a circle which touches 
both a given circle and a given straight line. 

Let the given straight line be chosen as the axis of Xj and 
a perpendicular to it, through the centre of the given circle, as 
that of y. Then, 7 being the radius of the given circle, and fi 
the ordinate of its centre, the required locus will be a parabola 
defined by the equation 

a^=(/3±7)(2y±7-/8). 

Puissant: Beeueil de dwerses propositions de GSomitrie^ 

p. 197, troisihne Sdition. 
Gamier : Qiomitrie Analt/tiqiie^ p. 439, deux^me Sdition, 

14. If SF be the perpendicular drawn from the focus of 
a given parabola upon the tangent at any point P; to find the* 
locus of the centre of the circle circumscribing the triangle 8YP. 

The equation to the given parabola being y = 4ma?, the 
required locus will be a parabola defined by the equation 

^ = rn {2x — m). 

15. A straight line DCEj passing through two given points 
jD, Cj cuts a given straight 
line jBL4, produced, in E. Two 
points Fj Gy are taken in jE4, 
such that 

AF GE 
BG" DE' 

and the straight lines CF, DG^ 
are produced to meet in P. 
To find the locus of P. 

Let EAB^ ECBy produced indefinitely, be taken as axes 
of a?, y, respectively. Let EG = i, ED = k\ EA = a, EB = a\ 
Then the required locus will be a parabola defined by the 
equation 

Leyboum : Mathematical Bepository^ New Series^ vol. i. p. 45. 
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16. To find the locus of the focus of a parabola, which has 
a given vertex, and which touches a given right line. 

Let A be the given vertex : from A draw AB at right angles 
to the given right line, meeting it in B. Let BA^ produced 
indefinitely, be the axis of a?, and Ai/j at right angles to AB^ 
be the axis of y. 

Then, a denoting the distance AB^ the required locus will be 
a parabola represented by the equation 

y* = ax, 
Lardner : Algebraic Geometry^ p. 130. 

17. Two straight lines OA^ OBj are divided each of them 
into n equal parts. The ends of the r^ and (r -f 1)*^ divisions 
of 0-4, reckoning from -4, are joined respectively to the ends of 
the r^ and (r -f 1)*^ divisions of OJ?, reckoning from 0, 1£ H 
be the middle point of AB^ OHx be the axis of a?, and Oy, 
parallel to jBL4, that of y ; to prove that, if 0H = p^ AH^ q^ 
the locus of the intersection of the two joining lines will be a 
parabola defined by the equation 

v?py^ - 2wY^ + (^' - 1) i^J* = ^• 
Brianchon : Jov/mal de V Ecoh Polytechntqv/e^ 19' cahier^ 

tome XII. 
Puissant: Becueil de diverges propositions de Giondtrie^ 

p. 201, troisihne 4dition. TraitS de Topographie^ No, 182, 

2* idition. 
Gamier : GiomStrie AnalytiquCj p. 443, devadhme idition. 



Section XIX. 

Parabolic Envelops, 

1. To find the locus of the ultimate intersections of per- 
pendiculars drawn to the normals of a parabola at the points 
where they cut the axis. 

The abscissa of the intersection of a normal to a parabola 
y^ = 47waj, drawn at a point (a;, y) of the curve, with the axis. 
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is a? + 2m : the equation to the perpendicular to this normal 
will therefore be 

or yy' = 2m {x' — 2m) — ^y*. 

Differentiating this equation with regard to the parameter y^ 
we get y' ^-y- 

hence the equation to the required locus is 

- y * = 2m [x' - 2m) - \y'\ 
or y* = 4m (2m — x') ; 

which is the equation to a parabola similar in form to the 
original one, its concavity being opposite and its axis coincident, 
and its vertex being at a distance 2m from the origin. 

2. A straight line PQ moves with its extremities P, Q, in 
the sides 0-4, OB^ of a triangle AOB^ so that the rectangle of 




the segments OP, 0^, is always equal to that of the segments 
/IP, BQ\ to determine the curve to which PQ is always a 
tangent. 

Let 0^ = a, OP = i, OP^m, OQ = n. 

Then, OAXf OBy^ being chosen as the axes of coordinates, the 
equation to PQ will be 

^+^ = 1 (1), 

m, n, being subject to the condition 

mn = (a — m) (6 — n), 

a^h=^ (2)- 
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Differentiating (1) and (2), we have 

— g dm + -^ an = 0, 



m n 



Am dn 

a ^ 

whence, X bemg an arbitrary multipGer, 

\ ^ X \ y 

h T 1 = h - * 

a bj m n^ 

or, by (1) and (2), X = 1. 

We have, therefore, m* = aa, n' = Jy, 

and therefore, by (1) or (2), 

which is the equation to a parabola to which OA^ OB, are 
tangents at the points Aj B. 

Servois: Gergonnej Anncdes de Mathimatigues^ torn. lY. p. 156, 159. 

3. Circles are described on successive double ordinates to the 
axis of a parabola as diameters : to shew that their envelop is 
an equal parabola, and that, of this system of circles, those of 
which the diameters are less than the latus-rectum, do not admit 
of an envelop. 

4. If P be any point in a parabola, the equation of which 
id y" = fo, and Jf, N^ be the points where the perpendiculars 
from P meet the axes of oj, y, respectively ; to find the locus 
of the continued intersection of lines MN. 

The required locus is a parabola represented by the equation 

y* = — Hx. 

5. To find the locus of the consecutive intersections of 
straight lines drawn through points K^ X, which move in 
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parallel straight lines so as to make OK always equal to OL^ 
being a fixed point in the locus of K. 

Let be the origin of rectangular coordinates, the locus 
of K being the axis of x. Let B be the intersection of the 
axis of y with the locus of L. Let OB = J. Then the required 
locus will be a parabola defined by the equation 

a? = J.(J - 2y). 

6. A straight line cuts ofiF from a parabola a segment equal 
to a given area : to find the equation to the curve to which this 
line in any position is a tangent. 

Let (? represent the given area; then, the equation to the 
parabola being ^ = 4,^^ 

that to the required envelop will be 

2^ = *^f-(^)}- 



Section XX. 
Miscellaneous Problems. 

1. The equation to a parabola, referred to rectangular axes, 
^^S f + 4ay cot a = 4aa;, 

to find its equation when referred to oblique axes inclined to 
each other at an angle a, the axis of x remaining the same. 

The required equation is 

If — S . • u . Xm 

^ sm*a 

2. P is any point in a parabola of which the vertex is A^ 
and focus S\ T ia the point where the directrix intersects the 
axis ; TP is joined and produced to cut the latus-rectum in N\ 
8PQ is drawn to meet NQ^ which is parallel to 8Tj in Q: to 
find the locus of Q. 
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The equation to the parabola being ^ = ^mXj the required 
locus will be a circle represented by the equation 

3. To find the locus of the intersection of the tangent at one 
extremity of a focal chord of a parabola with the ordinate at the 
other extremity produced. 

The equation to the parabola being 

y* = 49710;, 
that to the required locus will be 

4. A circle is inscribed in a parabola, the distance of the 
centre of the circle from the vertex of the parabola being to the 
radius of the circle as w* + 1 to n' — 1. To find the positions 
of the points of contact. 

The equation to the parabola being y = ^, the abscissa of 

the points of contact is 

In 



{n ± If ' 

5. Having given a diameter of a parabola, and a tangent 
through the vertex of the diameter, to find ihe locus of the 
vertex of the curve. 

The given diameter being taken as the axis of x and a per- 
pendicular to it through its vertex, as that of y, the required 
locus is a straight line of which the equation is 

y = 2fl; tan a, 

where a denotes the angle between the given tangent and 
diameter. 

Lardner : Algebraic Geometry^ p. 132. 

6. Under the conditions of the preceding problem, to find 
the locus of the focus. 
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The axes of coordinates being the same as in the preceding 
problem, the required locus is a straight line represented by the 
equation y = a? tan 2a. 

Lardner : Algebraic Geometry^ p. 132. 

7. The tangent to a parabola, at a point P, meets the latus- 
rectum produced in X, and the directrix in ilf ; to find the locus 
of the centre of the circle inscribed in the triangle BML^ 
8 being the focus. 

The equation to the parabola being 

that to the required locus is 

r = Jm.sec^.sec' J^. 



I 



( 172 ) 



ELLIPSE. 
Section I. 

Referred to its Axes. Ordinates, 

1. If a, /S, are the coordinates of the centre of a circle to 
radius 7, which cuts in four points an ellipse 

ay + Va? = a"6' (1) ; 

to find the value of the product of the four ordinates of inter- 
section. 

The equation to the circle will be 

(a, - a)' + (y - /3r = V. 

Multiplying this equation by h^ and subtracting the result 
from the equation to the ellipse, we have 

{cf -b')f + 2b'fiy " J*/? + 2b'ax - JV = J" (a» - 7*)... (2). 
Multipljdng (1) by 4JV we have 

4a«iV/ + 46*aV = 4a»JV, 
and therefore, by (2), 

4a«iVy^+ {J'(a* + a» + /8»-7*) -2J«i8y- (a' - J")y»}»= 4a«JV, 
or (a* -. hyy' + 4- h* {(a* + ex" + /3» - 7^" - 4aV} = 0. 

Hence, by the theory of equations, y^, y^, ^3, y^, being the 
four ordinates of intersection, we have 

,, (a» + « » + /y ~ 7^)' - 4aV 

ViV^ysy, = * • ^^ (^« _ i/y • 

2. K ordinates y^, y^, divide the major axis of an ellipse 
into two parts x^^ a?/, and a?^, aj^', respectively, to shew that, 
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I denoting the latus-rectum, 

and ^ = -^— iy . 

*Eav iv Kvklyhpov rofi^ evOeiai dxO&civ iirl rbv Stdfierpov 
Tera/yfiiva}^* larai rci air avr&v T€TpA/^(ova irpo^ fikv tA 
irepie'xpfieva x^P^ ^^^ '''^'^ d7ro\afi0avofi€V(ov mr avr&v 
irpo^ T0Z9 Tripaai, rrj^ irkayla^ rov elSov^ ifKevpa^, &^ rov 
etSov^ fl opOla irXevpd irpo^ rffv TrXayiav irpo^ iavrd Si 
C&9 rd irepiexpfieva x^P^ ^^ '^^^> ^^ etpnjrai, diroXafifia' 
yofievtov €v0€l&v. 

SEPHNOY ANTIN2EQ2 «IAOSO€>OY Utpl KvXlvSpov Tofirjs, UparavK ttf. 

3. A perpendicular AH is drawn to the semi-axis-major CA 
of an ellipse, through its extremity A^ equal to half the latus- 
rectum ; an ordinate MP to the axis cuts the straight line CJS 
in Q. To prove that 

{PMy = 2 area QMAS. 

ApoUonius : Gonicorum^ lib. V. prop. 1. 

4. An ellipse and a circle having the same centre, the axis 

major of the ellipse is equal to three times the radius of the 

circle : to determine the points of intersection of the two curves, 

supposing the foci to cut the distance between the extremities 

of ^e diameter and axis in a given ratio ; and to determine that 

ratio when the ellipse and circle just touch each other. 

/* 
Let AE = c, A8 = — . A being one vertex of the axis, 

8 the nearer focus, E the nearest point of the circle. Then 

a: = ±— ^(4m«-6m + l)*; 
dm — 1 ' ' 

and, when the ellipse and circle just touch each other, 

m = i(3 + ^/5). 
Leyboum's Mathematical Repository^ New Series^ vol. IV. p. 130- 
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5. About the centre of an ellipse 

a» ^ J" ^' 

is described a circle, with a radius equal to the ordinate : to find 
the locus of the intersection of this circle with the ordinate. 

The required locus is an ellipse defined by the equation 

aW • ^ ^ J« ^• 

Lardner: Algebraic Oeametry^ p. 151. 



Section II. 

Referred to its Axes. Tangents. 

1. If (a, fi\ (a', P\ be the coordinates of two points in a 
diameter of an ellipse, and be subject to the condition 

a» "^ 6» ~ ' 

to find the equations to the tangents at the extremities of this 
diameter. 

If as, y, be the point of contact, 

?+p = i «• 

But, the points (a, /3), and (a', /8'), lying in the same line 

wiih the point (a;, y), 

aj _ a __ o^ 

and therefore — ? = -^ : 

oa pp 

hence, firom (1), a? i-^ -f -Ta-j = oa', 

and consequently, by the condition of the problem, 

x — ± (oa')* : 
similarly y -± (^8/8')*. 
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Hence the equations to the tangents are 



w!.«' + (^.^=*.. 



2. To find the area of the parallelogram formed by tangents 
at the extremities of diameters 2r, 2/, of an ellipse, the angle 
between these diameters being 6. 

Let the semi-axes of the ellipse be a, by and [x^ y)^ [x\ y')^ 
the extremities of 2r, 2r', respectively. 

Let ^ denote the angle between the tangents at their ex- 
tremities. Then 

SN^ y^ 

a* ■*■ 6* 



«** = /? 






and therefore 






S, S', being the perpendiculars from the origin upon the two 
tangents. 

But, u denoting the area required, it is easily seen that 

t« = 4 -r 



sin^' 
hence, \, X', denoting the inclinations of r, t\ te the major axis. 



u = 



xy* — a?'y rr' (sin V cos \ — cos \' sin \) 

4a^y 
"" rr' sin (V — X) 

4aV 
" 7t' sin ' 



3. Li the tangent at any point P of an ellipse is taken 
a point r, such that the angle PCTy subtended by PT at the 
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centre of the ellipse, is always a right angle : to find the locus 
of the point T. 

The coordinates of P being a cos d, h sin 6^ the equation to 

PT will be a; v 

- cos ^ -ft sin 5 = L (1). 

ah ^ ' 

Also, A being the extremity of the axis major, 

TkrH A ^ sin 6 

tmLPGA = 2. 

acosu 

Hence the equation to CTj which is perpendicular to (7P, is 

sin ax , x 

Z = -^ 2- 

cos^ by ^ * 

At the intersection T of the lines (1) and (2), the equation 
to the former of which may bfe written 

- cosd + ^ sind = (cos«^ -f sin«^)*, 
a b 

we have - . 8y - |.(ia? = (jy -f aV)*, 

which is the equation to the required locus. 

4. To find the equation to the tangent of the ellipse 

aj" + 2y = 3, 
at the extremity of the latus-rectum. 
The required equation is 

5. K A, A:, represent the intercepts of the axes of coordinates, 
made by any tangent of an ellipse 

a« ^ ¥ ^' 

a" V 
to prove that j?'^ j?^'^' 
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6. A tangent at any point P of an ellipse meets the semi- 
axis-major, produced, in T, and the semi-axis-minor, produced, 
in fj from P are drawn PM^ Pm^ perpendicular to CT, Ct^ 
respectively. To compare the areas of the triangles PMT^ 
Pmt. 

The coordinates of P being a?, y, 

triangle PMT: triangle Pmt :: a^y* : JV. 

7. The circumstances of the preceding problem remaining 
the same, to find the locus of a point P in Ttj such that 

PT n 
Pt^m' 

The equation to the required locus is 

/may fnby , vo 

b) -^ \i) = (" -^ ") • 

8. If, from a point without an eUipse, two tangents* be drawn 
to the curve, and two straight lines to the foci; to prove that 
the angle contained by one tangent and the line drawn to one 
focus, will be equal to the angle contained by the other tangent 
and the line drawn to the other focus. 

Leyboum : Mathematical Repository^ New Series^ vol. n. p. 40. 

9. To find the locus of the intersection of an ordinate of the 
eUipse ^ „ 

a" ^ V ' 

with the perpendicolar drawn from the centre apon the tangent 
at the extremity of this ordinate. 

The required locus will be another ellipse represented by the 
equation . „ . 

T» + ^ = 1- 
a a 

Lentheric, Valifes, Bobillier: Oergonne^ Annates de MaihS-' 
matiquesj tom. XVII. p 377. 

N 
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10. AAj BB\ are the diagonals of a rhombus ABA'B\ 
which intersect in C If a, /8, be the semi-axes of any ellipse 
described with C as a centre and axes in directions AA^ BB\ 
so as to touch the sides of the rhombus ; then a, /S, are <50or- 
dinates of a point in the ellipse having AA\ BB\ for its axes. 

11. In two ellipses, concentric and similarly placed, are 
taken two points P, Q^ the abscissae of which are as their major 
axes ; P^ Q^ are two other such points. To prove that, ^, ff^ 
4>j i>i being the angles which the tangents at P, P, Q, Q^ 
respectively, make with the major axes, 

tan 6 __ tan ^ 
tan^~"tan^'* 



Section III. 

Refirred to its Axes. Magical Equation to the Tangent. 
The equation to an ellipse being 

^ + 2^ = 1 
the strai^t line defined by the equation 

will be a tangent to the ellipse, varying in position with the 

value of a. 

This equation may be seen in Leroy's Giomitrie and in 
Waud's Algebraical Oeometry: it seems however, together with 
analogous equations to the tangents of parabolas and hyperbolas, 
to have been first employed by Mr. A. Smith for the demon- 
stration of various properties of conic sections. Owing to its 
great utility, particularly in problems of tangency which do hot 
involve the consideration of the point of contact, it has been 
X^Ued the Magical Equation to the tangent. 

Smith : Cambridge Mathematical Journal^ vol. I. p. 9. 
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If Z, m, be taken to represent the direction-cosines of the 
tangent, its equation may be expressed in the more symmetrical 

form lx^-my= {Pa' + m^'V'f. 

1. Two straight lines, such that the product of the trigo- 
nometrical tangents of their inclinations to the axis of x is 
constant, touch an ellipse 

to find the equation to the locus of their intersections. 

The equation which connects the coordinates of any point 
in a tangent to an ellipse with a, the trigonometrical tangent 
of the inclination of the tangent to the aids of aXf is 

[y - axf = aV + b% 

or [a? - a') a' - 2a?ya -h y' - i* = 0. 

K therefore a^ y, be the coordinates of the intersection of the 
two tangents, the two values of a in this quadratic will be the 
trigonometrical tangents of the inclinations of the two tangents 
to the axis of x. Hence, m denoting the constant product, we 
have for the equation to the required locus 

f-b' = m{a^--a'), 

which represents an ellipse or an hyperbola accordingly as m 
is negative or positive. 

Kochat : Oergonne^ Annales de MathSmatigues^ tom. Ii. p. 225. 

Gamier : GdomStrte Analytique^ p. 275, deuxihne idition, 

2. To find the locus of the intersection of a pair of tangents 
to an ellipse, at right angles to each other. 

The equation to one tangent being 

ajcosa + y sina = ± (a'cos'a H- 6" sin* a)*, 

that to the other will be 

— a? sin a + y cos a = ± (a* sin* a 4- 6* cos* a) : 

adding together the squares of these two equations, we get 

aj*-hy* = a*-hi*, 

N2 
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as the equation to the required locus, which is therefore a circle 
concentric with the ellipse, having (a' + 6')* for its radius. 

Lam^: Examen des diffSrentes Trdihodea employiea pour 
riaoudre les problhnes de OSomStrte^ p. 77. 

Puissant: Recueil de dtverses propositions de OSomStrie^ 
p. 214, troisihne idition, 

3. IS Pj p'j are the distances of the foci of an ellipse from 

a tangent, to prove that 

p.p' = b\ 

The equation to a tangent being 

lx + my = (Pa* + m'J')*, 

where Z, m, are its direction-cosines ; and the coordinates of the 
foci being {(a» -^ 6')*, 0}, and {- (a» - bj, 0}, we have 

y = - {Pa' + m'b'f - l{a' - J")*; 
whence pp' = Pa' + m*J' - P (a' - J') 

4. To find the locus of the middle points of chords in a circle 
w]}ich touch a concentric ellipse. 

Let the equation to the ellipse be 

a' ^ y * 

The equation to the tangent will be, Z, m, being its direction- 
cosines, & + my = (Pa* + »»*6')* (1). 

Let the equation to the circle be 

a^ + 3^ = c' (2). 

At the intersections of (l) and (2), 
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Hence, x, denoting the abscissa of the middle point of the 
chord, and x\ aj", the absciss© of its extremities. 

Similarly y, = \{y' + y") = m [Pa^ + m^Vf. 

Hence xf -f y/ = Pa* + rr?W. 

But also wa?^ = ?y^, 

and therefore, by virtue of the equation 

P + m« = 1, 
we have P (a?,'* + yf) = a?,', m" (a?,* + yf) = y,'. 

Hence {x^ + y^)* = aV + J V, 

which is the equation to the required locus. 

5. To find the locus of the summit of a moveable right 
angle, one side of which touches one, and the other side the 
other, of two confocal ellipses. 

Let the equations to the ellipses be 

^ it ^ ^ . V* ^ 
a* ^ V ' a" ^ V ' 

where a, i, a\ h\ will be subject to the condition 

a»-.J« = a'»-.6'' (1). 

The equations to the two tangents will be respectively 

Ix + my^ (Pa» + mW)*, 
- Twa? + ?y = (m'a'* + PV^f. 

At the intersection of these two tangents, we have, squaring 
and adding their equations, 

(P + w») (a? + y») = P(a" 4- J") + w»(a'» + i«) 

= (P + m») (a« 4- i'"), by (1), 

or = (P + m') (a" + V) : 

thus the locus of the summit of the angle is a concentric circle 
represented by either of the equations 

a« + J'« = ai» + y» = a'» + V. 

Bobillier : Gergonne^ Annales de MathSmatiqueSj tom. xix. p. 317. 
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6. To find the equation to a tangent to an ellipse 

inclined at an angle of ^tt to the axis of x. 
The required equation is 

^ = a? + 2. 

7. To find the distance of the centre of an ellipse from a 
tangent inclined to the major axis at an angle ^. 

Distance = a (1 — e* cos" ^) . 

8. To find the distance of the focus of an ellipse from a 
tangent inclined at an angle ^ to the major axis. 

Distance = a {e sin ^ + (1 — e* cos* ^)*}. 

9. The tangent of an ellipse is inclined to the major ai'is 
at an angle ^ : to find the area of the triangle included between 
this tangent and the two axes. 

Bequired area = \[o? tan <f> + b* cot (f)). 

10. A tangent to an ellipse 

— k — = 1 
a» ^ y ' 

is inclined to the axis of x at an angle ^ ; to find the product 
of the distances of the ends of the axis major from this tangent. 

The required product is equal to 

6* cos* ff>, 

11. To find the equation to the locus of the intersection of 
a tangent to an ellipse with a perpendicular upon it from a 
given point. 

The coordinates of the given point being a, /8, and the 
equation to the ellipse being 

«» ^ V ' 
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the required locus will be defined by the equation 

{x{x-a)+y{y- y3)}^ = a» [x - a)' + b*[y - fi)\ 
If the given point be the centre, the equation becomes 

a result given by Vallfes : Oergonne^ Annales de MathSmatiqties^ 
torn. XVII. p. 379. 

12. To find the equation to the curve, firom any point of 
which if two tangents be drawn to a given elUpse, the angle 
contained between them shall be constant. 

1£ — denote the value of the tangent of the constant angle, 
the required equation to the curve will be 






{a?^f-.a^^ by = 4w« [ay + JV - a'b'). 



13. K the two sides of a moveable right angle are alw:ayt 
tangents to a given ellipse, its summit will describe a circle 
concentric with the ellipse, the radius of which is equal to the 
chord joining extremities of the major and minor axes. 

Kochat : Oergonne^ Annates de MathSmattques^ tom. Ii. p. 228. 

14. K two straight lines, always touching a given ellipse, 
move w. such a way that the product of the trigonometrical 
tangents of the angles which they form with one of the axes 
be constant and negative, the point of intersection of the two 
tangents will describe a second ellipse. J£ we conceive two 
tangents to this second ellipse, moveable like the first, and 
subjected to the same conditions, the intersection of these last 
will describe a third ellipse from which, following the same 
course, we may deduce a fourth^ and so pn successively. Then 

(1). The areas of these ellipses will form a geometrical 
progression having 2 for its common ratio. 

(2). The tangents, the intersection of which shall describe 
any one of these ellipses, will be always parallel to two sup^ 
plementary chords of the ellipse which shall immediately precede 
in the order of their successive generation. 

Bochat : Gergonnej Annates de MaiMmatiques^ tom. ii. p. 228. 
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15. The semi-axes of an ellipse being a, 5 ; to find the area 
of a parallelogram which circmnscribes it, the inclinations of its 
sides to the major axis being given ; and to determine the least 
of all such parallelograms. 

If tan"* m and tan"* m' be the given inclinations, the required 
area will be equal to 

which is evidently the least possible when 

a* mm' + J' = 0, 

or when the parallelogram is a conjugate parallelogram. 
Durrande : Oergonne^ Annalea de MathSmatiquesj tom. xii. p. 142. 

16. If parallelograms, which circumscribe an elUpse, have 
their areas constantly equal to k times that on the major and 
minor axes; to find the equation to the loci of tiieir angular 
points. 

The equation to tiie ellipse being 

— I- — = 1 
a» ^ J» ' 

the angular points lie in two ellipses represented by the equation 

^ + ^ = 2i{l±(A'-l)»}. 



Section IV. 

Referred to its Axes. Normals. 

1. A normal at a point P of an ellipse, cuts tiie major axis 
in G. To prove tiiat OP is tiie shortest line which can be 
drawn from Q to tiie curve. 

The equation to the ellipse being 

7?^ h* ' 
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let h be the abscissa of P; then, C being the centre, 

GG = e'A. 

Let r be the distance of O from any other point P in the 
curve ; then, a;, y, being the coordinates of P, 

r» = (a? - e"A)» + y* 

= (a. _ e»A)» + (1 - 6*) (a« - a?) 

^e'{x- hf + (1 - e') a» - e»(l - e") A« 

and therefore r is the least possible when a; = A, or when P* 
coincides with P. 

De la Hire : Secttones Conicce^ lib. vii. prop. 13. 

2. P is a point in an ellipse, D a point in the major axis, 
such that PD is equal to the minor semi-axis : PQ is a normal 
at P meeting in Q a perpendicular to the major axis through 2>. 
To find the locus of Q. 

Let {x'j y') be the coordinates of P: then, the equation to 
the ellipse being 

^ + 3^ = 1 

that to the noimal at P will be 

^-^Jl^a'-b* (1). 

Again, since PD is equal to i, we have, x denoting the 
abscissa of i>, (^j' - a?)' + y* = b\ 

and therefore, by the equation to the ellipse, 

(a.'-aj)« + ^(a«-aj'»)=J«, 

hd - xf = -I a?", 
aj' — a? = T - a?', 

a? = ^ (2). 
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Substituting this value of oi in (1), we have, a?, y, denoting the 
coordinates of Q^ 

y ^ ' 

^■'^a <"• 

Substituting the expressions for x\ y\ given in (2) and (3), 

in the equation ^'s ^'a 

1- — = 1 

we have, for the equation to the required locus, 

«" + y* = (« ± *)*, 

which reiNresents dther of two circles, concentric with the ellipse, 
and having a — 5, a + i, as radii. 

3. To find the equation to the normal at a point of an 
ellipse, defined by the equation 

2aj" + Zy^ = 4, 

the abscissa of the point being 1. 

The required equation is 

4. To find the equation to the normal of an ellipse 

in terms of a, the inclination of the normal to the axis of x. 

Putting cos a = Z, sin(X <«= m, we shall pbtaip, for the required 

equation, 

X y Or — b* 

5. To find the length of that portion of the normal to an 
ellipse, which is included between the curve and the major axis, 
in terms of the inclination of tfie normal to this axis. 
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If denote the inclination of the normal, and 2a, 26, the 
major and minor axes of the ellipse, the length of the normal 
will be equal to j» 

(a'^cos'^ + i^sin'*^)** 

6. To find the tangent of the angle between the normal at 
any point {x, y) of an elUpse 

and the straight line drawn from this point to flie centre of the 
ellipse. 

The required tangent is equal to 



fi' " aV '^' 



7. To find the length of the longer normal, drawn from 
a point in the minor axis of an ellipse at a given distance from 
the centre, and intercepted between that point and the curve. 

If c denote the ^ven distance, a die semi-axis major, and e 
the eccentricity, the length of the normal will be equal to 



('*"+?)*• 



8. If a right angle moves so that its sides are constantly 
normals to an ellipse, to find the locus of the summit of the 
angle. 

The equation to the ellipse being 



-I- — = 1 



that to the required locus will be 

(a» + V) .{af^y"). (ay + iV)« = {a' - Vf . (ay - Va?)\ 

Bobillier : Oergonne^ Annates de MatMmattques^ tom. xvil. p. 277. 
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Section V. 

Bef erred to its Aoces. Chords. 

1. Chords are drawn from the extremities of the transverse 
axis of an ellipse to any point in the curve, and perpendiculars, 
drawn to these chords from the same point, are produced to cut 
the same axis : to find the part of the axis which is intercepted 
between the perpendiculars. 

The principal axes of the ellipse being taken as axes of co- 
ordinates, the equation to one of the chords will be, if a;, y, be 
the coordinates of the point, 

and that to its perpendicular 

I X '" (I . , » 

y - y = — jT ^^ " ^^' 

Putting y' = in the last equation, we have, for the intercept 
of the perpendicular on the axis of x^ 



X =: X + 



X — a 



= a? ^[a + X). 

Similarly, the intercept of the other perpendicular, — a being 
substituted for a, is equal to 

x" ^ X i (— a + x). 

Hence the part of the axis intercepted between the two per- 
pendiculars 

= a? — a? = — 

a 

= the latus-rectum. 

Ivory: Leyhoum^s Mathematical Repository^ New Series^ 
vol. Ii: p. 175. 
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2. If, from any point in the circumference of an ellipse, two 
chords be drawn so as to touch the circle described about the 
minor axis as diameter, and if die chord joining die points of 
contact be produced to meet the major and minor axes in H^ K^ 
respectively, to prove that, a, 5, being the semi-axes of the 
ellipse, y g' _ ^ 

Let (A, k) be the coordinates of any point in the ellipse from 
which the two chords are drawn. Then the equation to the 
chord of contact will be 

fix -\- h/ = b^j 



and therefore 



^^=?' ^^=r 



but, by the equation to the ellipse, 






hence 



+ 



a 



{CEy^ {CK) 



a* 



3. To find the equation to the locus of the middle points of 
all chords of a given length in an ellipse. 

Let M be the middle point of any chord KL. Let a?', y', be 
the coordinates of L, and a;, y, 
those of if. Also let -MBr=r=Jlfi/. 
Then, denoting the inclination 
of KL to the axis of a;, 

x' ^ X + r cos^, 

y' =y — r sin^; 

and therefore, by the equation 




-'« 



IS 



X y _ 



a 



V 



we have 



(a? -I- r cos^)* (y — *• sin^)" _ 
a^ "^ F ^- 



190 ELLIPSE. 

But, if KL = 2c, the two values of r in this equation must be 
each equal to o in magnitude and must have opposite signs: 

^^^^ a;co8^_ysin^ 

J a^ . V* , /cos'^ sin"^\ , 

and -+^,+c»^-^+-j^j = l, 

cos*^ sin*^ 



3- + 



^^ a« "^ J» "^ "^ cos^^ + sin^^ " ^• 

From these two equations we get 

which is the equation to the required locus. 

4. P is any point in an ellipse, AA' its axis major, MP an 
ordinate to the point P: to any point Q in the curve are drawn 
the chords AQ^ A'Q^ meeting MP in i?, 8^ respectively. To 
prove that MB.M8 = MP". 

5. K, from a point P in the tangent at the extremity B of 
the axis minor of an ellipse, a tangent PQ be drawn, to prove 
that PQ will be equal to the chord BQ^ if 

BPiAG:: V3 : 1. 

6. K the equation to the chord of an ellipse be 

to find the length of tlie chord. 
If 2Z be the length of the chord, 

7. PB, ^JS, are two normals of an ellipse, cutting each other 
at right angles in B : CBS is a semi-diameter. To prove that 
the tangent at H is parallel to the chord PQ. 
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8. A chord of an ellipse, inclined at an angle tan'^c to the 
axis major, passes through an e:g:treniit7 o{ the axis minor: 
if Xy y, be the coordinates of the second point of the diord's 
intersection with the ellipse, to prove that, a, J, being the 
semi-axes. 



tan"^ ( — I + 2 tan* 



• &}"■ 



9. To find the locus of the middle point of a chord of an 
ellipse, the equation of which is 

^ + 3^^1- 

the chord being supposed to touch a concentric circle of radius r. 
The equation to the required locus is 

'^ ^V _ J, [^ f\ 

10. If, through the extremity of either axis 2a of an ellipse, 
any two chords be drawn at right angles to each other, to prove 
that the chord joining the points in which the two chords cut 
the curve, will always pass through a point in the axis at a 
distance from its extremity equal to 



a . 



a» + J» ' 



11. To find the length of a chord of an ellipse^ which is 
a tangent at any proposed point of a confocal ellipse. 

Let a;, y, be the coordinates of the point of contact, a, J, the 
semi-axes of the interior, and a, ^8, those of the exterior ellipse. 
Then, c denoting the required length, 

a' "^ b' 

12. PQy PJS, are chords of an 'ellipse, drawn through- any 
proposed point P in the curve,* at right angles to each other: 
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to find the equation to the chord QB^ to prove that QB always 
passes through a fixed point /, and, P being afterwards regarded 
as variable in position, to find the locus of the point /. 

If w, , denote the tangents of the inclinations of PQ, PB, 

to the axis of x ; then, a cosd, i sind, being the coordinates of P, 
the equation to the chord QB wiU be 

ah( mj . {ay cos^ + bx &m0) + {c? -f J") {ay sin^ — hx cos^) 

the point, through which this chord always passes, while m 
varies, is the intersection of the two lines 

ay cos^ + hx sin^ = 0, 

(a* + V) • {ay sin^ - hx cos^) +ab{a^ - J') = 0, 

and, being now considered variable, the locus of this point is 
an elUpse defined by the equation 

a? y^fa^^hy 



Section VI. 

Be/erred to its Axes. Focal Properties. 

1. PT, QT^ are tangents to an ellipse at P, Q; 8 \a one 
of the foci, G the centre, B the point where CT cuts the ciuv^e ; 

T 




jBjV, paraUel to 8T^ meets tiie major axis in -AT: to shew that 

8P.8Q = BIP. 
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Let a?', x\ be the abscissae of the two points of contact. 

Tt^° 8P.8Q = (a - eai).{a - eai\ 

The values of the abscissas, if a?^, y^, be the coordinates of 
T^ will be obtained from the two equations 



aj« 



a^^ V" ' a* "*■ i» "" ^* 
Eliminating y^ we have 

a \a o J or b 

hence 

fiP.iS^ = a*~ae.{x' + x") + ^x'x" 






^ c? '^ ae, ■^^■^■ni + 6 a • ■— j 



1 I ^i_ ^2j_ I 









a* "^ i* a^ ^ h^ 

We have replaced 8T^ x^^ y^, by JBiV, x"\ y'\ where a?'", y'", 
are tiie coordinates of i?, by virtue of the similarity of the tri- 
angles GST, CNR. 

2. A tangent at any point P of an ellipse meets tiie major 
axis produced in T, and perpendiculars upon it from the centre 
and focus in Y, Z: to prove that 

TY fTZ\^ 
PY''\PZ)' 

3. If P be any point in an ellipse, the major axis of which 
is AA\ minor semi-axis BG, and foci 8, 8' : to shew that 

{AP+ 8P) . {AP- 8P) 4- {A'P+ 8'P) . (^T- 8'P) = 2{BCy. 
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4. K ^ be the angle between the focal distances of any 
point of an ellipse, and ff> the angle between the lines joining 
the point with the extremities of the major axis, to prove that, 
e denoting the eccentricity, and ^ will be connected by the 

equation cot<^. (cot^ - e cot^) = ie\ 

5. To find the locus of tiie centre of a circle inscribed in the 
triangle SPHj 8 and H being the two foci and P any point of 
a given ellipse. 

The equation to the ellipse being 

(l-e«)aj» + 3^ = a«(l-e»), 

the required locus will be a concentric ellipse defined by the 
equation (1 + e) y* + (1 - e) aj" = aV (1 - e). 

Lardner : Algebraic Geometry^ p. 125. 

6. To find the locus of the centre of a circle which, the 
diagram remaining the same as in the last problem, touches 8Pj 
HP produced, and H8 produced. 

The required locus is a straight line defined by tiie equation 

x = ttj and is therefore a tangent to the ellipse through one of 

its vertices. 

Lardner: Algebraic Geometry^ p. 126. 

7. To find the locus of the centre of a circle which, the 
diagram remaining the same as in the two preceding problems, 
touches /Sfl, P/S produced, and Pff produced. 

The locus is an ellipse defined by the equation 

(1 - e) y* + (1 + e) 0^ = aV (1 + e). 

Lardner : Algebraic Geometry^ p. 127. 

8. K a circle be described through the two foci of an ellipse, 
and any point in the conjugate axis produced ; to prove that the 
right Une joining that point and one of the points where the 
circle cuts the ellipse, will be a tangent to the ellipse. 

Leyboum : Mathematical Bepositort/^ New 8erie8y vol. I. p. 187. 
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9. If /SP, HP^ be any two focal distances of an ellipse, the 
vertex of which is A^ e the eccentricity:, and a, 5, the semi-axes, 
and if a straight line AQL be drawn cutting 8P in Q^ and 
bisecting HP in i/ : to find the locus of Q. 

The required locus is an ellipse rejMresented by the equation 



Section VIL 

Referred to its Axes. ConjiLgate Dtameters. 

1. CP^ CD^ are conjugate semi-diameters of an ellipse ; to 
prove that the sum of the squares of the distances of P, D^ from 
a fixed diameter is invariable* 

Let a c6s^, i sind, be the coordinates of P: those of D will 
then be — a sin ^, b cos^. Let p^ p\ represent the respective 
distances of these points fi*om a fixed diameter represented by 
the equation fo -f my = 0, 

where Z, m, are its directicm-cosines. Then 

^ = la CQ%0 H- «iJ sin^, 

p =z — la sin^ + nib cosd, 
and thOTefore p^ +y = Pa" + m%\ 

2. CP and CD are conjugate semi-diameters of an ellipse. 
If normals at P and D intersect in ^, to prove that KG is 
perpendicular to PD. 

Let (a?, y), (a?j, y^ be the coordinates of P^ i>, respectively : 
tiien the equations to the normals wiU be 



V 



{x' ^x) | = (y'-y) ~, 



-« j« 



(aj'-aj,)^ = (y'~yj^. 



02 
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At the intersection of these two lines 

(a»-J«)(y.-y)=-a'(^-^'U', 



.a? x^, 



and therefore - UlILK = _ ^ . 2^ . ^ : 

x^" X XX ^ y 

but, by the nature of conjugate diameters, 

a b 

hence ViZLl = - -, , 

which shews that GK is perpendicular to PD, 

3. K (7 be the centre of an ellipse and, in the normal to any 
point P, PQ be taken equal to the semi-diameter CD which is 
conjugate to the semi-diameter GP*^ to find the locus of Q, 

Let (a?, y) be the coordinates of P, and [x\ y') those of Q, 
Then, by the equation to the normal, we have 

This equation shews that, \ being some arbitrary quantity, 

hx\ 



X "~" X — A» • 

a 



y-y-x.f, 



,(1). 



But, the coordinates of D being — |^ , — , we have, by the 
condition of the problem, 

and therefore, by (1), \* = 1, \ = ± 1. 
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Hence, by (1), we have 

■27 

x' = {a±b)-, 

y'=(6±a)f. 

From these equations, combined with the equation to the ellipse, 
we have, for the equation to the required locus, 

x'' + y'^ = (a ± b)\ 

This shews that the locus is either of two circles concentric with 
the ellipse, of which the radii are a — J and a + b, 

4. K a series of chords of an ellipse pass through a fixed 
point, to prove that the chords of the corresponding conjugate 
arcs have the same property. 

Let the coordinates of the extremities of any one of the series 
of chords be {a cos^, b mid) and (a cos^', J sin^). The equa- 
tion to the chord will therefore be 

- (sin^ - sm^') - I (cos^ - cos^) = sin (^ - ^) , 

and therefore, (A, k) being the fixed point through which every 
chord of the series passes, 

- (sin^ - sm^) - I (cos^ - cos^) = sin (^ - ff) ...(1). 

Again, the coordinates of the extremities of the conjugate chord 
are (- a sin^, 5 cos^), (— a sin^, J cos^) : its equation will 
therefore be 

- (cos^-cos^) + 1 (sin^- sin^) = 8in(^ - ff), 
or, by virtue of (1), 

G ■*■ t) ^"""^^^ ~ "^^^^ "^ (f ~ a) (^"^^ " ^"^^^ " ^• 

This equation shews that the conjugate chord passes always 

through a fixed point 

ok bh 

6 ' ^ a 
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5. CP and CD are conjugate semi-diameters of an ellipse, 
and PF is a perpendicular let fall upon CD : to determine the 
locus of the point F. 

Let x^ y^ be the coordinates of P, Then the equation to the 
normal PFwill be 

tix'-x) = ^^{y'-y) (1), 

and the equation to CD wiU be 

?^^=« (^)- 

At the mtenectaon of (1) and (2), we have 

x'{x' -x)+y'{y' -y) = 0^ 

or a?** + y" = xx' + yi/^ 

and therefore, by (2), 

a;" + y" _ xx' xx' 

^^ a~ (a" - h*) x' ' 

Similarly ^ = (j^3^ ' 

But the equation to the ellipse is 

a« ^ J» ^ • 



= 1. 



hence (^^ "^ 3^^)" 1^4--.-. 

which is the equation to the required locus. 

6. The equation to an ellipse being 

20^ + 3y* = 4, 

to ascertain the equation to a diameter conjugate to one repre- 
sented by the equation y = 2x. 

The required equation is 

y = - 4». 
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7. CP, CZ>, are two conjugate semi-diameters of an ellipse, 
of which )8 is a focus : to prove that the distance of P from a 
diameter, drawn parallel to the line joining 8 and i?, is equal to 
the minor semi-axis. 

8. To find the value of the sum of the squares of two 
normals of an ellipse drawn from the extremities of two con- 
jugate diameters to the major axis. 

The required value is equal to 

a ^ ' 

9. If CP, CZ), be conjugate diameters of an ellipse, and 
ordinates through P, D, meet another ellipse, described on the 
same major axis, in Q, E^ respectively : to prove that GQ^ CE^ 
are conjugate diameters of the second ellipse. 

10. PSP', QHQ^ are chords drawn through the foci 8^ H^ 
of an ellipse, parallel to any pair of conjugate diameters : if 
8P = r, /SP' = t\ 8Q = /o, 8Q = p\ to prove that, 2J, % 
denoting the axis minor and latus-rectum respectively, 

rr' + pp =b* -\-r. 

XI. Two conjugate semi-diameters a, J', of an ellipse, are 
inclined at angles 0^ ^, respectively to the semi-axis major : 
to prove that ^'« gj^ 20 + V^ sin 2^ = 0. 

12, O is the centre, 8 the focus, and P any point of an 
ellipse : to prove that, Q being the int^'section of P8 with the 
diameter conjugate to CP, 

PQ = the semi-axis major. 

13. If (ttj, &j) and (a„ &J be the coordinates of the extremities 
of any two diameters of an ellipse, to find the angle between the 
two conjugate diameters. 
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The required angle is equal to 

tan-* (a^h* ^A"^A \ 

which, if the given diameters be conjugate, reduces itself to 

tan"'- 



f g/y -I- by \ 



14. If, from the extremities P, i?, of two conjugate semi- 
diameters (7P, CD J of an ellipse, straight lines be drawn, parallel 
to the semi-axis minor CB, to meet, in points P, 27, the 
circumference of a circle which has the axis major for its 
diameter: to prove that the angle FGD is a right angle. 

15. If D represent any diameter of an ellipse and P the 
parameter of Z>, to find when Z> + P is the least and when the 
greatest possible. 

It is the least when D is the axis major and the greatest 
when it is the axis minor. 

De la Hire : Sectiones Conicce^ lib. Vll. prop. 38. 

16. K CP, CD^ be any conjugate semi-diameters of an 
ellipse APBDA^ A and A' being the ends of the major and 
B an end of the minor axis, and if PP, BD^ be joined, and also 
AD^ -4'P, these latter two intersecting in 0, to prove that 
BJDOP is a parallelogram, the greatest area of which is equal 
to aJ.(V2 - 1). 

17. If a, bj be the semi-axes of an ellipse, and a', Vy con- 
jugate semi-diameters, to prove that, a being inclined to a at 
an angle a, and i' to & at an angle ^, 

a^-&^ ^cos(a-hi8) 
a«-6" ■"cos(a-i8)* 

18. To find the locus of the middle points of the chords 
joining the extremities of conjugate diameters in an ellipse. 
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The equation to the eUipse being 



L + 2? 



~ -r 7a — A, 



the required locus will be an ellipse defined by the equation 

a« ^ h^ ^' 

19. If tangents be drawn from diflferent points of an ellipse, 
and of lengths equal to n times the conjugate semi-diameters at 
those points ; to find the locus of their extremities. 

The equation to the ellipse being 

-+^=1 

the required locus will be a concentric ellipse defined by the 

equation ^ ^ 

^ + |. = l + n«. 



Section VIII. 

Referred to Axes parallel to the Axes of the Curve. 

1. Two ellipses lie in the same plane, are similar, and have 
their major axes parallel. Each is cut in four points by lines 
drawn from its centre to touch the other. To prove that the 
eight points of intersection lie on two parallel lines. 

Let the equations to the two ellipses be 

?+?=' ('). 



(i^+ii^.™.. („. 



Draw a tangent from (a, j8), the centre of the latter, to touch 
the former. 
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Then, (x, y), being the point in which (1) is toadied, the 
equation ^ yy 

will be satisfied when a and /S are put for od and y' ; hence 



?+? = ! w- 

Combining (4) with (3), we get 

^ (fix- - ay') = x' - a, | {ay' - ^x') = y' - /8, 

and thence, by (1), 

(ay - ^x'Y = a« (y - )8)» + J?- {x' - a)', 

or, dropping accents, 

(ay - /8a;)' = a» (y - /S)" + J' (oj - a)', 

the equation to the system of two tangents to (1) passing 

through (a, /3). Combining this equation with (2) multiplied 

by a'6", we get 

ay — I3x = ± maij 

the equations to two parallel lines on which the four points of 
intersection lie. The distance of either from the centre of either 
of the ellipses is obviously 

mab 

In order to determine the corresponding system for the 
tangents drawn from the centre of the former to touch the latter 

of the two ellipses, write a»a, mby for a, J, respectively, and — 
for m; when 

mab 

remains unchanged. The two systems therefore coincide. 

2. To find the equation to an ellipae, placed with its axes 

parallel to the rectangular axes of coordinates, so as to touch 

the lines 

a? = 2a, X = 2a', y =c 2J, y = 2b', 



POLAR EQUATION. CENTRE THE POLE. 203 



The required equation is 






Section IX. 

Polar Equation, Centre the Pole. 

1. CP^ CD J are two conjugate semi-diameters of an ellipse, 
of which CP is inclined to the major axis at an angle a : to find 
the magnitude of CD. 

The polar equation to the ellipse, the centre being the pole, 
gives OP»(a*sin'a -f ^ cos»a) = a'b\ 

Hence Ciy^a^ + V- CP" 

^51X8 
_ ^« , X5. ^ 

a sm a + 6 cos a 

__ a* sin* a -f J* cos* a 
"" a* sin* a + J* cos' a ' 

2. If CP, (7i>, be two s^oii-diameters of an ellipse at right 
angles to each other, to prove that the distance of the centre 
from the chord PQ is equal to 

ah 

(a* + Vf * 

Let the equation to the ellipse foe 

1 _ cos' sin'g 
^" a' "^ 6* ' 

and that to the chord PQ 

r cos (^ — a) == S. 

At the intersection of these two lines 

s //I \ c4i/cos*^ 8in*^\ 
cos*(^-a) = 8'(^-^5r- + -j5-j. 
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Let X, iir + X, be the angular coordinates of P, -D, re- 
spectively: then 

« /^ \ M /cos* X sin' X\ 
cos»(X - a) = S- [-^ + -jj-j , 

J • jz-i \ M/8in*X , cos*X\ 

and sm' (X — a) == o" ( — 5 — h ^ ) • 

Adding these two equations, we get 



«" = 






3. I£Ahe the elUptic area contained by two semi-diameters 
including an angle a, and B that contained between two semi- 
diameters at right angles to the former, to prove that 



(M) 



b\ 2A 2B 

cot a = cot — =- + cot —T . 
ao ab 



The polar equation to the ellipse, the centre being the pole, is 
hence A = j^rdddr = ^fr'dd = ^ f^^/^^i^ 



. + 



= 4* I TJ > 



('*"• dt 
tan a' a 



-„ + tan' 5 

tan 9' 



where — ff = a: or 



^ = i«j|tan-(^)-tan-(^)'. 



? 



a' 



^. , l-fistan^tan^' 
_ ,2A a' 

whence cot -^ = - . -~^— ^jj^^;- 
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Putting + ^ir for d, and ff + ^ir for ff^ we have 

8 

2^^J y + toP^tany 
oJ a tan 5 — tan ^ ' 

hence ^* TX "^ ^^* T^ ~ ~ ( 1 + T5 ) ^^^ (^ •" ^) 

cot a. 



- (f - 1) 



4. If two semi-diameters of an ellipse be drawn at right 
angles to each other, to prove that, r, r , denoting their lengths, 

Abonnd : Gergonne^ Annates de MatMmatigues^ tom. XYIII. p. 369. 

5. To prove that of all diameters of an ellipse, the axis 

major is the greatest and the axis minor the least, and that a 

diameter nearer to the axis major is greater than one more 

remote. 

Apollonius: Conicorvm^ lib, V. prop. 11. 

6. If CP make an angle with the axis major of an ellipse, 
C being its centre and P a point in its circumference, and be 
produced to meet a tangent at the extremity of the axis minor, 
so that the part produced is equal to the semi-axis minor; to 

prove that is always less than — ; and, when d = — , that 

8 . TT 

c = - sm — . 
5 5 

7. If (^, r), (^', r'), be the coordinates of any two points in 
an ellipse, the centre being the pole and the major semi-axis 
the prime radius vector, to prove that, 2a, 2J, being the axes, 

-a - 4 = («* - O (sin»^ - sin'^'). 

8. The two axes of an ellipse are 6 and 4, and, from its 
centre, two straight lines, including a right angle, are drawn 
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to the curve. Supposing these lines to bear to each other the 
ratio of 3 to 4, to find their actual lengths. 

The required lengths are 

15 , 10 

and 



2V13 V13 * 

9. To find the locus of the extremity of a straight line 
drawn fi'om the centre of an ellipse, such that the rectangle 
contained by it and the diameter perpendicular to it, may be 
equal to half the rectangle contained by the axes. 

The equation to the required locus, the centre of the ellipse 
being the pole, will be 

r^ sin" cos« 



a o a 



+ 



Section X. 

Polar Eguatwn, Focus the Pole. 

1. In an ellipse EP is bisected in L : AL is joined, cutting 
8P in Q. To find the locus of Q. 

Since 80 = HCy and HL = Pi, it follows that CL is parallel 
to 8P. Hence 

CL'^AC 
Put SQ = p^ lASQ = 0\ 

then /) = (1 - e) OL = i (1 - e).8P 

^\[l^e). ^<^-"\ 
^ ^ M + e cos ^ 

^ ^ (1 - e)\[\ + e).a , 
1 + e cos ^ ' 

which shews that the locus of Q is an ellipse, similar to the 
original one. 

The senu-axis major = ^-^ ^ ^ , — = * (1 — e) a. 

1 — e 
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2. The eccentricity of an ellipse is -r-, and, through the 

focus, a straight line is drawn, inclined at an angle of 45*" to 
the axis major, meeting the ellipse in two points: to shew 
that the tangents at these points meet at an angle the tangent 
of which is 2. 

The intersection of PjT, QT^ the two tangents, will take 




place in the directrix TH, Join 8T^ which will, by a known 
theorem, be at right angles to PQ, 

Then 

ST = TTo = ^1 



COS 45 



5P = 



a[\^e^) 



1 — e cos 45 



o = «J 



^ 1 + e cos 45 ^ 

If L PT8 = a, and lQT8^P^ we shall therefore have 

8P ^ , r, 8Q . 
tana = ^^777= Ij tan^ = -g^ = J, 



8T 



and therefore 



tan(a + )8)=l^=2. 



3. 8 and H are the two foci of an ellipse : from any point P 
in the curve a normal PG is drawn to cut 8H in G. To prove 
that the projection of PG upon HP or 8P is constant. 
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From O draw OL at right angles to Pff, and let z. PII8 = tf, 
e = the eccentricity, 2a = the axis major, CO = a?, (7 being the 
centre of the ellipse. 

Then PL^HP^HL 

= HP - (oc + e*x) cos 
= HP- cHRcoA e 
^HP{1 -ecos^) 
= a (1 - c") 
= the semi-latus-rectmn. 

The same proposition is true also in relation to the hyperbola 
and parabola. 

Pag^s : LiouviUej Journal de MathSmatiques^ tom. Ii. p. 437. 

4. If Pp^ Qqj be chords of an ellipse drawn through one 
of the foci at right angles to each other, to prove that 



Pp ^ Qq 2a (1 - e») * 

5. If P be any point in the periphery of an ellipse, B and IT 
being the two foci, to prove that, the angles P/Sff, PS8y being 
denoted respectively by ^, 0\ 

^ ^ & 1-6 

tan -.tan-- = . 

2 2 1+6 

6. If an ellipse and parabola have a common vertex and 
common focus, to prove that, Sp^ SP^ being respectively focal 
distances inclined at a common angle to the axis, 

Pp l^e ^ ^0 
8p I + e 2 

7. A chord is drawn through the focus of an ellipse making 
an angle with the major axis, and tangents are drawn at the 
extremities of this chord : to find the angle contained between 
these two tangents. 
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If be the required angle, then 

26 sin 



tan0 = 



1-e^ 



8. In an ellipse, of which /8 is a focus, 8A (the least dis- 
tance) = Z>, lA8P = ^, and the eccentricity = e ; to prove that, 

if /? = , and powers of ^ above the first be neglected, 

8P^ ^ 



cos'i«.(H-)8taii''i^)* 

9. To find the locus of the middle points of all focal chords 
of an ellipse. 

If C be the centre and 8 the focus of the original ellipse, the 
required locus will be a similar ellipse having 8G as its major 
axis. 

10. Five radii vectores of an ellipse being represented by 
a, i, c, <?, e, and its parameter by p^ to prove that 

- _ sin g + sinff + sin 7 -h sin & -f sin e 
^^ ~ sin a siniS sin 7 sinS sine' 
a b c a e 

where a = Z (i, c) + Z (rf, e), 

)S = Z (c, rf) + 21 (6, a), 

7 = z(rf,e) +Z(a,i), 

S = Z (e, a) + Z (J, c), 

e = L[a^b) + l[c^ d). 

This problem was proposed for solution by Gergonne, to 
whom it had been conmiunicated by Mr. Talbot, in the 17th 
volume of the Annales de MaihSmatiqvss^ p. 283, and solved, 
in a more general form, by Lenth^ric, p. 366. 
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Section XI. 

Polar Eguation. End of the Aoda Major the Pole. 

1. A circle is described upon AA\ the major axis of an 
ellipse. P is any point in this circle: AP^ A'P^ are joined, 
cutting the ellipse in points Q and Q respectively: to shew 
that AP AP_ _ g'-f y 

AQ^ AQ^ V ' 

The polar equation to the ellipse, A being the pole, and AA' 

the direction of the prime radius vector, is 

2cosg 

M ^ a 

AQ = 



cos*^ sin*^' 



hence 



But, by the equation to the circle, 

" ^P=2acos^: 
AP /cos' sin* 0' 



/cos"^ sin"^\ . 



AQ 

Similarly, ^ir — taking the place of ^, 

AT _ ^ sin'g cos" \ , 
AQ^K a» "^ b' J""' 

AP A'P _a' + b' 
Mence ^^ + _,__^_. 

2. Through A^ the common vertex of two similar ellipses 
ABB'j ADjy^ the greater axes of which are coincident in 
direction, are drawn chords ABD^ AB'D'i J5, B\ and i?, i>' 
are joined: to prove that BB' is parallel to DD'. 

5. If CP be any semi-diameter of an ellipse, and ^^0 be 

drawn from the extremity A of the major axis parallel to PC, 

and meeting the curve in Q and the minor axis produced in O : 

to prove that 

A0.AQ^2CP\ 

Herschel : Leybourn^s Mathematical Repository^ New Series^ 
vol. IV. p. 152. 
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Section XII. 

Polar Equation. End of the Axis Minor the Pole, 

1. To determine the longest straight line which can be 
drawn from the extremity of the minor axis of an ellipse to 
the curve. 

The equation to an ellipse, an end of the axis minor being 
the pole, and the axis minor the prime radius vector, is 

ib cos 6 



r = 



l-g«4.e»cos-«* 
Our object is to find when r is the greatest, or, putting 



cos^ 
u = 



l-.e" + e"cos««' 
when u is the greatest. 

Now ^u cos' ^ — cos ^ = — (1 — e") w, 

(ewcos^ - ~y = — , ^ (1 - 6^) u\ 

From this it appears that u can never be greater than 

r, and, since cos^ cannot be ereater than 1, can 

2e(l-e«)*' ' 

be so great only when 

2?Ji = ^' 

or t*^2?' 

__JL_>± 

'''* 26 (1 - 6«)i = 2e» ' 

e ^ (1 - ei, 
e'^\. 

If e' < J, the value of u will be greatest when 



a 1 
eu cos cf — — 

26 



p2 
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is least, or, since cos is always smaller than — ^ , when 
cos e is greatest, that is, when ^ = 0. ^^'^ 

Thus, if e' > or = J, we have, r being greatest, 

cos = ^^ — , T = . , 



and, when e* < i. 



^ = 0, r = 2i. 



Section XIII. 

Polar Equation, Point in the Axis the Pole. 

1. is a point, in the semi-axis major CA of an ellipse, 
at a distance from the vertex A equal to half the latus-rectum. 
P is any point in the curve. PO is joined and PM is drawn 
at right angles to CA. To prove that OA is less than OP, 

and that 

{OPf-[OAYac: [AM)\ 

If OP = r^ L POA = 5, e = the eccentricity, and CA = a, 
the polar equation to the ellipse will be 

eVcos''^-2ae*(l -e')rcos^ = /- {l - e') {1 - e') a\ 

This equation may be written in the following form, 
{er cos ^ - 06 (1 - e')Y = r' - (1 - e«)^o« ; 

and therefore, observing that 

r cos^ = OM, a (1 - e^) = OA, 
we see that e\{AMy = ( OPf - ( OAf. 

This result shews that OP is greater than OA. 

Apollonius : Conicorum, lib. V. prop. 6. 

2. In the semi-axis major CA of an ellipse, a point is 
taken, at a distance from the vertex A greater than the ratio 
of {BCy to -4(7. is joined to any point P in the curve, 
and PM is drawn perpendicularly to CA. To determine the 
least value of OP, and the corresponding value of OM. 
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Let CO = c ; then, when PO is the least possible, 

1 - e* 
MO = c. — 5 — . 
e 

ApoUonius : Conicorum^ lib. V. prop. 10. 

3. In the semi-axis minor BOB' of an ellipse, a point is 

taken at a distance from B equal to the ratio of {ACf to BC] 

to prove that OB is the greatest distance of the point from 

the curve. 

ApoUonius: Contcorum^ lib. v. prop. 16, 17, 18. 

4. A point is taken in the axis minor BOB' of an ellipse, 
at a distance from B greater than the semi-axis minor BC^ but 
less than the ratio of [A C)* to BC. is joined to any point P 
in the curve : to determine the magnitude and position of the 
greatest value of OP. 

Let Z FOB = 5, and OP = r, CO = c. Then the required 
magnitude and position are given by the equations 



= («*+?)' 



cos^ = 



ApoUonius : Conicorvm^ lib. V. prop. 20. 



Section XIV. 

Polar Equdtion. Pole anywhere. 

1. To prove that two chords of an ellipse, which are not 
diameters, cannot bisect each other in their point of intersection. 

Taking the point of intersection of the chords as the pole, we 
may write the equation to the ellipse in the form 

[p cos + hy (p sin g + Icf _ 
? "^ ¥ "" ■^' 
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Suppose that, disregarding signs, the two values of p given 
by this equation are equal, for a certain value of d] then, the 
signs of the equal values of p being opposite, we have 

h cos kmiO 



a 



% 



V 



= (1). 



Suppose the same thing to be true for some other chord 
through the pole, ^ replacing 0: then 

^£^ + ^^-i = o (2). 

a b 

From (1) and (2) we have 

sin if> cos = sin cos ^, 

sin (^ - 5) = 0, 

This result shews that the latter chord must coincide with 
the former, and therefore establishes the proposition. 

'E{lv €V ^eWety^ei, fj kvkKov Trepi^if^epela Bvo evOelac 
rifivaxri^v dW^qKa^ fi)f BiA tov Kivrpov oiaav ov rifivovacv 

'AnOAAONIOY nEPFAIOT Kcoyijcwy to iivripov. Uporaeri^ S". 

2. Through a given point 0, is drawn a straight line cutting 
an ellipse in two points P, Q : to determine the position of the 
line in order that the rectangle OP.OQ may be a maximum or 
minimum. 

Let — the inclination of the line to the axis major : then 

the rectangle will be a maximum if ^ = 0, and a minimum if 

^ = i7r. 

De la Hire: Sectumes Gonicce^ lib. vii. prop. 31. 

3. If there be two similar concentric ellipses, similarly 
placed, the ratio between either axis of the one to the corre- 
sponding axis in the other being \/2 to 1 ; to prove that, if from 
any point in the periphery of the inner ellipse, any right line 
be drawn to terminate in the periphery of the outer ellipse, the 
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rectangle under the segments of that line, is equal to the square 
of that semi-diameter of the inner ellipse, which is parallel to 
the right line. 

Ivory: Leyboum's Mathematical Repository ^ New Series^ 
vol. II. p. 169. 




Section XV. 

Beferred to Conjugate Diameters. 

1. CPj CDy are two conjugate semi-diameters of an ellipse. 
If PD be joined, and, through any point Q of the curve, be 
drawn a line parallel to PD cutting CP, CD, respectively in 
P', Z>', to prove that 

[QFY '\' [QD'Y = {PBf. 

Draw QFparallel to i>(7, to cut OP in V. 

Let CP= a, CD = i, and accordingly, iv O'^ -~^ ly 

\ being some arbitrary quantity, ^^ ^ ^^^ 

CP = Xa, CD = Xb. 

Also let CV^x, QV=y, PD^c, QF^r. 

Then, the triangles QVF^ DCP^ being similar, 

^ a b 

c ^ ^ c 

but, by the equation to the ellipse, 

aj" y" 
a^^ ¥ ^' 

hence -» (^ ^) +-« = 1, 

a \ c J <r ' 

and therefore r' — \cr + J(X' - i) c* = 0. 

The two roots r^, r^^, of this equation, which is symmetrically 
related to the axes of x and y, represent the lines QF^ QU : but 

r,» + r,f = (r, + r J» - 2r,r„ = \V - (X« - 1) c* = c' : 
the proposition is therefore established. 



\ 
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In the case of an hyperbola, we might prove In a like way 



that 







Encontre : Gergonne^ Annates de MathAinatiques^ torn. iv. p. 294. 

2. If, in a given ellipse, be inscribed any parallelogram 
HKLM^ the sides of which are 
parallel to conjugate diameters ; 
and if an ellipse be inscribed in 
this parallelogram, so as to touch 
its sides in their middle points ; 
to prove that this new ellipse 
will also touch the sides of a 
parallelogram H'K'L'M\ the 
diagonals H'L\ K'M\ of which 
are conjugate diameters of the 
given ellipse parallel to the sides HK^ KL^ of the parallelogram 
HKLM. 

Let HK = 2a, HM = 2 J, 

H'L = 2a', K'M' = 2V. 

Then, since the ellipse inscribed within HKLM touches the 
sides in their middle points, it foUows that the lines joining their 
middle points are conjugate diameters: hence the equation to 
the inscribed ellipse, CH'^ GK\ being taken as axes of coor- 
dinates, is 

Again, the equation to H'K' is 



(1). 



X y 
— h — = 1 
a b 



(2). 



But, since jET, the coordinates of which are a, J, lies in the 
given ellipse, ^s j« 






(3). 



The relation (3) expresses the condition of tangency between 
the lines (1) and (2). Similarly the other sides of HKLM' 
may be shewn to be tangents to the inscribed ellipse. 

Rochat: Gergonne^ Annates de Mathimatiqvss^ torn. ill. p. 27. 
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3. To find the area of the greatest triangle which can be 
inscribed in a given ellipse. 

Let PQB be the greatest triangle which can be inscribed 
in the ellipse. Then Q must be the 
point in which a tangent parallel 
to PB touches the ellipse, for Q will 
in this case be the point of greatest 
perpendicular distance fix)m PB, 
Similar remarks hold good in re- 
lation to the points P, B^ and the 
sides QBj PQj respectively opposite to them. 

Let C be the centre of the ellipse: join P(7, QCy BC^ and 
produce these lines to meet the sides of the triangle in j>y q^ r. 

Then, from what has been said, it is clear that BQ ib Sk 
conjugate chord to the diameter PQp, PB to QCq^ and PQ to 
BCr. Hence ^, q, r, are the middle points of BQ^ BP^ PQ'^ 
and therefore, by a known property of triangles, 

Cr = \CB, Cq = \GQ, Cjp = iCP. 

Hence, by the equation to the ellipse referred CBj and its 
conjugate CD, 

area of APQB = ^nPr.sin Z PrB 

= iCiZ. ^. (Ci? - lGB^)K^mLDGB 
= ^.CB.CD.smLDCB 

4 

= f V3.ai. 

Cor. The area of the ellipse is equal to irai : hence 

area of greatest triangle : area of ellipse :: 3\/3 : 47r. 

A difierent solution of this problem will be given subsequently 
in this volume. 

4. If lines, drawn through any point in an ellipse to the 
extremities of any diameter PCP\ meet the direction of its con- 
jugate diameter DCD' in points M, N, to prove that 

CM.CN=C]T. 
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5. K a series of parallel chords be drawn 
cutting two fflmilar and concentric ellipses ; 
to prove iliat the product of the part QQ^ 
intercepted between the two curves, and the 
remaining part Qq^ will be constant. 

6. K a parallelogram be described about an ellipse, its sides 
being parallel to a pair of conjugate diameters, to prove that 
the portions of its diagonab, which are intercepted by the ellipse, 
form another pair of conjugate diameters. 

7. From the ends of two conjugate diameters of an ellipse 
are drawn lines parallel to any tangent line: and, from the 
centre (7, is drawn any line cutting these lines and the tangent 
in points p^ q^ r, respectively : to prove that 

{c^r + {Gqy = {Cry. 

8. CP, CDy being any two conjugate semi-diameters of an 
ellipse, PD is joined, a semi-diameter CP is drawn parallel 
to DPy and PP is joined : to find the area of the trapezium 
CFPD. 

Kequired area = (\/2 + 1) . ^-^ . 

9. K two points be taken on any semi-diameter of an ellipse, 
so that the rectangle of the segments between them and the 
centre may be equal to the square of the semi-diameter ; and 
from these points straight lines be drawn to any point in the 
periphery of the ellipse, meeting it again in two other points : 
to prove that the straight line joining these two other points will 
be parallel to the tangent at the vertex of the diameter. 

Leyboum: Mathematical Bejposttory^ New Series^ vol. iii. p.31. 

10. To prove that the tangent to the interior of two similar 
ellipses, the axes of which are coincident, cuts off from the 
exterior curve a constant area. 

De la Hire: Secttones Gontcce^ lib. vi. prop. 17. 
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11. A tangent to an ellipse| at a point P^ intersects con- 
jugate semi-diameters (7P, (7Z>, produced, in jET, K^ respectively : 
en is conjugate to CF. To prove that 

[dyy^HF.KF. 

De la Hire : Sectionea Conicce^ lib. V. prop. 17. 



Section XVI. 

Referred to any two Diameters. 

1. K, at the extremity of each two diameters (not conjugate) 
of an ellipse, a tangent be drawn meeting the other diameter, 
the line joining the points of intersection will be parallel to that 
joining the extremities of the diameters. 

Let the equation to the ellipse be 

^ a? y y* _ ^ 
a a p Ir ' 

a, 2>, being the semi-diameters taken as coordinate axes. 
The equation to the tangent at any point (a?, y) will be 



■e-5)^^(^-i)='- 



or X 

Put a? = 0, y = J, y' = : then, x' denoting the distance of 
the intersection of the axis of x from the origin, 

^ - 1, a^ - -J- . 

Similarly, y' denoting a like quantity in relation to the axis of y, 

^ a 

TT ^' y* 

Hence — = ^ 

a b ^ 

an equation which establishes our proposition. 
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2. To find the magnitude and position of the principal 
diameters of an ellipse defined by the equation 

oa^ + V + 2ca2^ =/ W^ 

the axes of coordinates being supposed to include an angle a. 

Let r be the distance of any point of the ellipse from its 
centre. Then 7^ ^ a? + i/" + 2xy cosa (2). 

At the extremities of the principal diameters, r is a maximum or 
miTiiTn^Tn : hence, differentiating the two equations, and putting 
dr = 0, we obtain 

= Qcdx + ye/y + (a%?y 4- ydx) . cosa, 

= aocdx + bydy + {xdt/ + ydx) . c. 
From these equations, \ being an arbitrary multiplier, we get 

^ (^ + y cosa) ^ ax+ c^j 
and \{y + X cosa) = by -{- ex. 

Multiplying the former of these two equations by a?, and the 
latter by y, and adding, we see that, by virtue of (1) and (2), 

Hence ^{f^ ^O = y (^ —y cosa), 

and y [f— hr^) = x (c^ —/cosa). 

Eliminating x and y, we get 

(/- «^) (/- ^) = (<^ -/co8a)". 

From this equation we shall have two values r ", r"*, of /. The 
quantities 2r', 2r", will be the lengths of the principal diameters. 
The equations to these diameters will be 

X (/- aO = y (cT^ -/cosa), 

x(J^ ar"^) = y [or'"' -/cosa). 

Berard : Oefrgonne^ Annates de MatMmatiques^ torn. iii. p. 105. 
Bret: Qergonne^ Annates de MatMmatiques^ tom. V. p. 357. 
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Section XVII. 

Referred to any Rectangular Axes whatever, Rechiction. 

The equation to an ellipse referred to any axes whatever is 
oic* + jy* + 2cicy + 2a X + 2Ny + c' = 0, 
a, bj c, being subject to the condition 

If we substitute x' + a, y' + i8, for x^ y^ respectively, and, in the 
resulting equation, put equal to zero the coefficients of x\ y\ we 
shall reduce the equation to the form 

«i»" + *y' + 2c,ajy + c/ = 0, 

the corresponding values of a, )8, being the coordinates of the 

centre of the ellipse. 

Again, putting, in the last equation, the axes being supposed 

to be rectangular, 

X = X cos 5 — y" sin 5, 

y' = a?"sin5 4-/cos5, 

and then equating to zero the coefficient of oi'y" in the resulting 
equation, we shall reduce it to the simple form 

%^'' + \y"' + K = 0, 

the corresponding values of 6 determining the positions of the 
principal axes. 

1. To construct the ellipse of which the equation is 
5ic' + 2^2^ + Sy* - \2x - \2y = 0. 

Transform the origin to a point a, fi : the equation will then 
become 

5 (aj'4-ar+2(aj'+a) (y +y3) + 5 (y'^^)^- 12(aj'+a) -12(y+/3) = 0. 
Equating to zero the coefficients of x and y\ we have 
10a + 2/3 - 12 = 0, or 5a + yS - 6 = 0, 
and 2a + 10)8 - 12 = 0, or a + 5^ - 6 = 0. 
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From these two equations we see that 

a = 1, )8 = 1. 

The equation to the curve then becomes 

bx'^ + 2a;y + by'^ - 12 = 0. 

Again, turning the axes through an angle 0^ we shall have for 
the transformed equation 

5(aj" cos^-y 8in5)" + 2(aj" cosO-f sin^.(a;" smO+f cos5) 

+ 5 (a?" sin5 + f cos^)' - 12 = 0. 

Equating to zero the coefficient of x"y"y we obtain 

- 10 sin^ COB0 + 2 (cos'5 - sin*5) + 10 sin5 cos5 = 0, 

whence cos 20 = 0, 2^ = Jtt, = Jtt. 




The equation to the curve then becomes 

ex'" + 4y"» = 12, 



or 



x"' y"^ , 
2^3 • 



The coordinates of the centre of the ellipse, referred to the 
original axes, are therefore 1, 1 ; and the semi-axes are V2, V3, 
the former being inclined to the axis of a; at an angle ^tt. 

The diagram will serve to iUustrate the geometrical significa- 
tion of the transformations 

^(7=V2, -BC=V3, 0^=1 = GE; LxOx'^^iir. 

2. To find the positions and magnitudes of the principal axes 
of the ellipse denoted by the equation 

7aj* + 5y -H 2 V3 . ay + 6a? 4- 10 V3 .y -I- 7 = 0. 
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The coordinates of its centre are (0, — V3) ; and its semi-axes 
are 4, 1, the latter of which is inclined to the axis of a; at an 
angle Jtt. 

3. To find the positions and magnitudes of the principal axes 
of the ellipse represented by the equation 

Sa^ + 2a!jf + Sf - 16y + 23 = 0. 
The coordinates of its centre are (— 1, 3) ; and its semi-axes 

are J, -^ , the former of which is inclined to the axis of a; at 

an angle Jtt. 

4. To find what the equation 

9a?' + 3/ - Ga^^ - 6a; - 2y + 5 = 

becomes, when the curve is referred to its principal axes. 
The required equation is 



X^ 



5. The equation to an ellipse being 

x^ + t/^ + xy-\-x + y=^ly 

to find the coordinates of its centre, and its equation referred to 
its axes. 

The coordinates of its centre are — J, — J, and the required 
equation is 3a;" + 3^ = |. 

Gamier : GSomStrie Analytique^ p. 117. 

6. To find the equation to the ellipse 

2a;* + y* - 2a^ - 2a; = 
when referred to its axes. 
The required equation is 

(3 - V5) a;" + (3 + ^Jb) f = 2. 

Gamier : Oiondtrie Analytigue^ p. 129. 
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Section XVIII. 

Linear Eqiuition. 

1. K r, /a, be the distances of the two foci of an ellipse from 
a point P in the oorve ; and r\ p\ from a point D in the curve ; 
P and D being the extremities of conjugate diameters ; to prove 

^* rp + r'p' = a'* + b\ 

Let a cos 5 be the abscissa of P : then we know that — a sin 
will be that of D : hence 

r = a (1 — e cos5), /a = a (1 + e cos5), 

whence rp = a*(l — e" cos*5). 

Similarly, — sin 5 now occupying the place of cos 5, 

r>' = a"(l-6*sin*5). 

Hence rp + rp = a* + a'* (1 - e'*) 

= a« + &^ 

Brassine : Liouville^ Journal de MaihSmatiques^ Avril, 1842. 

2. If in an ellipse there be taken three abscisssB in arith- 
metical progression along the major axis, the radii vectores, 
drawn from one focus to the extremities of the corresponding 
ordinates, wIU also be in arithmetical progression. 

3. To prove that, P and D being the extremities of any two 
conjugate diameters in an ellipse, 

(fiP- ACy + {8D - Acy = 8C\ 



Section XIX. 

Intersections of Ellipses. 

1. K two ellipses, so placed in a plane that two conjugate 
diameters of the one are parallel to two conjugate diameters of 
the other, intersect each other in four points ; these four points 
will lie In a third ellipse, the equal conjugate diameters of which 
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shall be parallel respectively to the said conjugate diameters in 
the two former ellipses. 

Let the axes of coordinates be taken parallel to the parallel 
conjugate diameters of the two proposed ellipses. Their equa- 
tions will be 

«^ + ^ + 2a'a? + ib'y + c = 0, 

aa? -\- I3i^ + 2ax + 2^'y + 7 - 0. 
Multiplying these two equations by r and /a, and adding, we get 

{ra+pa)x''+ {rb+p^) /+ 2 {ra+pa) a?+ 2 {rb'+p^') y +rC'{-py^Oj 

the equation to an ellipse in which the two proposed eUipses 
intersect. 

Putting ra + pa = rb + p/S, 

r fi-a^ 



we have 



p a — b' 



r 



if therefore this value be given to the ratio -, the coefficients 

of a? and y^ in the equation to this third ellipse wiU be equal, 
and consequently its two equal conjugate ^ameters will be 
parallel to the coordinate axes. 

Par un Abound : Gergonne^ Annales de MathSmatiqttes^ 
tom. v. p. 88. 

2. Two ellipses, of equal eccentricity and of which the major 
axes are parallel, can have only two points in common. To 
prove this, and to shew that, if three such ellipses intersect two 
and two in the points A and A'j B and J?^, C and C, respec- 
tively, the lines AA\ BB\ CC\ intersect in one point. 

The equations to two such eUipses, referred to axes of co- 
ordinates parallel to the principal axes, wiU be 

a" ■*■ 6» ~^ ^^ii 

a" + V ^ ^' 

Q 
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and, e denoting the eccentricity of either, 

i-«'='^=S (3)- 

From (1), (2), (3), we have 

(1 - e») (a: - a)* + (y - )8)« = V (4), 

(1 - e») (0. - ar + (y - /S'r = h'^ (5). 

Subtracting (5) from (4), 

fit>m which equation it appears that all points of intersection of 
(4) and (5) lie in a straight line ; and^ since a straight line can 
cut an ellipse in only two points, the former part of the proposi- 
tion is established. 

Let the equation to tiie third ellipse be 

(1 ^^)[x^ aj + (y - /a-y = h"' (7). 

The equations to the lines AA'j JSB', CO', will be (6), (8), (9), 

+ 2(/9" - iS') y - (^''» - 13'') = J'^ - y'« ... (8), 

+ 208 - /8") y - ()8» - )8"«) = b"' - 6» ... (9). 

Adding togetiier the equations (6), (8), (9), we obtam an identical 
equation. This shews that the three lines AA\ BB\ CC'^ inter- 
sect each other in a single point. 

3. Two equal similar ellipses, which have the same centre, 
have their axes inclined at a given angle: to find the angle 
between the curves where they intersect. 

Let G be the common centre of the two ellipses, E their 
point of intersection, ET the tangent to one of the ellipses at Ej 
meeting its major axis, produced, in T. Let CE be produced 
indefinitely to N. 

Let a = tiie inclination of the axes of the ellipses ; then it is 
evident that Z. EOT = J o or J (tt - o). Let Z ETC = 0. Then 
the angle between the curves at Ej being evidently double the 
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angle ^^7", is equal to 



2(ia + ^) = . + 2taa-'(^J, 



2(^%.) = .-«+2tan-(i^). 

4. To find the coordinates of the points of intersection of 
the two ellipses 

a^^V ' j» + ^ h 

and to determine the tangent of their inclination to each other 
at these points. 

Kd be the required angle, and a:;, y^ the coordinates of the 
required points, ^ 

and tand = ^ 0,0 . 

2a 

5. There are any number of ellipses having a common centre 
and their major axes in the same position. To prove that, if all 
the ellipses be twisted about their common centre through the 
same angle 5 in the same direction, the locus of the mtersection 
of each ellipse with its original position, is two straight lines 
defined by the equations 

y = a? tan ^d, y = — a: cot i^. 

6. K a quadrilateral be inscribed in two ellipses, which cut 
each other in four points, and of which the major axes are 
parallel or perpendicular to one another : to prove that any two 
of its opposite angles are together equal to two right angles. 

7. Two concentric ellipses, which have their axes in the 
same directions, intersect, and four common tangents are drawn 
so as to form a rhombus, and the points of intersection of the 
ellipses are joined so as to form a rectangle : to prove that the 
product of the areas of the rhombus and rectangle is equal to 
half the continued product of the four axes. 

Q2 



228 ELLIPSE. 



Section XX. 

Polar Equation to the Tangent, 

1. K two straight lines be drawn at right angles to one 
another through the focus of an ellipse, and tangents to the 
ellipse be drawn at their extremities; to find the equation to 
the locus of the intersection of these tangents. 

The equation to one of the tangents being 

— ^ = co8(a — ^ 4- ecos^, 

or cos(a-5)=^^i-^-6COs5 (1)*; 

that to the corresponding tangent will be, Jtt + a being written 

- sm(a - 5) = — ^^ ^ - e cos5 (2). 

Squaring and then adding (1) and (2), we get, for the equation 
to the required locus, 

1=2 \-^ ^-V + 2e' cos'5 - 46 -j-^^ ^-V cos^, 



- f«(i - ^) 



*-! 



2 

— e cos 5 
r 



1 



a(l-0 1 . 

— ^ = ± "7^ + 6 COS^, 

--I— i^ ^ = ± 1 + e V2 cosd, 

the equation to an ellipse, parabola, or hyperbola, as e* is less 
than, equal to, or greater than ^. 

2. If tangents be drawn, from any point without an ellipse, 
to the curve: to prove that their lengths are inversely as the 



* This equation to the tangent of an ellipse is given by Mr. Bayies, 
in the PkUotophical Magazine for 1842, p. 192. 
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sines of the angles which they make with the lines drawn from 
their points of contact to either focus. 

Let T be the point of concourse of the two tangents, P, P*, 
their points of contact. Then, 8 being the focus, and C8A the 
semi-axis major, let 

PT^p, FT^p\ 8T^r, 

LA8T=dy LP8A^a, lF8A^o!. 

Then, the polar equations to the tangents give us, at the 
common point 7, the relation 

e co%6 + cos(^ — a) = — ^^ = e cosO + cos(^ — a'), 

whence — a = — + a\ ^ = J(a + a'), 

and therefore Z P8T = i (a - a') = Z F8T. 

. a — a' 

sm — - — 

Hence - = 



sm^' 



. a — a 

sm — - — 



/ 



and therefore 



r sin 4'' 

p _ sin^'' 
p "" sin^' * 



3. To find the locus of the point Ej in which the radius 
vector 8P of an ellipse cuts the diameter conjugate to the 
semi-diameter CP. 

The equation to the ellipse being 

^ a(l-e') 
^ ~ 1 + e cos^ ' 

the equations to 8P and to the tangent at P will be respectively 
of the forms ff _ ^ /jx 

^^^^— -^ = cos(^ - a) + e cos^ (2). 
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The equation to the diameter conjugate to CP^ which passes 
through the point {ae^ tt), and is parallel to (2), is 

— (6 + cosa) .— = co8(5 — a) + e cosd (3). 

At the intersection of (1) and (3), there is 

— (6 + costf) . — = 1 + e cos ^, 



or 



"*■ ^ 1 + e cos^ ' 



the equation to the required locus. 

4. The tangent, at any point P of an ellipse, cuts the major 
axis, produced, in T: /S is the focus. To prove that 

cos/gPr=ecos/SrP. 

5. From a point 0, two tangents OP, 0P\ are drawn to an 
ellipse, P being nearer to an end of the axis major than P is : 
to prove that OP is greater than OP. 

De la Hire : Sectiones Conicce^ lib. vii. prop. 44. 

6. To find the locus of the intersection of two tangents at 
points P, P, of an ellipse, such that, 8 being one of the foci, the 
sum of the inclinations of /8P, 8Pj to the major axis may be 
invariable. 

Take 8A as the prime radius vector, A being the extremity 
of the major axis nearest to 8; then, putting 

z^/8P+z^/8P = 2;9, 

the locus of the intersection will be a straight line defined by 
the equation = 13. 
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Section XXI. 

Polar Eqiuztion to a Chord. 

1. PSjp is any focal chord of an ellipse, A the extremity of 
the axis major ; APj Ap^ meet the directrix in two points Q^ q : 
to prove that /.QSq is a right angle. 

K a — )8, a + /8, be the angular coordinates of the extremities 
of any chord, the focus being the pole and the prime radius 
vector coinciding with the major axis, the equation to the chord 
will be 

- = sec/8 . cos(^ — a) + e cos5, 
r 

c denoting a (1 — e*). 

Let 2y be the angular coordinate of P, then, being tiiat 
of ^, we have gj^^^o^ a+/3 = 2y, 

and therefore a = 7 = /8. 

Hence the equation to AP is 

- = sec7.cos(^ — 7) + e cos5 (1). 

Again, the angular coordinates of -4,^, being 

a-;9 = 0, a + ;9 = -(7r- 27), 
we have a = — (Jtt — 7) = )8. 

Hence the equation to Ap is 

c 

- = — cosec7 . sin (^ — 7) 4- e cobO (2). 

Again, tiie equation to the directrix is 

c 



r cos^ = - (3). 



e 



At Q, the intersection of (1) and (3), we have 

e costf = sec7 cos(5 — 7) + « cos^, 

and therefore cos (5 — 7) = 0, 

^ _ Y = - Jtt, ^ = - (iw- - 7), 

or /.ASQ^^TT-y. 
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Again, at q^ the mtersection of (2) and (3), 

= sin(^-7), 

^-7 = 0, ^ = 7, 
or LA8q==y. 

Hence z QSq = L ASQ A- iA8q^ 

2. P8Q^ PSQ^ are any two focal chords of an ellipse : to 
find the locus of the intersection of the chords PP, QQ. 

The required locus is the directrix nearest to S. 
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Polar Equation to the Normal, 

1. To deduce the polar equation to the normal of an ellipse 
from that to the tangent, the focus being the pole. 

Let the polar 'equation to the normal be 

r [A cos^ + 5 sin5) + C = 0. 

Let a be the angular coordinate of the point of contact of the 
corresponding tangent. Then, c denoting a (1 — e'*), 

[A cosa + B sina) + C = 0, 

1 + e cosa ^ ' ' 

and therefore 

A ( n ccosa \ , jyf . /) c sina \ ^ 

A rcos^- Y-^ ^ Birmid --— =0....(i). 

V 1 + e cosa/ V 1 + e cosa/ ^^ 

Since this line is perpendicular to the tangent, which is defined 
by the equation 

- = e cos^ + co8(5 — a) 

= (e + cosa) cos 5 + sina sin 5, 

we must have the relation 

A sina 

B e + cosa ' 
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and therefore (1) becomes 

/ >, ccosa\ , \ f • A csinaX 

sin a. r cos^ — z = (e + cosa) . r wnu — , 

\ 1 + e cosa/ ^ 'v. 1 + 6 cos ay 

f/ . \ • ii • ix\ ecsina 

or r (e + cosa) sin^ — sina cosaf = , 

^^ ' ' 1 + ecosa' 

c 1 + e cos a , . ^ , . , >, . > 

or - = ; . ]e sin ^ + sin (^ — a)[, 

r esina 

which is the required equation to the normal. 

2. If the normal through any point P in an ellipse cuts the 
major axis in O^ to prove that, 8 being the focus, 

Section XXIII. 

Poles and Polars, 

1. There are two ellipses the axes of which are in the same 
straight lines. To find the locus of a pole of the exterior ellipse 
the corresponding polar of which is always a tangent to the 
interior. 

Let a, J, be the semi-axes of the interior, and a, )8, of the 
exterior ellipse. Let the coordinates of the pole be a?,, y^, and 
let x\ y\ be those of the point in which its polar touches the 
interior ellipse. 

Then, the axes of the ellipses being taken as axes of coor- 
dinates, the equation to the polar will be 

a? ^ ^ ^^^" 

but, since it is a tangent to the interior ellipse, its equation will 
also be />./>.' -/-/ 

a^ ^ V ^^^• 

Since the equations (1) and (2) must be identical, we have 

a 2 I ^ 

X =-^x^, and y =-^yr 

x^ y'^ 
hence, by the equation -5 + ^ = 1, 
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we nave — -^ 4- -^ = 1, 

a* pr ' 

for the equation to the locus of the pole ; which is therefore a 
similarly situated ellipse with semi-axes — 9 -r- • 

2. To find the locus of a pole in relation to a given ellipse, 
the part of the polar which is intercepted by the ellipse being 
of a constant length. 

If the equation to the ellipse be 

I. ^ = 1 

o" ^ y ' 

and 2c be the length of the intercepted portion of the p<dar, the 
equation to the required locus will be 

3. The polar corresponding to a pole P, relatively to a given 
ellipse, intersects the ellipse in points E and F\ to find the locus 
of P, supposing the area of the triangle EPF to be constant. 

The equation to the ellipse being 

and rn^ denoting the constant area, the locus of P will be an 
ellipse defined by the equation 



Section XXIV. 

Inscribed and Circumscribed Polygons. 

1. To find the locus of the foci of all ellipses, described with 
their major axes parallel to the base of an isosceles triangle, and 
touching its three sides. 



INSCRIBED AND CIRCUMSCRIBED POLTGONS. 



235 



Let HKT be the isosceles triangle. Let AC^ BCy be lemi- 

y 




K B M H 

axes of one of the inscribed ellipses, 8 a focus. Draw SM at 
right angles to BH. From any point Q^ in TH^ draw QN 
at right angles to TB. 

Let zJ5r2!B=tan-'a = zirrJ5; BM=x^ 8M^y^ GN^x'j 
QN^y'j GA^a, CB^h.BT^c. 

Then, 2!£r being a tangent to the ellipse, 

y' ^-01^^ [aV + (^f. 
When a?' = — J, we see that y' = ac : hence 

a (c - b) = (a*J» + ay. 
But a; = (a» -*•)*, y = »; 

hence a' = aj*4-i* = iB^ + ^; 

and therefore, for the equation to the required locus, we get 

a(c-y) = (ay + ai» + y')*, 
0*0" - 2a*cy = oj" + y", 



or 



which is the equation to a circle. 

2. To determine the ellipse of greatest area which can be 
inscribed in a given triangle. 

Let two of the rides of the triangle be taken as coordinate 
axes. Then the equations to the three sides will be of the forms 

aj = 0, y = 0, oaj + Jysal; 
and the equation to the ellipse will be 

{axf + (/8y)* + (aa; + Jy - 1)* = 0, 
where a and y9 are arbitrary constants. 
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Clearing the equation to the ellipse of radical indices we 
shall get 

(a - aYa? + (iS - J)V + 2 {(a - a) (/8 - i) - 2a^} xy 

+ 2 (a - a) aj + 2 (;9 - i) y -f 1 =0. 

The coordinates of the centre of this ellipse will be 

a/3 ^-ba-ab^ a/S + ia - oJ ' 

and the equation to the ellipse^ referred to the centre as origin, 
will be 

Let Q> be the angle between the coordinate axes: then, A. 
denoting the area of the ellipse, we have, the axes being 
determined as in prob. 2, Section xvi., 

^ ^^^ [ab-afi^ba)' 

In order that A may be a maximum, we must have 
3 log {ab — ajS — ba) — log a — log /8 = minimum : 
hence, differentiating with regard to a, we get 

3b 1 



--=0. 



2ia - a)8 + oJ = 0. 

Similarly, by differentiating witii regard to y9, 

2a/8 - ia + oi = 0. 
From these two equations we have 

a = — a, /8 = — J. 
Hence the equation to the ellipse becomes 

a^a? + jy + abxy — oa? — iy + J = 0, 
or (aa; - i)' 4 (Jy - i)* + ahxy = J, 

or {ax - J)* + (Jy - J)' + (aa: - J) {by - J) = yV 
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ah sin* (o tt* sin' w 



Also A^ = J7^^ 



:4 = 



27 aW " 108 aW ' 
Trsinco 



€\/3.aJ 

Supposing /and g to represent the intercepts of the line 

aa; + Jy = 1,. 
on the coordinate axes, the equation to the ellipse is 

(7-t)■-^*)■-7f=l. 
» (^»)'-^^)'-(7-»)^»)-*' 

6v3 

Cor. 1. From the two forms of the equations to the ellipse, 
it is evident that it touches the sides of the triangle at their 
middle points, and that its centre is coincident with the centre 
of gravity of the triangle. 

Cor. 2. Let B denote the area of the triangle. Then 

B = ^fg sin ©. 
Hence A : B :: ir : 3\/3. 

B^rard : Oefrgonne^ Annales de MathSmatiqveSj tom. IV. p. 284. 

3. Among all quadrilaterals inscribed in an ellipse, to de- 
termine that which contains the greatest area. 

Let the equation to the ellipse be 

a" ^ V ' 

and let the angular points of the quadrilateral be (tr,, ^,), (a;,, ^,), 

i^tf y»)> ('^o y*)' ThcQ) « denoting the area of the quadrilateral, 

2m = 03,^, - x^y, + a!,y, - a!,y, + a!,y, - x^^ + x^y^ - x^y^, 

go SS 83 38 

'".\^t-, <.2^_i ^4.^-1 ^A.yl-i 

„t -r Tt — h ;:;«■ "t^ A« ~ ^» „» ^ w ~ *» ^« ^ w ~ *• 



o a 



js '' a» ' J« '' a« ^ J« 
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In order that u may foe a maximum, we have, differentiating 
these last four equations, putting du = 0, and using the method 
of indeterminate multipliers, 

a" 



V'+y4-y. = 0, -^-aj, + a.. = 0, 



Hence we have 

5 («. - a'.) = - 1 {y. - y^ (1), 

5 K -».) = - § (y. - yj (2), 



a 



5 



i («, - irj = - ^' (y. - yj (3), 



J K -«.) = - 1 (y. -y,) (4). 

From (1) and (3), we haye 

^» = 2^ (5J 

X^ x^ ^ ^' 

and from (2) and (4), 

y-^^y-^ (6). 

x^ x^ ^ ^ 

Also, from (1) and (2), 

^ {x^x, - xjjc^ = - p (y,y, - y^y^. 
From the last three equations we see that 

and therefore ^^ = - -, (7). 

The equations (5) and (6) shew that the diagonals of the 
quadrilateral are diameters of the ellipse, and (7) shews that 
tiiey are conjugate diameters. 

Durrande : Gergonne^ Annates de MathSmatiqiteSj tom. xil. p. 223. 
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4. K any hexagon be circumtmbed about an ellipse, the 
three diagonals, joining opposite angles, will all pass through 
one point. 

The equation to the tangent of an ellipse is 

a* ^ V '-'K^h 

oi and y* being connected by the equation 



j^ ...'« 



^+1 = 1 (2). 

Equation (2) is equivalent to the following system of equations 

a;' v' , 



a 



h 



a a/ 

ttj being an arbitrary quantity : hence 

hence, the equation (1) becomes 

Put a = a, JV— 1 = J'; and the equation to the tangent, 
which we will suppose to be one of the sides of the hexagon, 
assumes the form 

£(^-^)^*(«.-^,)- <»)• 

The equation to the next side of the hexagon will be, in like 
manner, of the form 

At the intersection of (3) and (4), a?, ,, y^ g, being the coor- 
dinates of the corresponding angle of the hexagon, we shall get. 
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by the combination of the equations, 



^,,. = « 



a, + o^ ' ^"* «! + a» 



The equation to the diagonal, through the angular points 

K.J yji Kbj y*,*)) ^^ ^ 

^ (^4,5 - yi.») - y Kb - ^1,2) = ^i.«y4,8 - ^4.6^1., ; 

or, substituting for the coordinates of the angular points their 
values 

Vx [{a, - aj (1 + a,aj + (a, - aj (1 + a,aj} - dy {(a, - aj (1 - «,«,) 

+ («. - aj (1 - «i«4)} = 2a i' (a,a, - a,a,) (5). 

By similarity, it is evident that the equation to the diagonal, 
through (a?^3, y, J, (a:, „ y, J, wiU be 

J'a? {(a, - aj (1 + aji^ + (a, - aj (1 + a,aj} - ay {(a^ - aj (1 - a3aj 

+ (as - a«) (1 - a^aJ} = 2a*' («««, - a^aJ W- 

At the intersection of these two diagonals, multiplying (5) 
by ttg — ttg, (6) by a^ — a^, adding the latter of the resulting 
equations to the former, and dividing the final equation by 
a, — a^, we shall thus get 

Vx [{a, - aj (1 + a,a,) + (a, - aj (1 + ajx^)] - dy {{^^ - aj (1 - a,aj 
+ (a, - aj (1 - ttgaj} = 2a'i' [a^a, - a^aj (7). 

But, by symmetry, we know that (7) is the equation to the 
third diagonal: hence the diagonals (5), (6), intersect in (7). 

Camhridge Mathematical Journal^ vol, I v. p. 165. 

5. To find the axes of the least ellipse which can be cir- 
cumscribed about a given rectangle. 

If 2/, 2^, be the sides of the rectangle, and 2a, 2J, the 

axes of the ellipse, 

a=/V2, h=g^j2. 

Euler: Acta Academia^ PetropoUtance^ pro anno 1780, pars 
posterior J p. 3. 
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6. To find the ratio of the side of an equilateral hexagon 
inscribed in an ellipse, with two sides parallel to the major axis, 
to the side of an equilateral hexagon inscribed in a circle of 
which the axis major is a diameter. 

K e be the eccentricity of the ellipse, the required ratio is 
equal to 4 - 2e* 

7. To determine the ellipse of least area which can be cir- 
cumscribed about a given triangle. 

K two of the sides be taken as axes of coordinates, and f^ g^ 
be the intercepts of these axes made by the third side, the 
equation to the ellipse will be 

(7-»)■-^»^(7-♦)^»)-»■ 

The centre of this ellipse coincides with the centre of gravity 
of the area of the triangle, and its tangents at the three angles 
are respectively parallel to the opposite sides. Moreover the 
area of the ellipse is to that of the triangle as 47r : 3\/3. 

Euler : Nova Acta Petropolitana^ torn. IX. p. 146. 
Grergonne : Annates de MatMrnattques^ tom. IV. p. 288. 
Gregory : ExampUa in the Differenlml and Integral Calculus^ 
p. 123, 2^ edition, 

8. If one triangle be inscribed within another, so that their 
sides are parallel each to each, a single ellipse will be, at the 
same time, the greatest which can be inscribed in the greater 
triangle and the least which can be circumscribed about the 
smaller triangle. 

Gergonne : Annales de MatMmatiques^ tom. iv. p. 291. 

9. To prove that, in every parallelogram circumscribed 
about an ellipse, the diagonals intersect each other in the 
centre of the ellipse and are in the directions of two conjugate 
diameters. 

Ferriot : Oergonne^ Annales de Mathhfvatiques^ tom. XVI. p. 373. 

R 



242 ELLIPSE. 

10. To find the ellipse of least area which can be circum- 
scribed about a given quadrilateraL 

Let the diagonals be taken as axes of coordinates: then 
(a, 0), (- a', 0), (0, )8), (0, — ^), being the four angular points 
of the quadrilateral, the equation to the ellipse will be 

The equation to the ellipse will therefore be of the form 

«^ + i^ + 2ca?y + 2a'a? + 2% + c' = 0, 

where c is the only unknown parameter. 

The determination of c will depend upon the solution of the 
cubic equation 

c c" - 4a'yc' + (3a'«i + 3aJ" - (M) c - 2aJa'y = 0. 
Euler : Nova Acta Academice PetrcpolitancBj torn. ix. p. 132. 

11. The straight lines which bisect tiie angles of a triangle, 
meet the opposite sides in the points P, Q^ B: to prove that 
an ellipse may be inscribed in the triangle such as to touch 
the sides in P, Qj B. 



Section XXV. 

Elliptic Loci. 

1. From P, a point in an ellipse, lines are drawn to -4, A\ 
the extremities of the major axis, and from Aj A\ lines are 
drawn perpendicular to -4P, AP\ to find tiie locus of the 
intersection of these lines. 

The equation to the ellipse being 

a^^ V ^' 
and a?,, y,, being the coordinates of P, the equation to AP will 

be y / X 

y = [x - a), 
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and the equation to the perpendicular through A will accordingly 

y = ^(^-«) (!)• 

Similarly, — a replacing a, the equation to the other per- 
pendicular will be 

y = _^(a, + a) (2). 

At the intersection of (1) and (2)^ 

= - ja (a? - « )i 



^^ V ' a^~ b' 



IS + _« — xa 1 



the equation to the required locus, which i» therefore a concen- 
trie and similarly placed ellipse of which the semi-axes are a, j- . 



2. If all the ordinates of a circle, referred originally to 
rectangular coordinates, be moved through a given angle, the 
abscissa and magnitude of each ordinate remaining the same; 
to find the locus of the extremities of the ordinates, the origin 
of coordinates being the centre. 

K c denote the radius of the circle, the equation to the 
required locus, referred to the original axis of x and to an axis 
of y^ parallel to the new ordinates, is evidently 

ai' + y" = c*, 

which represents an ellipse referred to its two equal conjugate 
diameters as axes. 

Let a, J, denote the semi-axes of the ellipse, and dj 0\ the 
inclinations of the axes of x^ y^ respectively^ to the direction 
of a. 

Then, a> denoting the angle between the two new axes, 

ah =^ <? sin ©, 

a« -h y = 2c», 

R2 
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which equations are obviously satisfied by 

a = cV2 COSTCO, b a> cV2 sin|a». 



Also 



tan tf.tan (» + ^= 1= - tan* ^o), 



and therefore = — ^eo, ff — n + 0^\m. 

We have thus ascertained the magnitudes and positions of 
the axes of the ellipse. 

3. A straight line of given length 2c is made to move so that 
its ends lie always in two other given straight lines including an 
angle a : to find the locus of its middle point 

Let the two given lines be taken as axes of coordinates. 
Let the intercepts of the moveable line on these axes, in any 
one of its positions, be a, h. Then 

4c' = a' + i* - 2aJ cos 2a. 

But, if a;, y, be the coordinates of the middle point of the 
moveable line, 

hence (? = a? + j^ ^ 2xy cos 2a, 

which is the equation to the locus required. The locus is there- 
fore an ellipse. 

Cob. It may be shewn that the semi-axes of the ellipse are 
c cot a, c tan a, the former one bisecting the angle between the 
positive directions of the coordinate axes. 

4. A^ Bj are two given points: to find the locus of the 

y 




point P which is so situated that perpendiculars (drawn through 
it) to APj BPy always cut off a given length on AB. 
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Take 0, the middle point of AB^ as origin, OBx as the axis 
of x^ and Oy^ perpendicular to it, as that of y. 

Let ^(7=w, Bl) = Vj 

AB = 2a, CD = 2i. 

Then, from the right-angled triangle CRB, we see that 

y* = (t4 + a + aj).(a — a?), 

or ^ ■ = t^ + a + a? (1) : 

a ^ X 

and, from the right-angled triangle APD^ we see that 

y« = (t; + a — aj).(a + a?), 

or -JL- -- V + a - a? (2). 

From (1) and (2), we have 

—2 — + — £ — = u + V + 2ai 
a — X a + X 

but w H- 1? + 2a = 2 J : 

hence — ^ + -^ = 2J, 

a — a? a + X ^ 

or ay* = J (a* — a?), 

the equation to an ellipse the axes of which coincide with the 
axes of coordinates. 

5. The focus of a parabola lies always in the circumference 
of a circle represented by the equation 

the axis of the parabola being parallel to the axis of a;, and its 
arc passing through the centre of the circle. To find the locus 
of the vertex of the parabola. 

The equation to the parabola will be of the form 

^ + 2vy + y" = O: 
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Change the origin to a point h^ k: its equation will then 
^>«come ^ (^' + A) + 2v{y' + k) + (y' + ky = 0. 

Assume the coefficient of y\ and the terms which involye 
neither x' nor y' , to be zero : then 

/aA + 2vA; + J* = 0, 

and therefore fi = -=- . 

n 

The equation to the curve becomes 

Let a;^, y,, be the coordinates of the focus : then, since h k 
are the coordinates of the vertex, 

and therefore, the focus being a point in the circle, 

= *' + *^ + i&' 

V -\- -T — ±ck. 
4 

the equation to the locus of the vertex, which accordingly lies 

always in the arc of one of two ellipses. 

De la Hire : Sectiones ComccB^ lib. viii. prop. 20. 

6. A square GBPQ moves in the right angle xOy^ so that the 
point G is always in Oy, and the point B always in Oa; : to find 
the locus of P. 

If a represent the length of a side of the square, then 
Ox^ Oy^ being taken as coordinate axes, the locus of P will 
be an ellipse of which the equation is 

a? r^xy^- 2y' = o^. 
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7. To determine the locus of the extremity of the straight 
line formed by augmenting the ordinate of the circle 

aj^ + / = c», 
by a length equal to the abscissa. 

The locus will be an ellipse defined by the equation 

2a? - 2icy + y' = c*. 
Fuss : Nova Acta Acad&micB PetropolitanaSj tom. XV. p. 72. 

8. To find the locus of the intersection of two tangents to 
a circle, such that the product of the portions (measured from 
the centre) cut off by them from a given diameter, is always 
constant. 

If the given diameter be taken as the axis y] then, a 
denoting the radius of the circle and Jt? a constant quantity, 
the locus will be an ellipse of which the equation is 

(a* + *») aj* + ay = i?a\ 

9. In the given right lines APj AQ^ are taken variable 
points J?, y, such that 

Ap :pP:: Qq\ qA\ 

to find the locus of the point of intersection of Pj, Qp. 

Let APx^ A Qy^ be taken as axes of x and y : let AP = o, 
AQ = h. Then the required locus will be an ellipse represented 
by the equation 

- a? (a - a?) + I y (J - jr) = (a - a?) (J - y). 

Cor. K we put a? = 0, y = 0, successively, we get re- 
spectively [y — Vf = 0, (a; — o)' = 0. Hence the ellipse touches 
Ax^ Ay^ at the points P and Q. 

10. A straight line AB of given length, moves with its 
extremities A^ jB, always in contact with two straight lines 
Oa?, Oy, respectively, inclined to each other at a given angle : 
to find the locus of an assigned point P in AB. 
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Let PA = a, PB = ft, and LxOy^mx then, Chc^ Oy^ being 
taken as coordinate axes, the required locos will be an ellipse 
defined by the equation 

a V + J V ^xu 

jrr-^ 2-f cosw = 1. 

Newton: Arithmetica Universalis^ prob. 21. 

Bret : Oergonne^ Annates de Maihimatiques^ torn. VI. p. 15. 

11, To find the locus of the intersection of the lines repre- 
sented by the equations 

a?sintf — ycostf = (ir^ + y*)*, 

, cos'tf sm*tf 1 

and — I — h 



a« ^ V "a^ + y"' 

The required locus is an ellipse the equation of which is 

a? it 

— 4-^=3 1 

a 6 

12. From a point (a, ft) a normal is drawn to a parabola 

to find the locus of the intersection of the parabola and normal, 
I being a variable parameter. 

The required locus is an ellipse defined by the equation 

y (y — ft) + 2a; (a? — a) = 0. 
L' Hospital : TraitS Analyttque des Sections Coniques^ p. 259. 

13. To find the locus of the middle point of a chord of an 
ellipse, the chord passing through a given point. 

The equation to the ellipse being 

^ + 3^ = 1 
a" ^ t* ' 

and the coordinates of the given point being (a, /8), the loctis 
required will be another ellipse defined bj the equation 

(2a; - g)' , (2y - /3)' _ a» ^ 
"a" V ~ a* "^ J' • 
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14. A triangle ABC moves in such a manner that the 
angalar points A^ B^ are always in two rectangular axes Ox^ 
Oy^ respectively: to find the locus of G, 

Let BG = a, GA = hj AB^c^ and lAGB = «. Then 
the equation to the required locus will be 

-J + Y5 — 2-.Y-«sin<»= (cos «)*. 
a ' a o 

15. From the focus /S of a given ellipse is drawn 8Q always 
bisecting the angle PSGj G being the centre, and equal to the 
mean proportional between 8G and 8P: to find the locus of Q. 

The equation to the given ellipse being 

^+1 = 1 

a» ^ y ' 
the required locos vill be onoiher ellipse defined by the equation 



{x-aef y ^ 
1 + e 1 - e 



=i ae. 




16. A right angle BAG^ the sides AB^ AGj of which are 
given, moves in such a maimer that A^ By lie always in two 
perpendicular lines Ox^ Oy, respectively : to find the locus of C, 

Take Ox^ Oy^ as axes of a?, y, 
respectively. Let AB = aj AG=^b. b 
Then the locus of G will be an 
ellipse defined by the equation 

JV + (a» + b')y'^ 2abxy = b\ 

Newton : Arithmetica UniversaltSy prob. 22. 

17. The circumstances remaining the same as in the pre- 
ceding problem, except that lAOB^ and lBAG^ instead of 
being right angles, are each of them equal to a; to find the 
locus of (7. 

The locus is an ellipse defined by the equation 
JV + {a^ + J* - 2ai cosa) y^ + 2i [h cosa - o) a?y = i*. 

Newton : Arithmetica Universalis^ prob. 22. 
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18. The base and the sum of two sides of a triangle being 
constant, to find the locus of the centre of the eacribed cirdie 
touching the base. 

Let the middle point of the base be taken as the orig^ of 
rectangular coordinates, the axis of y being perpendicular to the 
base. Let 2a represent the length of the base, 2i the sum of the 
two udes. Then the required locus will be an ellipse defined by 
the equation J + a , , ^ 

19. One extremity ^ of a straight line ABP and a given 
point B in it, move in straight lines intersecting at right angles 
in (7 : to prove that the locus of any other given point P in the 
line is an ellipse, and that, if the rectangle ACBD be com- 
pleted, and PD joined, PD is a normal at P. 

20. To find the locus of the points of quadiisection of a 
system of parallel chords in a circle. 

The equation to the circle being 

ir^ + y* = a", 
and that to any one of the parallel chords 

Ix + my = 8, 
where Z=cosa, ^==sina, the equation to the required locus will be 
(3m* -Kl) a^ - ^Imxy + (3P + 1) y* = c\ 

21. Having given the point where a parabola intersects a 
given diameter, and also the parameter of that diameter, to find 
the locus of the vertex of the curve. 

Let^ represent the given parameter; then, the given diame- 
ter and a perpendicular to it through its vertex being chosen as 
axes of X and y respectively, the required locus will be an ellipse 
denoted by the equation 

^a? + y' + px = 0. 

Lardner: Algebraic Geometry ^^, 131. 
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22. Two semicircles are described on the segments of the 
base of a semicircle of which the radius is r : to find the locus 
of the centre of a circle touching these three semicircles. 

K the middle point of the base of the large semidrde be 
taken as the origin of rectangular coor^ates, the base being 
the axis of Xj the locus required will be the arc of an ellipse 
of which the equation is 

23. CPj GD^ are conjugate semi-diameters of an ellipse : on 
the chord PD an equilateral triangle PDR is 
described: to find the equation to the locus 
of ^. 

The equation to the proposed ellipse being 

a« ^ i- ^' 

the required locus will also be an ellipse of 
which the equation is 

a? y* , 




Section XXVI. 

Elliptic Envelops, 

1. CP, CZ), are any two conjugate semi-diameters in an 
ellipse, of which the semi-axes are a and h : to find the locus 
of the consecutive intersections of all such chords as PD. 

If sdj y\ be the coordinates of P, we may put 

x' ^ a cos^, y' =^h sin^: 

we shall then have also, x"^ y\ being the coordinates of i), 

X = — -y= — a sm^, y = - x = b cos^. 
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Hence the equation to PD is, by the fonnnla 

y (— a sintf — a costf) — a; (i costf - b fxaiSf) 

= — a sind.i volO — a co8^.& oos^, 

or (ay - 6a?) smtf + (ay + 6a?) cosd = oi (1). 

DiffeFentiating with respect to 6^ we have 

{ay — 6a;) costf — {ay + 6a?) sin5 = (2), 

Squaring and adding (1) and (2), we get, for the equation to the 
required locus, 

2ay + 26V = aW. 

2. If, from eyerj point in the axis major of an ellipse, as 
centre, a circle be described, with radius equal to the ordinate at 
that point : to find the envelop of the circles. 

The equation to the ellipse being 

a^^ V ^' 

that to the envelop will be an arc of another ellipse represented 
by the equation 

a?' y* 

1- — = 1 

a« + 6* ^ V 

3. Two straight lines are drawn from one extremity of the 
major axis of an ellipse, making with it angles the tangents of 
which are in a given ratio : to find the locus of the ultimate 
intersections of chords, each of which joins the two points where 
two corresponding lines cut the ellipse. 

The equation to the ellipse being 

y* = ^ (2aa? - a;*), 

the envelop required will be another ellipse, the equation of 
which referred to the same axes will be, a denoting the given 
ratio, 406** 
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4. AEG^ BFG^ EFj are three straight lines given in position : 
from the given points Aj B^ straight lines are drawn, through 
any point in EF^ meeting EG m Q^ AG m P\ PQ is joined. 
To prove that the curve, to which PQ is always a tangent, 
is an eUipse inscribed in the quadrilateral APQB, and touching 
the lines -4(7, J8(7, at the points E^ F, 

Leyboum: Mathematical Beposttory^ New Series j vol. ill. p. 143. 



Section XXVII. 

Miscellaneous Problems, 

1. Of all systems of conjugate diameters in an ellipse, the 
principal diameters are those of which the sum is a minimum ; 
and the equal conjugate diameters are those of which the sum is 
a maximum. 

Let a, hj be the principal semi-diameters of an ellipse, and 

a , 5', any two conjugate semi-diameters, including an angle 7. 

Then we know that 

a'* + J'" = a" + b\ 

and a'V siny = ab. 

From these two equations we have 

2ab \^ 
sin7y 

and a' - y = (a'+b' - ^^ (2). 

The equation (2) shews that sin7 cannot be less than 

2ab 
a' + b'' 

Thus sin7 is necessarily included between the limits 

1 ana — = — y« . 
a* + b* 

Now a' + V is greatest when sin7 is least : in this case, from (1) 

and (2), a' + V = {2 (a» + b')}\ 



^'^''-{^'-^''-'SyJ W^ 
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and a'-y = 0; 

whence a' = J' = [ — - — J . 

Also a' + &' is least when 8m7 is greatest: m this case, from (1) 
^^ (2)j a' + y = a + ft, 

and a' — b' =i a — bj 

whence a = a, b' = b. 

Durrande : Oergonne^ Annales de MatkSmcUiqueSj torn. xii. p. 168. 

2. If a straight line be drawn from the focus of an ellipse 
the eccentricity of which is 6, so as to make a given angle /3 
with the tangent ; to shew that the locns of its intersection with 
the tangent will be a circle, which touches or lies entirely with- 
out the ellipse as cob/9 is < or > 6. 

Let 8Y he the perpendicular from the focus 8 upon the 




tangent FT at P, which cuts the semi-axis major CL4, produced, 
in T. Let Q be a point in PTj such that l 8QP= fi. 

Let jlPT8=-4>j SQ^r, lQ8T=^0. 

Then r sin/S = 8Y= {a* sin*^ + b* cos'^)* — ae sm<f>. 

Squaring and putting for ^ its value /3 — 0j we have, for the 
equation to the locus of Q, 

7^ sm'/3 + 2aer sin/S sin(/3 - 5) = a'(l - e'), 

which is the polar equation to a circle. 

K any point of this circle lie in the periphery of the ellipse, 
(when, intersection being impossible, contact must take place), 
we have, equating the values of /SF in the circle and the ellipse, 

^^!^=-^ = 7^ sin»/3, a« (1 - «•) = (2ar - r») 8in^)8, 

(a - r)' 8in'/3 = a* (e'* - cos*/8). 
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Hence, in order that contact may be possible, cos^S must not be 
greater than e. K cos^S be greater than e, the circle lies entirely 
without the dlipse. 

BobiUier : Qergonne^ Annates de Mc^hSmatiqiieSj torn. XVlil. p. 191. 

3. A circle is described about an extremity of the minor axis 
of an ellipse as centre, with a radius equal to the distance of 
either directrix from the centre of the ellipse : to prove that this 
circle will touch the ellipse in two points, one point, or not at all, 
accordingly as the eccentricity is greater than, equal to, or less 

than -7-. 

Let the equation to the ellipse be 

^+? = i W' 

or, e being the eccentricity, 

{l-6»)aj* + 3^ = y (2). 

The equation to the circle will be 

or (1 - e') a;* + (1 - 6*) (y - J)' = 5 (3)- 

Eliminating a^ between (2) and (3), we have, for all points where 
the circle and ellipse meet, the equation 

ey + 2(l-e')Jy + 5{l-eT = 0, 

which, being a perfect square of the equation 

ey + *(l-e') = (4), 

shews that the curves touch wherever they meet. 
From (1) and (4), there is 

a e 
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This result shews that 1 — e* must not be greater than e*, or that 
e must not be less than -rr . If 6 = -r: , a; = O, and there is 

contact at the opposite end of the minor axis ; if e >• —r- , x has 

two possible values, and accordingly there are two points of 
contact. 

4. To find the equations to the drcles which touch the latera 
recta of an ellipse represented by the equation 

-- 4- — = 1 

a* ^ y 

in the major axis, and of which the radii are equal to the minor 
axis. 

The required equations are 

(a? - 06 ± J)" + y* = i', 
and (a? + oe ± i)* + y* = ft". 

5. To find the equations of the circles the diameters of which 
are the distances between the extremities of the axes of an 
ellipse defined by the equation 

a? v" 

— 4-^ = 1 

The four circles are, defined by the equation 

aj* ± 2a? + y* ± 3y = 3. 

6. If one of tiie foci of an ellipse be the common focus of 
two parabolas the vertices of which are at the extremities of the 
major axis, to prove that these parabolas will intersect at right 
angles, at points the distance between which is equal to twice 
tiie axis minor. 

7. K CD be the semi-diameter of an ellipse drawn parallel 
to a focal chord PSp^ to prove that 
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8. K a circle be described, touching the axis major of an 
ellipse in one of the foci, and passing through one extremity 
of the axis minor, to prove that the semi-axis major will be 
a mean proportional between the diameter of the circle and the 
semi-axis minor. 

9. To find the relation between the central distance of any 
point of an ellipse and the perpendicular from the centre on the 
tangent at that point. 

If r = the central distance, and^ = the perpendicular, 

i' ~ a' + J« _ r* • 

10. K two tangents be drawn at the extremities of the axis 
major of an ellipse, so as to intersect a tangent at any point in 
two points jT, T', and a circle be described upon TT as a 
diameter; to prove that this circle will pass through both foci 
of the ellipse. 

11. A parallelogram circumscribes an ellipse, its sides being 
parallel to conjugate diameters. If 2d be one of the smaller 
angles of the parallelogram, when it is equilateral, to prove that 
its perimeter is equal to 4 V2 . a seed. 

12. A square is described touching an ellipse at the extremi- 
ties of its minor axis : an ellipse upon the same axis major cir- 
cumscribes the square. The same process is repeated in relation 
to the new ellipse, and the operation is continued until there 
are n ellipses : to prove that, if the eccentricity of the original 

ellipse be ( J , the last ellipse will become a circle. 

13. K, from the focus 8 of an ellipse, 8Q be drawn, bisect- 
ing the angle PBG^ {G being the centre of the ellipse and 8P 
any focal distance), to find the locus of Qy supposing 8Q to be 
a mean proportional between 8C and 8P. 

s 
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The equation to the ellipse being 

a' "^ a» (1 - «•) " ^ 
the required locus will be an ellipse defined by the equation 

1 + e 1 — e 

14. If P be any point in an ellipse, the vertex of wliich is A 
and nearer focus 8^ to prove that, if lPA8= Oj lA.SP^ ^, and 
6 = the eccentricity, 

tand.tan^^ = 1 + «. 

15. K 7, 0, be the angles which any diameter of an ellipse 
makes with its conjugate, and with the axis major, to ahew that 

(a" - V) tan7 ± (cf tmO + V cottf) = 0. 

16. To determine the least distance between the centre C of 
an ellipse and a point P in its periphery, and, PJIf being a per- 
pendicular on the axis major, to obtain an expression for the 
diflFerence between the squares of CP and of the least distance 
in terms of CM, 

The distance is least when P coincides with an extremity B 
of the semi-axis minor, and 

(CP)«- {CBy^e\{GMy. 

Apollonius: Conicorum^ lib. v. prop. 11. 

17. K P8Q^ PUB J be chords drawn from any point P of 
an ellipse through the foci 8 and Hj ^ and the acute angles 
which the axis major makes respectively with the line QB 
produced and with the tangent drawn to the ellipse at the 
point P, to prove that 

1 — e' 
tand) = ' 9 .tand. 

1+6 

18. In two eonfocal ellipses are taken two points P, Q^ guch 
that, the ellipses being referred to the major and minor axes as 
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axes of X and y, their abscissae are as the major axes of the 
ellipses : P', Qj are two other such points. To prove that 

19. To shew that the equation 

represents two straight lines, passing through the point (a, )3) 
and touching the ellipse 

-+^ = 1 

J T^ 7 2 ■■■• 

a 

20. Having given the directions of two systems of conjugate 
diameters of an ellipse, to determine the directions and relative 
magnitudes of the two principal axes. 

Let represent the angle between a principal axis and a 
given line drawn through the centre of the ellipse : let 2x 
denote the length of this axis, and 2y that of the other. Let 
a, yS, be the angles which the two conjugate diameters of one 
system make with the given line, and a', ^', the angles formed 
with it by the other system. 

Then the solution of the problem will be expressed by the 
following equations, 

^^ _ cos (g' + P) . cos (g - )3) - cos (a + ^) . cos (a' - ^') 
^^ "" sin(g' + )3') .cos(g^ ^) -sin(g+ ^) . cosfg'- /3') ' 

{- tan (d+ g) tan(d + ^)1* =^ = {- tan (5 + g') tan (d + /y)}*. 

X 

Gergonne : Annales de MathSmattqtieSj tom, xii. p. 374. 

21. From any point C, without a given ellipse, of which the 
centre is C^j is drawn a straight line cutting the curve in P^, P^. 
K a point P be taken in CJP^ so that C^P is a mean proportional 
between C^P^j O^P^j to find the locus of P. 

The equation to the given ellipse being 



^+2^ = 1 

a' ^ 6" ' 



S2 
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the locus of P will be an ellipse^ of which C^ is the centre, 
represented by the equation 

a* "^ b' ~ a» "*■ 6» " ^» 
where a, fi^ are the coordinates of C,. 

22. If, in the preceding problem, be drawn through (7, a 
straight line meeting the given ellipse in Qj and the locus of -P 
'^ Qii Q%y to prove that C^Q will be a mean proportional 
between C^Q^^ C^Q^. 

23. If, under the circumstances of the two preceding pro- 
blems, the given ellipse and the elliptic locus of -P intersect in F 
and Oj and if, about FG^GG^ be described a third ellipse with 
axes parallel to those of the given ellipse, and if (a^, JJ^ (a^ J ) 
be the semi-axes of the locus of P and of tlus third ellipse 
respectively, to prove that 

h^ b." h.: 



ab 4- ab ^= ^a b ; 
and that the centres of the three ellipses lie in a straight line. 

24. H 8Y^ HZ^ be perpendiculars from the foci of an ellipse 
upon the tangent at any point P, to prove that HY^ SZ^ being 
joined, will intersect in the normal at the point P, and to find 
the locus of their intersection. 

The equation to the ellipse being 

^ + 2^ = 1 

and e denoting its eccentricity, the equation to the required locus 
will be a^ 'it ^x 

which is therefore a concentric and similarly placed ellipse, with 
axes (1 + €*) a and b. 
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25. P is a point in the circumference of an ellipse, 8 and H 
its two foci, and A the extremity of the axis major nearest to 8, 
Supposing PH to be increased in length by a small quantity A, 
the position of P, the direction of PH, the magnitude and position 
of 8Py remaining unchanged: to determine approximately the 
change in the eccentricity of the ellipse. 

K the axis major = 2a, )SP= r, HP= r\ L A8P= 5, and the 
eccentricity = e; then, approxunately, 

Se = - — -, (e + costf). 

2ar ^ ' 

26. To find the envelop of the perpendiculars drawn through 
the extremities of all the diameters of a given ellipse. 

K the equation to the ellipse be 

a» + i' ^' 

the equation to the required envelop will result from the elimi- 
nation of t between the two equations 

^ a'(C + g«-5»)'(C-a«) ,_«» {(25»-o')<' + aV-y)}'' 
Roche : Oergonne^ Annates de Ma^iimatigues, torn. XIV. p. 207. 
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HYPERBOLA. 

Section I. 

Referred to its Axes. Ordinates, 

1. A parabola and an hyperbola have a common axis, the 
vertex of the former coinciding with one of the foci of the latter: 
to shew that the product of the distances of the points of inter- 
section from the axis is equal to rb*j I being the latua-rectnm 
of the parabola and b the minor axis of the hyperbola. 

The equation to the hyperbola being 

that to the parabola will be 

y* = Z (a; — oe) : 

at the intersections 

or y*+ + JT = 0: 

whence the required product, by the theory of equations, is equal 
to JT. 

2. In two concentric and similarly placed hyperbolse are 
taken two points, the absciss® of which are as the real axes of 
the curves. To find the locus of the middle point of the straight 
line joining the two points. 

The equations to the two hjrperbolae being 



a o a 
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the required locus will be an hyperbola represented by the 
equation ^ y 



(a + a'Y {b + b') 



Section II. 

Referred to its Axes, Tangents. 

1. The semi-axis CA of an equilateral hyperbola is inter- 
sected in r by a tangent to the curve at P: PM is a perpen- 
dicular from P upon CA produced: PC is joined. To prove 

ttat PC.PM=PT.CM. 

Let CA^ produced indefinitely, be taken as the axis of x^ 
and (7y, at right angles to it, as that of ^. 

Then, putting CA = a^ OM=x^ PM=^y^ and observing that 

CT is equal to — , we have 

X / ^8\a 



{a? - ay 



= f + 



a? 



(PM)' 






or PCPM^PT.CM. 

De la Hire: Sectiones Conicce^ lib. v. prop. 15. 

2. K 8 be the perpendicular distance of the centre of the 
hyperbola a^ y» 

from the tangent at any point, and if a, ^, be the angles which 8 
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makes with the positive directions of the coordinate axes, to 
prove that^ X being an arbitrary quantilyi 

a cosa (x "" ^) = * ^^^fi (x "*■ ^) » 

3. From the centre <7 of an hyperbola a perpendicular CY 
is drawn upon the tangent at the point P: to find the coordi- 
nates of P, when FY = C8. 

The coordinates required are 






Section III. 

Refifrred to its Axes. Magical Equation to the Tangent. 

1. To find the locus of the intersection of a tangent to an 
hyperbola with a perpendicular upon the tangent from the 
centre. 

The magical equation to the tangent of the hyperbola 

is y = oa; + (aV- J')* [ly 

The equation to a perpendicular upon this tangent from the 
centre is j 

y = -a^ (2). 

At the intersection of (1) and (2) we have, a being eliminated 
between these equations, 

which is the equation to the required locus. 
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Cor. If the hyperbola be equilateral, the equation becomes 

the equation to the lemniscata. 

James Bernoulli : Opera, tom. I, p. 609. 

2. To find the locus of the intersection of a tangent to an 
hyperbola with a perpendicular upon the tangent from a given 
point. 

The equation to the hyperbola being 

a' b" ~ ' 

and the coordinates of the given point being a, /3, the required 
locus will be defined by the equation 

{x{x-a)+y(l,-0)Y = a'ix-ay - i«(y-/8)». 

3. An eUipse and hyperbola having conmion axes, a pair of 
tangents is drawn to them, such that the sum of their inclina- 
tions to the transverse axis is equal to two right angles: to 
find the locus of their intersection. 

The equations to the ellipse and hpperbola being 

a» "^ J^ " ^ a* 6« "■ ' 

that to the required locus will be 

4aj^y = b\ (a" - a^). 



Section IV. 

Be/erred to its Axes. Focal Prcfperties. 

1. K, about the exterior focus of an hyperbola, a circle be 
described with radius equal to the conjugate semi-axis, and 
tangents be drawn to it from any point in the hyperbola j to 
prove that the line, joining the points of contact, will touch the 
circle of which the transverse axis is a diameter. 
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The equation to the drcle, described about the escterior 
focus, is aj» +y + 2aex + a* = 0. 

Let (A, k) be any point in the hyperbola : then, tangents being 
drawn from this point to the circle, the equation to the chord 
of contact will be 

(A + oe) a; + iy + a(6A + a) = (1). 

The equation to the hyperbola gives the equation 

A' = K-l)(A«-a«) (2). 

The distance of the centre of the hyperbola from (1) is equal 

a{eh + cb) 



{[h + aef + *»}* 



{{h + asY + (e» - 1) {V - a«)}* ' ^"""^ ^^)' 



.« w — ^j 



= a. 
This result establishes the proposition. 

2. To find the locus of the centre of a drde inscribed in the 
triangle 8PH^ 8 and H being the foci and P any point of an 
hyperbola. 

The equation to the hyperbola being 
the required locus is a straight line 

0? =b: a, 

which is therefore a tangent at the vertex. 

Lardner: Algebraic Qe(m/fitry^ p. 128. 

3. To find the locus of the centre of a circle, which, the 
diagram remaining the same as in the preceding problem 
touches /8P, SP produced, and H8 produced. 
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The required locus is an hyperbola defined by the equation 

(a + c) V - *V = - JV, 
2c being equal to 8H. 

Lardner : Algebraic Oeormtry^ p. 128. 

4. To find the locus of the centre of a circle which, the 
diagram remaining the same as in the two preceding problems, 
touches 8H^ P^S produced, and Pfl" produced. 

The equation to the required locus is a? + « = 0, which is 

therefore a tangent at the vertex of the opposite branch of the 

hyperbola. 

Lardner : Algebraic Oeometry^ p. 129, 



Section V. 

Referred to its Axes. Conjugate Diameters. Conjugate 

Hyperbola. 

1. At any point P of an hyperbola, a tangent is drawn, 
cutting the semi-axis CA in T, and the semi-axis jB(7, produced, 
in t: CD is drawn, parallel to tTP^ to meet the conjugate 
hyperbola in D. To prove that 

PT.Pt^[CD)\ 

Let CL4, CB, produced indefinitely, be the axes of coor- 
dinates. 

Let a:, y, be the coordinates of P, [x\ t/) those of D. The 
equation to the hyperbola being 

« xa — A) 



that to PTt will be 




XO) 


yy,-^ 


Putting X, = 0, we 


have 




"~y' 






y,= 


or 




Ct 


y ' 
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Ueuce, a being the inclination of PTt or DC to CA^ 

Pr.sina = y, 

7l.Bina = C< = - • 

y 

and therefore PT.Pt.An*a = v* + J* = ^ ic^. 

Again, (CD)*. sin* a = y'* = -» a^^. 

Hence FT.Pt={GD)\ 

De la Hire : Sectiones Ccnicm^ lib. iv. prop. 41. 

2. An ellipse and a pair of conjugate hyperbolas are de- 
scribed upon the same axes, and, at the points where any line 
through the centre meets the ellipse and one of the hyperbolas, 
tangents are drawn : to find the locus of their intersection. 

Let A, &, be the coordinates of the intersection of the two 
tangents: then, (a;, y), [x\ y), being the coordinates of the 
points of contact with the ellipse and the hyperbola respectively, 

U'^ iV a'^¥ (^)> 

^* b-f)=^=^-|^ (2)- 

But -; = ^, , by the condition of the problem : hence, from 
X y ' 

(2), we have 

(hx_ky\' _o^ / 

W by "a' V W- 

From (1) and (3), by addition and subtraction, we have 

a* "^ J* ~a«' 
and ^hkx = c^y 
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Hence, eliminating x and y, we have 

A«(l+4|)=a' (4), 

the equation to the required locus. 

The equation to the locus resulting from the intersection 
of the tangent of the ellipse with the corresponding tangent 
of the conjugate hyperbola is evidently 

being derived at once from (4) by interchanging (a, b) and (A, k), 

3. To prove that, in a rectangular hyperbola, every diameter 
is equal to its conjugate diameter. 

4. K CjP, CDj be conjugate semi-diameters of an hyperbola, 
to shew that, K being the point of intersection of normals at 
P, Dj KG is perpendicular to PD, 

5. To find the area included by the normals to an hyperbola, 
which pass through the foci of the conjugate hyperbola. 

The equation to the hyperbola being 

the required area is equal to 

- ic? + i').(a« + 2V)K 



Section VI. 

Referred to its Axes, Asymptotes. 

1. In the semi-axis GA of an hyperbola is taken a point M 
such that, 8 being the focus, 

GMiGAiiCAiGSi 

from P, any point in the curve, is drawn PB^ parallel to one 
of the asymptotes, to meet a perpendicular to CA through M 
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in the point R : to prove that, 8P being joined, 

PR = P8. 

Let the hyperbola be referred to 
CAj produced indefinitely, as the 
axis of Xj that of y being at right 
angles to CA through C. Let 
Clf = c. Then the equation to PB, 
Xj y^ being the coordinates of P, will be 

y - y = - (^ - a:). 

Hence, putting c for x\ and for y', putting y, = jRM^ we have 

y. - y = - (c - ^)j 

and consequently [PRf = (a? — c)* + (y — y,)* 

PB = 6 (a; - c). 
But, by hypothesis, 

a* = c.(a* + i')* = ca«, a = ce : 
hence PR = ex — a= 8P. 

De la Hire : Sectiones ConiccBj lib. Viii. prop. 18. 

2. If, from a point in an asymptote to two conjugate hyper- 
bolas, a tangent be drawn to each hyperbola, to prove that the 
points of contact will be in conjugate diameters. 

Let (xy y\ {x"j y"), be the points of contact in the hyper- 
bolas represented by the equations 

a 72 — Ay 78 ^s — •^« 



a 



a 



The equations to the tangents will be 



ga? yy _ . 



yy 



It 



XX 



Jl 



= 1. 
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At their intersection 



ji n 



a* V " V a^ ' 
But, at their intersection, 

q? : y : : a : J ; 

u ^' y' y" ^" 

hence ^ =^ (1). 

abba ^ ' 

Now, by the equations to the curves, 







b* a* ' 


hence, by (1), 


^ + 3^' = 
a & 


.y . ^ 


7 1 • • • 

a 


From (1) and (S 


J) we see that 








^ a 



(2). 



These equations prove the truth of the proposition. 

3. K, firom a focus of an hjrperbola, as centre, a circle be 
described with diameter equal to the imaginary axis ; to prove 
that it will touch the asymptotes in points where the nearer 
directrix meets them. 

4. A tangent EPOF to an hyperbola, at a point P, cuts the 
asymptotes in the points jE, -F, and the transverse semi-axis CA 
in : from F is drawn the straight line FKO^ cutting -4 (7 at 
right angles in K^ and the other asymptote CE in O ; from 
0, -4, are drawn, at right angles to CL4, OR^ AI^ cutting 
GE in iZ, /; from P, E^ are drawn PM^ EH^ cutting CL4, pro- 
duced, at right angles in M^ Hi MP is produced to meet CE 
in Q. To prove that the three lines OK^ AI^ HE^ are in 
continued proportion: and that the three lines OR^ AI^ MQ^ 
are also in continued proportion. 

De la Hire : Sectiones Gontcce^ lib. IV. prop. 12. 
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Section VII. 

Beferred to its Transverse Axis and the Tangent ctt its Vertex, 

1. K any chord AP^ through the vertex of an hyperbola, 
be divided in Q so that 

AQ:QP::AC^:BCr, 

and QM be drawn to the foot of the ordinate ilfP; to shew that 
QO^ at right angles to QM^ cuts the transverse axis In the same 
ratio. 

Draw QN at right angles to the transverse axis, to cut 

it in N, 

V, 




Then, from the figure, we see that 

y, = tan<^ (a;, 4- a;) (1). 

Now, evidently, by the hypothesis, 



X. = 






y. = 



a 



a' + V^' 
and therefore 

. ^ .nurxr ^^ " ^. [a' + b') x' -^ a'x' iV 

tan<^ = cotQMN- — ^ — = ^ 7^' "^ ::x::' • 

Hence also, from (1), 



y. 



ay 



ai/ 



Vx 



ay = ^, {aV + (a« + J*) x], 

a'b'' [x'^ + 2ax') = JV {aV + (a* + V) x], 
2a» = (a» + V) X, 



and therefore 



X = 2a 



a 



a' + b'' 
This result establishes the proposition. 
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2. The straight line 

Ix + my = S 

is a tangent to the hyperbola 

y' = -5 {2ax + x'): 

to find the value of S in terms of a, J, ?, m. 
The required value is given by the equation 

(S + lay = a'? - bW. 



Section VIII. 

Referred to Conjugate Diameters. Asymptotes, 

1. CP is any semi-diameter of an hyperbola, of which C 
is the centre: a straight line QHKj parallel to P(7, cuts the 
curve in Q and the asymptotes in H^ K. To prove that 

QH.QK^[CPy. 

Let CPj produced indefinitely, be taken as the axis of a;, 
and CD^ its conjugate, as that of y. Let CP = a, CD = J : 
then the equation to the curve will be 

2 X2 — •*■• 

a 

Let A represent the constant ordinate of the line QHK: 
then, being the intersection of this line with CZ), we see, 
from the equation to the curve, that 



(0<2)' = a»(l + |) (1). 



Again, at the intersection of the line y = Jc with the asymptotes, 

the equations of which are 

b 





y = ±-x, 


we have 


ok 


and therefore 


Off -"f -OK. 





t 
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Hence QH.QK^ [OQ - OH).{OQ + OK) 

= (OQy-{OHY 






De la Hire : Secttones Conicm^ lib. lY. prop. 4. 

2. QQ^ qq^ are any two parallel chords of an hyperbola: 
a straight line FRf^ parallel to the asymptote CI^ cuts these 
chords, produced if necessary, in F^ f^ respectively, and the 
curve in R. To prove that 

FQ.FQ':fq.fq'::IiF:Itf. 

Let CP be a semi-diameter, conjugate to the two parallel 

I 




chords: CD the semi-conjugate of CP. Let CP, CZ), pro- 
duced indefinitely, be chosen as axes of a?, y, respectively. 
If CP = a', CD = 6', the equation to the hyperbola is 

Let A, A, be the coordinates of F: then, writing k for a;, and 
k — y' for y, we shall have a quadratic in y', viz. 

the two roots of which are FQ, FQ : thus 

FQ.Fq = A* + J" - *2 A' (2). 
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Since Ff'w parallel to C/, the equation to whidi is 

b' 

the equation to i^ must be of the form 

y = -. a? + c (3). 

Cb 

But (A, A) is a point in Ff\ hence 

A; = J A + c. 

a 

Consequently, from (2), 

FQ.FQ = 6'« + c" - 2 ^, cA (4). 



At B, the intersection of (1) and (3), 



ft f 7i \ 

and therefore a? — A = -77- ( 6" -f c* — 2 — , cA ) . 

26 c \ « / 

Let this value of a; — A be denoted by L : then, by (4), 

FQ.FQr = ^.L. 
a 

Similarly, it is evident that, the difference of the abscissae 
of E, fj being denoted by Z, 

. ., 26'c , 



Hence 



a 

FQ.FQ L 

fy'fi I 
RF 



~ Rf 
De la Hire : Sectiones Gontcce^ lib. lY. prop. 26. 

3. From the extremity P of a diameter P'CP of an hyper- 
bola, of which C is the centre, a tangent PE is drawn to meet 
one of the asymptotes in E: from E is drawn a straight 

t2 
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line EQ^ parallel to PCP^ to meet the curve in Qi fixmi Q 
a line QN is drawn, parallel to EP^ to meet PCPj produced^ 
in N. To prove that 

{CPy = PN.PN. 

De la Hire : Sectiones CaniccBy lib. iv. prop. 8. 

4. From the extremity P of any diameter PCP of an 
hyperbola, of which G is the centre, a tangent PE is drawn 
meeting one of its asymptotes in E\ through E is drawn EQ^ 
parallel to CP^ and meeting the curve in Q\ QE is produced 
to meet the other asymptote in F\ through Q is drawn IQJ^ 
parallel to EP^ and cutting the asymptotes in /, J. To prove 
that 
QE. QF : QI. QJ \\ PP \ the parameter of the diameter PP' * 

De la Hire : Sectiones ConiccBj lib. rv. prop. 9. 

6. CP is a semi-diameter of an hyperbola, CD its semi- 
conjugate : through P is drawn, parallel to CDy a tangent PB, 
cutting one of the asymptotes in E: QQ is o, chord of the 
hyperbola, parallel to EP: from any point T in CP is drawn 
TO J parallel to CE^ and cutting QQy produced if necessary, 
in : from Q is drawn QB^ parallel to EC^ cutting CP in B. 
To prove that 

OQ.OQ : quadrilateral QBTO :: {PEf : triangle PEC. 

De la Hire : Sectiones Conicce^ lib. iv. prop. 24. 



Section IX. 

Beferred to Conjugate Diameters. Coiyugate Hyperbola. 

1. From any points Q, j, in the conjugate hyperbola, parallel 
straight lines QBB'j qrr'^ are drawn to intersect the hyperbola 
in the points JS, B\ and r, /, respectively. 



* The name parameter was given by De la Hire to a third proportional to 

any diameter 2a' and its conjugate 26'; the parameter being thus equal to 

26'* 

—r • ApoUonius had called such a line the laitLs rectum of the diameter. 
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To prove that QR.QR = qr.qr'. 

Let the hyperbola be referred to CP^ CD^ produced in- 
definitely, 83 axes of coordinates, CP being a semi-diameter 
conjugate to RE^ or rr', and CD being a semi-diameter con- 
jugate to CP. 

Then the equation to the hyperbola is 

and to the conjugate hyperbola is 

Let A, A, be the coordinates of Q\ then, putting in (1), 
h for a?, and k — y' for y, we shall have 

^' {Tc-y')\ , 

the two values oiy' in this equation being QR^ QR. Hence 



QR.QE^V^{t.^l.+ iy 



But A, A;, being a point in (2), 

6'* a-* ~ 
hence QB.QE = 2b"'. 

Similarly qr.qr' = 26". 

De la Hire : Sectiones Contcce^ lib. IV. prop. 34. 

2. To find the locus of the middle points of a system of 
parallel chords drawn between an hyperbola and the conjugate 
hyperbola. 

Let two conjugate diameters be taken as axes of coordinates, 
the axis of ^ being parallel to the chords. 

Let ^j, y,, be the ordinates of the two ends of a chord of 
which X is the abscissa. Then, a, i, representing the mag- 
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uitudes of the conjugate Bemi-diameten, 

--^' = 1 (1) 

I^et y be the ordinate of the middle point of the chord : then 

y, + y, = ^y (3)- 

Adding (1) and (2), and paying attention to (3), we get 

y,-y. = - (*)• 

Hriiiaring (8) and (4), and then adding, we have 

y.' + y.' = 2y' + ^ (5). 

But^ subtracting (1) from (2), we see that 
From (5) and (6), there is 

2y; ^__2^ 

i- ■*■ 2^" " a» ' 

which is the equation to the required locus. 

3. CPj CFj are two semi-diameters of an hyperbola ; CD^ 
Cn^ are two semi-diameters of the conjugate hyperbola, re- 
spectively conjugate to OP, CP : fi^m P are drawn PE^ PFj 
parallel respectively to P'Cy CZX, and cutting CDy or CD 
produced, in JP, F. To prove that 

CE.CF= {CD)\ 

De la Hire : Sectiones Conicce^ lib. iv. prop. 38. 
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4. CP^ CF\ are two semi-diameters of an hyperbola ; CZ>, 
CZ>', are two semi-diameters of the conjugate hyperbola, re- 
spectively conjugate to CP, CP : from P is drawn PTj parallel 
to DCj and cutting CJP' in T; and fix)m D is drawn DK^ 
parallel to i>'(7, and cutting CP in K. To prove that 

triangle OPT = triangle CDK. 

De la Hire : Sectiones ConiccBj lib. IV. prop. 39. 



Section X. 

Referred to any two Diameters, Coryugate Hyperbola, 
1. The equation to an hyperbola being 

a^ yff* mn ' 
to find the equation to the conjugate hyperbola? 

The equations to the two curves referred to their principal 
axes are « o 

and ~5 ■" T5 = — 1- 

K we change the directions of their axes of coordinates, by 
substituting Xx + fiy^ \'x + fiy^ for a?, y, respectively, it is plain 
that the left-hand member of either of the equations will still 
remain the same as that of the other. 

Hence the equation to one being 

a? y . 2a?y ., 
that to the other will be 



a p^ mn 
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2. CP^ CP^ are two Beml-diameters not conjugate, the 
former of an hyperbola, the latter of its conjugate hyperbola. 
A tangent at P intersects CP^ produced if necessary, in Tj 
and a tangent at P intersects CP^ produced if necessary, in T. 
To prove that the triangle PCTi% equal to the triangle PGT. 

De la Hire : Seetianes ConiccBy lib. IV. prop. 36. 



Section XI. 

Referred to its Asymptotes. 

1. A straight line touches an hyperbola in P and cuts its 
asymptotes in J7, K] to prove that HK is the least posidble 
when P coincides with the extremity of the transverse axis. 

The equation to the hyperbola, referred to its asymptotes 

as axes, is • 

' xy = (T. 

Let 0?, y, be the coordinates of the point P: the equation 
to the tangent HK will be 

OCX + yy = 2c'. 
Hence, C being the centre of the hyperbola, 

X ' y ' 

and therefore, o) denoting the angle between the asymptotes, 

w=-'(^P— ) 

4c* 
= ^ (a?" + y* - 2iry cos©) 

«= 4c' (aj' + y* - Sc* coso). 

Let £r, K\ be the positions of H^ K^ when P is at the 
extremity A of the transverse axis : then, since GA bisects the 
angle between the asymptotes, the coordinates of A are c, c ; 
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hence [H'K'Y = 4<^ (20* - 2c' cosa>), 

[HKf - {ETK'Y = ^<?(p?+y'- 2c») 

This result shews that H'K' is less than HK*^ which establishes 
the proposition. 

De la Hire : Sectiones Gontcce^ lib. vii. prop. 33. 

2. A straight line HPQK cuts the asymptotes Cb, Gy^ of 
an hyperbola in the points H^ K^ and the curve in P, $: to 
prove that p;g^^ q^ 

The equation to the hyperbola is 

xy = c^ (1): 

let that to the straight line be 

!-!=' » 

At the intersections of (1) and (2), 

ar — aa; -f -r =0. 



Hence, {x^^ yj being the coordinates of P, and (a?,, y,) those 

'7' ''t"'^^l (3)- 

and 3^1 + y> = *J ^ 

Consequently, o) being the angle between the asymptotes, 

(Pi?)* = (a - x^Y ^y^^2{a^ ajj y, cosa> 

= (*-y2)' + <-2(J-yJir,C08a>, by (3), 

or PH= QK. 

'Eav virepPoky evdela avfiTrlTrry Kara Svo avifieta* ix- 
fiaWofiivff i<f>* eKarepa avfinreaelTai, aavfJL7rT<iTot<$, koI at 
cnroXafifiavofJLeyai air avrrj^ inro rrj^ rofAtj^ irpo^ Tat<$ 
aavfiimiroi<$ laai laovrai. 

•AnOAAQNlOY nEPrAIOY KufViKtSv to durnpov Uporaai^ rf. 
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3. A tangent to the curve o^ = c* is intersected by a per- 
pendicular upon it from the origin: prove that, if oi be the 
angle between the coordinate axes, the equation to the locus 
of the intersection will be 

y {x cos« + y) + x{y coso) + a?) = 2c{[x cosa» + y) (y cosoi + a;)}*. 
Let the equation to the tangent be 

y = aa;-h ^8: 
then the roots of the equation 

our* + iSic - c* = 
must be equal : hence /ff* = — 400*, 
and the equation to the tangent will become 

y = aa; + 2c(-a)* (Ij, 

Let the equation to the perpendicular upon it be 

y = a'^ (2). 

Then, by the condition of perpendicularity, 

1 + aa' + (a + a) coso) = (3^ 

From (2) and (3) there is 

X -\- ay + [ax + y) coso) = 0, 
X -k- y cosft) = — a (y + a? coso)), 

and therefore, from (1), we get for the equation to the locus 
y{y + x cosw) + x {x + ycosa>) = 2c {{x + ycoBa>).{tf + sc cos®)}*. 

4. Li every triangle inscribed in an equilateral hyperbola 
the point of concourse of the perpendiculars, drawn from the 
angles to the opposite sides, lies in the curve. 

Let the coordinates of the three angular points of any in- 
scribed triangle be (x, y), (a?', y'), {x\ y"). Then the equation 
to the side joining (a?, y), (a?', y'), will be 

y^-y = -^Zv'-''^-''^ (!)• 
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But, by the equation to the hyperbola, supposing the asymptotes 
to be the axes of coordinates, 

and therefore ^, — ^ = ; . 

X -- X XX 

The equation (1) therefore becomes 

^1 - y = - — ' (^1 - ^)- 



OCX 



The equation to the perpendicular to this line through (a?", y") 
will be rr^' 

2^>-y'=f-k-«'") (2). 

Similarly, the equation to the perpendicular through the angular 
point (oj, y) will be 

yi-y = ^ i^i"^) (3). 



c 



At the intersection of (2) and (3), we have, multiplying (2) by 
ic", (3) by a?, subtracting, and observing that x'y"^ ocy^ are both 
equal to c% axcV' 



Similarly, we must have 

^ _ yyY 

By symmetry it is plain that these are the coordinates of a point 
through which the three perpendiculars pass. Moreover 

_ ocy x'y' x"y" ^ 

hence (oj^, y^) are the coordinates of a point in the curve. 

Brianchon, Poncelet : Oergonne^ Annales de MathSmattques^ 
tom. XI. p. 205. 

6. To prove that the straight lines drawn from any point in 
an equilateral hyperbola to the extremities of any diameter, are 
inclined at equal angles to the asymptotes. 
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The equation to the hyperbola, referred to its asymptotes 
^•^1 f^Vi (which constitute a system of rectang^ular axes) will be 

yii 




j» 



Let PGp be any diameter ; (a?, y) bemg the coordinates of P 
(- a?, - y) of i>, and [x\ y') of any point P' in the curve. 
Let lFEx = 0, and lPFx = 4>. Then 

1-1 
tan<^ = ^7 — - ==c 



X — X 



X — X 



OCX 



Putting — X for a?, and d for ^, we have also 



tan^ = — > . 

XX 

From these results it appears that 

^ = TT - <^, 

and therefore L PEF = l PFE. 

Cor. It may hence be easily inferred that, if from another 
point F\ lines be drawn to P and^, lPPP' = trpP". 

Newton : Arithmetica Universalis^ prob. 35. 

Grergonne: Annales de MathSmatiqueSj tom. Ii. pp. 32 126. 

6. If any hexagon be circumscribed about an hyperbola the 
three diagonals, joining opposite angles, will all pass throueh 
one point. 

The equation to the hyperbola being 

Axy = c% 
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let the equation to a tangent be 

then the roots of the equation 

which belong to the common point of the tangent and curve, 
must be equal : hence a8= c^. 

Thus the equation to the tangent is 

- + -^ = 1. 

At the intersection of this tangent and another, represented by 
the equation ^ ^^ y 



we shall have 



^2 ^ 



a a c* 



a, + a/ •'^- a, + a. 

These will be the coordinates of one of the angles of the circum- 
scribed hexagon, the two tangents being two of the sides. We 
shall have analogous expressions for the coordinates of the other 
angles. 

The equation to the diagonal through the angles (a?j g, y^ j), 

(^4.6^^4,6)7 will be 

^ (^4,6 - yJ - y K6 - ^1.2) = ^1.2^4.6 - ^4,6^1.95 

or, if we substitute for the coordinates of the angular points, 
their values, 

c'aj{(a,- aj - (a,- a,)} + y {a.a^Ca,- aj + a,(3t,(a,- aj} 

= <^*(a4a5 - a^) W- 

Similarly, the equation to the diagonal, through the angular 
points {a?,,3, ^,,3), (a;,,^, y,,J, will be 

c*aj{(a,- aj - (flg- aj} + y {a,a, (a, - a,) + d^d^^o.^- (»-^\ 

= ^(«6«e-«2«3)— -(2). 
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At the intersection of these two diagonals, nmltiplying the 
equation (1) by a, - a^, and the equation (2) by a^ — a^, adding 
the latter of the resulting equations to the former, and dividing 
the final equation by 0,-0,, we shall get 

(?x {(a.- o.) - (a,- a,)} + y {aji,{a, - aj + o^aA^-a^)] 

= <^{^e^-<V^4) (3). 

But, as is evident from sjrmmetry, the equation (3) belongs to 
the third diagonal, namely, that which passes through the points 

(^8.47y.,4)j (^••ijye.i)- Th^ ^® f^® ^^** ^® *^<> diagonals (1) 
and (2) intersect in the third ; which establishes the theorem. 

Cor. Subtractmg the sum of (1) and (3) from (2), we get 
for the value of y , at the point through which the three diagonals 
pass, 

y {aA(a4 + a.) - ^2^A^b + «•) + ^^^i^t + 0" VeCo, + a,) 

The values of x will, as symmetry points out, be obtained by 
writing, in this equation, x for y, and 13 for a, throughout. 

Cambridge Mathematical Journal^ vol. IV. p. 164. 

7. To determine the hyperbola which has two given lines as 
asymptotes and which passes through a given point. 

Let A, i, be the coordinates of the given point, referred to 
the two given lines as axes of coordinates. 

The equation to the hyperbola is 

xy = hk. 

Avo SoOeca&v evdei&v ytovlav irepuxova-Av, Kal a-rfjj^cLOv 
€VT09 T^9 ycDvia^* ypd^ltai Sta rov (ri^fielov /ccovov TOfirfv 
rifv Kdkovfiivffy 'vireplSoXffv, &(rre aavfiirrdarov^ etvac rci^ 
hodeiaa^ eifOela^. 

•AIIOAAQNIOY IIEPrAlOY Ku>vik&v to Uvrtpov UpoTavK i\ 

Pappus: MatAematicce Collectionea h Commandino^ lib. vil. 
prob. 15, prop. CCIV., p. 277. 
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• 

8. To find the locus of the intersection of a pair of tangents 
to a rectangular hyperbola xy = c", which are such that the 
product of the tangents of their inclinations to the axis of x is 
constant. 

If k denote the constant product, the required locus will be 
a straight line the equation of which is y = Tex. 

9. A straight line moves in the plane of a given angle, so as 
to form with the sides of the angle a triangle of given area : to 
find the equation to the locus of the centre of gravity of the 
triangle. 

The two sides of the angle being taken as the axes of co- 
ordinates, the equation to the curve will be 

^ 9 sina ' 
where h denotes the given area, and a the given angle. 

Francoeur : Oergonne^ AnnaUa de Maihhnatiques^ tom. x. p. 79. 
Gergonne : AnnaUs de MatMmatiqueSj tom. X. p. 87. 

10. If a concentric circle cut a rectangular hyperbola, re- 
ferred to its asymptotes as axes, and PT, PT^ be tangents to 
the circle and hyperbola respectively, meeting the axis of a? in 
r, 2^, PM being the ordinate at the point of intersection : to 
prove that MT.Mr = MP". 

11. To find the general form of the polar equation to the 
tangent of an equilateral hyperbola, an asymptote being the 
prime radius vector. 

The equation to the hyperbola being xy = c", the polar 

equation to the tangent will be 

/ ^ sln^X ^ 
r (a cos^ H 1 = 2c, 

where a is an arbitrary constant. 

12. To prove that the secants, drawn from any one of the 
points of an hyperbola to two fixed points in the curve, always 
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intercept, on either asymptote, a constant length equal to the 
length intercepted on the same asymptote between the secant 
through the two fixed points and the tangent at either of them. 

Sturm, Vecten, Querret : Oergonne^ Annates de MathSnuxtiques^ 

tom. XV. p. 100. 
Quetelet : Corr> Math, et Phys.^ tom. II. p. 323. 

13. To prove that every chord of an hyperbola divides into 
two equal parts the portion of either asymptote which is included 
between the tangents at its extremities. 

Sturm, Vecten, Querret : Oergonne^ Annates de MaihSToatiqaea^ 
tom. XV. p. 102. 

14. If any two tangents be drawn to an hyperbola, and lines 
be drawn joining the points in which they intersect the asymp- 
totes, to prove that these lines will be parallel to one another. 

15. To find the equation to the conjugate diameter of any 
system of parallel chords in an hyperbola. 

If the equation to any one of the chords be 

m n 
the equation to their conjugate diameter will be 

m n ' 

16. From any fixed point P in an hyperbola, are drawn 
PET, PKj parallel to the asymptotes; and, from another fixed 
point ^ in the hyperbola, is drawn any straight line cutting 
PH", PZ", in i!f, N^ respectively, and the curve in P : to prove 
that BMac BN. 

17. If a pair of conjugate diameters of an ellipse be, when 
produced, asymptotes to an hyperbola, to prove that the points 
of the hyperbola at which tangents to the hyperbola will also be 
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tangents to the ellipse, lie in an ellipse concentric and similar in 
form to the given one. 

18. A tangent at a point E of an hyperbola intersects one 
of the asymptotes in -F: an indefinite line EN is drawn through 
E parallel to this asymptote : from F any line FOHI is drawn, 
cutting the curve in G^, i^ and the line EN in fi": to prove that 
the line FI\a harmonically divided in the points O^ H. 

De la Hire : Sectiones Gonicce^ lib. ii, prop. 22. 

19. Cb, Cy^ are the asymptotes of an hyperbola : HK is any 
chord: CP is a semi-diameter, conjugate to HKi from K^ P, jff, 
are drawn, parallel to yC^ the three lines KN^ PI^ HM^ inter- 
secting Cx in -AT, 7, M. To prove that these three lines are 
continued proportionals. 

De la Hire : Sectiones Conicce^ lib. IV. prop. 15. 

20. If the abscissas of any number of points in an hyperbola, 
referred to its asymptotes, are in arithmetical, to shew that the 
ordinates are in harmonical progression. 

De la Hire : Sectiones Conicce^ lib. iv. prop. 16. 

21. From any two points P, P', in an hyperbola are drawn 
two straight lines, PM^ P'M\ parallel to the asymptote y(7, 
and meeting the asymptote Gx m M^ M' i from the same two 
points are drawn also PN^ P'N\ parallel to icC, and cutting Cy 
in JV, N'.' To prove that the mixtilineal area PNNP is equal 
to the mixtilineal area PMM!P\ 

De la Hire : Sectiones Gonicm^ lib* iv. prop. 17. 

22. A tangent is drawn at a point P of an hyperbola, cutting 
the asymptote Gy m. E\ from E is drawn any straight line 
jEKff cutting one branch of the hyperbola in the points K^ Hi 
Kk^ PMj Hhj are drawn, parallel to yO, to cut the other asymp- 
tote Gx in the points k^ Jf, h. To prove that 

Hh + Kk^ 2PM. 
De la Hire : Sectiones Gonicce^ lib. IV. prop. 19. 

XT 
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23. At a point P of an hyperbola is drawn a tangent PMj 
cutting one of the asymptotes in 3f. From a point Q in the 
curve is drawn a line QN^ parallel to PMy cutting the same 
asymptote in N: from Q is drawn also Q£j parallel to NC, 
cutting the semi-diameter CP in the point JSl To prove that 
the triangle PCM is equal to the quadrilateral CEQN. 

De la Hire : Sectiones Conuxe^ lib. it. prop. 20. 

24. CP is any semi-diameter of an hyperbola, CD is its semi- 
conjugate. At P is drawn, parallel to Z>(7, a tangent PE^ 
cutting one of the asymptotes in ^: in CE^ produced, is taken 
any point H^ and from H is drawn, parallel to CD^ a straight 
line HQ^ Q being its first intersection with the curve : fix>m Q 
is drawn the straight line QI^ parallel to PC and meeting CS, 
produced if necessary, in /; from Q is drawn also QF^ parallel 
to EC^ and meeting CD in F. To prove that the quadrilateral 
CIQF is equal to the triangle CEP. 

De la Hire : Sectioned ContccBj lib. iv. prop. 21. 

25. If any right-angled triangle be inscribed in an equi- 
lateral hyperbola, the perpendicular let fall fi^m the summit 
of the right angle upon the hypotenuse is a tangent to the 
curve. 

Brianchon, Poncelet : Oergonne^ Annales de MathimattqueSj 
tom. XI. p. 206. 

26. If, on a chord of an hyperbola, considered as a diagonal, 
be constructed a parallelogram the sides of which are respectively 
parallel to the asymptotes of the curve, to prove that tiie other 
diagonal of this parallelogram, produced if necessary, will pass 
through the centre of the curve. 

Sturm, Vecten, Querret : Oergonne^ Annales de MaihSmatiques^ 
tom. XV. p. 102. 

27. If, on the three sides of a triangle, taken in turn as 
diagonals, be constructed parallelograms, the sides of which are 
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respectively parallel to two given straight lines, to prove that 
the three other diagonals of these parallelograms will pass 
through the centre of an hyperbola which, being circumscribed 
about the triangle, has its asymptotes parallel to the two given 
straight lines. 

Sturm, Vecten, Querret : Oergonne^ Armales de MathSmatiqueSy 
tom. XV. p. 103. 

28. An hyperbola, denoted by the equation ay = c*, is inter- 
sected by a parabola, the equation of which is 

to prove that, y^j i/zJ ^^^S *^® lengths of the ordinates of the 
intersections of one branch, and y^ the length of the ordinate of 
the intersection of the other branch, 

De la Hire : Secttones Conicce^ lib. v. prop. 32. 

29. From a point P, in one of the branches of a rectangular 
hyperbola, icy = c*, a perpendicular PM is drawn to one of the 
asymptotes : PM is bisected in Q^ and through Q is drawn, per- 
pendicular to the other asymptote, an indefinite straight line : in 
this indefinite line is taken any point ; OP is joined. A circle 
is described, of which is the centre and OP the radius. To 
prove that, if the circle cut the locus of ay = c' in four points, 
the same branch will be intersected in another point P^, and the 
other branch in two points P^, P3, and that, y^, y^, y^, denoting 
the magnitudes of the ordinates of P^, P^, P^, 

De la Hire : Secttones Conicoe^ lib. v. prop. 33. 

30. From any point P in one branch of any hyperbola, is 
drawn PJf, parallel to the asymptote yCy\ and cutting the 
asymptote xGx' in M. PMv& bisected in Q^ and, in an indefinite 
straight line through Q^ parallel to (7a?, is taken some point 0. 
An ellipse is described, passing through P and JItf, of which is 

U2 
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the centre, and 0A\ OB^ two conjngate 
Gr, Cy, respectively, such that OA* : OB : 
at right angles to Cx. 



eters parallel to 
PMiPE, P^being 




To prove that, if the ellipse intersects the two branches in 
P„ P„ P3, then, P,M,, P^„ P^3, being parallel to Gy, 

De la Hire : Sectiones CaniccBj lib. v. prop. 34. 



Section XII. 

Beferred to any Rectangular Axes, 

1. To prove that, in the equation to a rectangular h3q>erbola, 
referred to any rectangular axes whatever, the coefficients of a? 
and y are equal with opposite signs. 

The equation to a rectangular hyperbola referred to its 
principal axes is a^ — v* = «'• 

Turning the axes through an angle d, we shall change this 
equation into 

[x cos^ — y sin^)" — (x %m0 + y cos^)' = a*, 

or {a? — y") cos2d — 2a?y sin2^ = a*. 

If we transfer the origin to any new place, the coefficients 
of a? and y" will not be affected. The proposition is therefore 
established. 
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2. If two points be taken in each of two rectangular axes so 
as to satisfy the condition that a rectangular hyperbola may pass 
through all the four, shew that the position of the hyperbola is 
indeterminate, and that its centre describes a circle which passes 
through the origin and bisects all the lines which join the points 
two and two. 

Let -4, -4', be two points taken in the axis of a;, and jB, B\ 
two points in that of y. Let 0^=a, 0-4 =a', OB^/S^ 0B'=/3^. 
The equation to any conic section passing through these four 
points will be 

^-5a2r + ^-^, («+«') -^(/3 + /3') + l = 0...(l). 

The hyperbola being rectangular, we must have 

aa' + y8y9' = (2). 

Since b is independent of a, a', /8, y8', the position of the hyper- 
bola is indeterminate. 

Suppose that the origin is changed to a point X, F, the 
directions of the axes not being altered. Then (1) will become 

If X, Y", be the coordinates of the centre of the hyperbola, 

aa aa ' pP pff ' 

and therefore, eliminating J, and paying attention to equation (2), 

2 (Z^+y^) - (a + a') X- (/3 + /3') r= 0, 

(x-i±^)-.(r-^)' = (^)V(^)-..,3,, 

the equation to a circle passing through 0. 

The coordinates of the middle points of the lines ABy A'Bj 
AB\AB\ are (^a, i/3), (K 4)8), (ia, J/S'), (K i/3') : tiiese 
coordinates, by virtue of (2), satisfy the equation (3). This 
shews that these lines are all bisected by the circle. 



or 
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3. If uv = c* he the equation to an hyperbola, where 

ti = a; cosa + y sina — hj 

and c is constant, to prove that 

are the respective equations to the asymptotes, axes, and a pair 
of conjugate diameters, m being an arbitrary constant. 



Section XIII. 
Referred to any Rectangular Axes, Seduction. 

The equation to an hyperbola referred to any axes whatever is 

aa? -\-bi/' + 2cxy + 2a x + ib'y + c' = 0, 

a, J, c, being subject to the condition 

(? > ah. 

The process to be adopted for the purpose of findrng the centre 
as well as the magnitudes and positions of the axes is the same 
as in the reduction of the general equation to the ellipse. 

1. To determine the positions of the axes of the curve 

xy — a? tana = J J' cota, 

and the ratio between them. 

Putting, in the equation, 

x = x' cos^ — y* sin^, y ^ x' sin^ -I- y' cos^, 
we have 

(aj'cos^— ysin5)(aj'sin5+y'cos5) — (aj'cos^— ysm^)*.tana=J^J'cota. 
Equating to zero the coefficient of x'y\ we get 

cos20 + tana sin25 = 0, 

tan20 = — cota = tan(± J7r4- a), 
2^ = ± Jtt + a, 

which shews that the axes are inclined at angles J (tt -f 2a) 
J (_ TT 4- 2a), to the axis of x. 
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Taking the former axis as that of x\ the equation becomes 
(aj'^-y^) 8in2e-tana {a;'*(l + co82^) +y*(l - 0082^)} =i5*cota, 
aj'^(co8a— tana+sina tana) — y "(cosa+tana+sinatana) = \V cota, 

a.'" (1 - sina) - y'\l + sina) = 4 J" ^ , 

-: ! — ^-! — = *b coseca, 

l + sma 1 — sina ' 

(cos \a + sin \oLf (cos ^a — sin ^af "" ^ 
The ratio between the axes is therefore equal to 

1 — tan ia ^ tt — 2a 
- — 7 — f- = tan — ' — . 
1 H- tan ^ 4 

2. To prove that the equation 

Axy-ia? = <^ 

will be changed into the equation 

a? — 4y* = a'*, 

if the axes of coordinates be turned through an angle the tangent 
of which is 2. 

3. The equation to an hyperbola being 

^ X ^ 

to find its equation when it is referred to its axes. 
The required equation is 

4. The equation to an hyperbola being 

a? - y* + 2xy — aj + y — 1=0, 
to find its equation when referred to its axes. 
The required equation is 

'^-2^ = 472- 
Gamier : OSomStrie Analytique^ p. 131. 
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Section XIV. 

Ihlar Equation. Centre the Pole. 

1. To prove that of all diameters of an hyperbola the trans- 
Terse axis is the least. 

The polar equation to the hyperbola, the centre being the pole 
and the transverse semi-axis being the prime radius vector, is 

1 _ cos'g sin'g 

whence i. . ^ = sin«^ (1 + i) . 

The expression for -5 — -n being essentially porilive, it is evident 

that -= is less than -^, or a' less than r^, or a than r^ a con- 

elusion which establishes the proposition. 

De la Hire : Sectiones ContecBj lib. 11. prop. 36. 

2. An hyperbola, of which G is the centre, is cut in two 
points P, P'j by a given straight line: to find the tangent of 
the sum of the inclinations of CP^ CF, to the transverse axis. 

The equations to the hyperbola and to the straight line being 

, /cos"e sin*^\ , 
^("^^ J^j = ^' 

and 8 = r cos (5 — X), 

we have, at their intersections, 

m/cos*^ sin'^\ 2//1 ^\ ' 

^ [—t jr-j = cos^(^ - ^)i 

and therefore 

sin*X 4- Ts) tan" 5 4- sin2X.tan^ + cos'X 5 = 0, 

and consequently, ^^, ^^^, being the inclinations of CP, CZ^, 
to the transverse axis, 

X //I a \ 8in2X 

tan(^, + 0„) = 



C082X 



-^&-r-) 
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X 

Cor. Suppose that - = c, 6 denoting the eccentricity of 

6 



the hyperbola: then we shall have 

1 1 _£ 

8in2X 



and therefore tan(^^ + 0^) = 



S« 



cos2X 5 



This result shews that the angle 6^ + 0,, remains invariable 
for all hyperbolas with axes coincident in direction, provided 
that their minor directors* are coincident. 

Booth : Applicatym of a New Analytic MetJiad to the Theory 
of Curves and Curved Surfaces^ p. 7. 

3. To prove that diameters of an hyperbola which are 

nearer the transverse axis are smaller than those which are 

more remote. 

De la Hire: Sectiones Conicce^ lib. vii. prop. 1. 

4. The distances r, «, of two points in an hyperbola and 
its conjugate respectively from the common centre are at right 
angles to each other: to prove that, a, J, being the semi-axes 
of the hyperbola, 

r* s* "a* V 



Section XV. 

Polar Eqrmtion. Focus the Pole. 

1. If a straight line be drawn from the focus of an hyperbola, 

to prove that the part intercepted between the curve and the 

asymptote is equal to 

asina 



sina -I- sin^' 



* A line drawn parallel to the transverse axis at a distance ■- from the 
centre has been called the minor director. 
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where d and a are the angles made by the straight line and 
asymptote respectively with the axis of the curve. 

Let p^ P, be the points in which the 
straight line, through the focus 8^ cuts 
the asymptote and curve respectively. 

Then tan'a = -5-= e* — 1, 



e* = sec*a, e = seca. 




sma 



8p = oe . (^ r, 

^ sm(^ — a) ' 



«P = 



_ g (e' - 1) 



1 — 6.C0S^ ' 



He™. ^ = ,5^-i(i=^ 



sin(^ — a) 1 — ecos^ 

1 sm 



= atana 



ing ) 
— cos^j 



= atanas — 



8in(^ — a) cosa 

1 sina (cosa + cos^) 



sin(^ — a) sin(^ + a) sin(^ 
atana sindcosa — sina cosa 



-«)J 



sm(^ — a)* sin (5 + a) 

sin^ — sina 



= 2a sma 



= a sma 



cos2a — cos2^ 

sin^ — sina _ 
sin*^ — sin*a "" sina + sin^ ' 



a sma 



2. To prove that r cos — = a cos - is a focal polar equation 

to an hyperbola, the eccentricity of which is 2 and the axes 
2a 2a 

y V3* 
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Section XVI. 
Polar Equation, Point in the Aans the Pole. 

1. In the semi-axis major CA of an hyperbola, produced 
indefinitely, a point is taken at a distance from A greater 
than half the latus-rectum. P is a point in the curve, OP is 
joined. To determine the least value of OP. 

Let 0P= r, lPOA = ^, GO = c. Then the polar equation 
to the curve will be 

r^sin"^ = (e^ - l).{(c - rcos^)^ - a*}, 
or eVcoB^e - 2 {e' - 1) crcos^ = r^ - (e« - 1) (c* - a*). 

This equation may be put under the form 

Urcos^-^-^cj =/-l--g-i.(c»-eV) (1). 

Now, since .40 is greater than a (e* — 1), c is greater than 
eV, and therefore k fortiori than ea : hence, 

— a — {<^^ ~ ^^^^) = ^^ essentially positive quantity. 
Hence it follows that 

is the least value of r*. 

From (1) we have, for the determination of the corre- 
sponding value of ^, 

which, c being greater than e*a, gives possible values for 0. 

Apollonius : Conicorum^ lib. V. prop. 9. 

2. A point is taken in the semi-axis major (produced) 
of an hyperbola, at a distance from its vertex A equal to half 
the latus-rectum. A point P is taken in the curve, PO is 
joined, and PM is drawn at right angles to ^0. To prove 
that OA is the least value of OP^ and that, e denoting the 
eccentricity, ( qP^ - (OA)' = e' [AM)\ 

Apollonius : Conicorumj lib. V. prop. 5. 
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Section XVII. 

Polar Equation. PoU Anywhere. 

1. Through any given point to draw a straight line 
cutting an hyperbola in two points Q, q^ such that the rectangle 
contained by OQ^ Oq^ shall be equal to a given square. 

The equation to the hyperbola, referred to its principal axes, 



IS 



a« V " ^' 



Let (A, 4), be the coordinates of 0. Then the polar equation 
to the hyperbola, being the pole, and the prime radius vector 
being parallel to the axis of a;, will be 

(rcosg + A)' _ (rsing + >fc)' _ 
a- V ■" • 

Let r^, r^, be the two values of r in this quadratic : then 

^**'*« ■" cos"^ sin'^ • 
a- V 

Let (? denote the area of the given square : then r^.r^ = ± c*, 
the — or 4- sign being taken accordingly as is supposed to 
lie between Q, y, or not: hence 

cos'g _ sir^ _ 1 /'*! _ ^ . 1 
a^ V ""^ c* V J' 

From this equation may be found generally two values of 6^ 
and therefore the problem will generally admit of two solutions 
on each hypothesis respecting the position of 0. The possibility 
of the problem depends upon the possibility of the value of d. 

De la Hire : Sectiones Conicce, lib. v. prop. 43. 

2. Through a given point is drawn a straight line cutting 
in the points P, Q, the opposite branches of an hyperbola: to 
find the inclination of PQ to the transverse axis in order that 
the rectangle between OP, OQ^ may be the greatest possible. 

PQ must be parallel to the transverse axis. 

De la Hire : Sectiones Coniccej lib. vii. prop. 32. 
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3. Through a given point is drawn a straight line cutting 
in the points P, Q^ one branch of an hyperbola : to prove that 
the rectangle between OP, OQy will be the least possible when 
PQ is parallel to the conjugate axis. 

De la Hire : Sectiones ConiccB^ lib. VII. prop. 34. 



Section XVIII. 

Poles and Polars. 

1. With the asjmptotes of an hyperbola, as conjugate di- 
ameters, ellipses are described, touching the hyperbola: to 
prove that, if a common polar of any two of the series of 
ellipses has its pole, relatively to one of the two ellipses, in the 
hyperbola, its pole, relatively to the other, will also be in the 
hyperbola. 

Let the equations to any pair of the ellipses be 

^ + p = i «' 

^"^ J^" ^ (^)- 

Let the pole, relatively to (1), be (A, Ic) : then the polar 
wiUbe . he hy _^ 

■^■^F""^ ^^> 

Let (A', li) be the pole, relatively to (2), of the polar (3). 
Then the equation to the polar must be 

a'* "^ y* "" ^ W- 

Since (3) and (4) represent the same line, 

hk h'k' 
and therefore -^^ = -j^ (5). 

Since (1) and (2) touch the hyperbola, the equation of which 
is of the form qc^ ^^ 
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it may easily be shewn that aW = 4<^, a^V* = 4c^. Hence, 

*>7 (5), Ajfe = m. 

But AA = c", because (A, A) is a point in the curve : con- 
sequently KJi = c*, and (A', A') is also a point in the curve. 

2. If P be the pole, relatively to any polar of an equilateral 
hyperbola, of which C is the centre, to prove that ^, ^', being 
the inclinations of GP^ and of the polar, to the real axis, 

tan^.tan^' = 1. 

Let the equation to the hyperbola be 

a? — y* = a". 
Then, (A, 4) being the pole, the equation to the polar will be 

hx-hy^ a* (1). 

Also the equation to CP will be 

X y 

h-Tc (2)- 

From (1) and (2) it appears that 

tan0 = Y , tan0' = t ; 
and therefore tan^.tan^' = 1. 

3. If a circle pass through the centre of an equilateral 
hyperbola and through any two points, A^ j?, to prove that 
it will also pass through the intersection of two lines, one drawn 
through A^ parallel to the polar of -B, and the other through B 
parallel to the polar of A. 

The equation to the hyperbola, referred to its asymptotes 
as axes, will be of the form 

xy = <?. 

Let A, Tc^ be the coordinates of A^ and h\ k\ those of JB. 
Then the equation to the polar of A will be 

kx + hy=^ 2& (1), 

and that to the polar of B wiU be 

k'x + Ky = 2c* (2). 
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The equation to the line through A^ parallel to the line (2), 

^Ube k'{x'-h) + h'(t/^k)^0 (3); 

and that to the line through jB, parallel to (1), will be 

k{x-k')+h{i/-k')=0 (4). 

The equation to any circle passing through the centre of the 

hyperbola wiU be aj(a;H-a) +y(yH-/3) = (5). 

K this circle passes through the two points (A, i), {h\ k')^ 

we shall have h{h ^ a) '\- k{k + fi) =0 (6), 

and h'{h' + a)+k' [k' + /3) = (7). 

From (4) and (6), we have 

(a,-*') (A + a) - (y-i') (iH-/3) = 0, 
and, from (3) and (7), 

{x^h) (A' + a) - (y-A:) (i' + /3) = 0. 
From the last two equations, we get, by subtraction, 

(aj + a)(A-A')-(y + /8)(i-A:') = (8). 

But, from (3) and (4), by subtraction, 

{k'-K)x + [h-K)y^O (9). 

From (8) and (9), there is 

an equation identical with (5). Thus the intersection of (3) and 
(4) must lie in (5). 

Brianchon, Poncelet : Oergonne^ Annates de MathSmatiques^ 
tom. XI. p. 208. 

4. When three points, situated in the plane of an equilateral 
hyperbola, are such that each of them is the pole of the line 
joining the other two, the circle which passes through these 
three points will pass also through the centre of the hyperbola. 

Let the three points be (A, k)^ (A', k'\ {Ji\ k"). The equation 
to the polar of the first point will be 

kx + hy = 2c'. 

Since this line contains the two otl^er points, we have 

kh' + hk' = 2c\ W H- hk' = 2c», 

and therefore A; (A" - A') -|- A(A" - A') = (1). 
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SimUariy K {h - h") + A'(i - F) = (2), 

and k"[h' - A) + r [k - i) « (3). 

Let the equation to the circle be 

a^ + y" + oa? + )8y + 7=a0. 
Then, a, fi^ y^ will be subject to the relations 

A" +A:* +oA +)8i +7 = (4), 

h"" +*'• +oA' +/3k' +7 = (5), 

A"» + k"' + ah" + )8r + 7 = (6). 

Subtracting (5) from (6), we get, by the aid of (1), 

- h [h" + A') + i {k" + k')^ah + l3k^ (7). 

Similarly, from (6), (4), and (2), there is 

- A' (A + A") +k'{k + k") - oA' + fik' = (8). 

Subtracting (8) from (7), we have 

h"{h' - A) - k"{k' - A) H- a(A' - A) - ^(A' - A) = 0, 

and therefore, by (3), 

A"» + k'" + ah" + /3k" = (9). 

From (6) and (9) we see that 7 = 0. Hence the circle 
passes through the centre of the hyperbola. 

Brianchon, Poncelet : Oergonne^ Annales de MathSmatiques^ 
torn. XI. p. 210. 

5. To prove that the diameter terminating at the point 
of contact of a tangent to an equilateral hyperbola, bisects 
two of the four angles, formed by the two diameters which 
pass through the points of intersection of this tangent with 
the polars of the two foci. 

Bobillier : Gergonne^ Annales de MathSmattqtieSy tom. xix. p. 351. 

6. To prove that the diameters terminating at the two 
extremities of a chord of an equilateral hyperbola, form re- 
spectively equal angles with those which pass through the 
intersections of this chord with the polars of the two foci. 

Bobillier : Oerg<mne^ Annales de Maihimattques^ tom. XIX. p. 351. 
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Section XIX. 
Hyperbolic Loci. 

1. Each of a series of parabolas is described so as to pass 
through two given points, and have its axis parallel to a given 
fixed line : to find the locus of their foci. 

Let r, /, be the distances of the two given points from the 
focus or directrix qf any one of the parabolas, and A, A', their 
distances from a fixed line drawn at right angles to their axes. 
Then, the directrix of each parabola, under the condition of the 
problem, being parallel to this fixed line, it is plain that 

/ — r = A' — A = c, 

where c denotes some constant quantity. 

The locus of the focus is therefore an hyperbola of which the 
two fixed points are the foci. 

2. From a given point (a, h) is drawn a normal to the 
hyperbola xy = c*, of which the asymptotes are perpendicular 
to each other. To find the locus of the intersection of the 
normal with the curve, when the parameter c is regarded as 
variable. 

The equation to a normal at a point (a?, y) of the curve is 

x{x' -x)=y(y' " y). 

Let this normal contain the point (a, li) : then 

x{a-x) ==y{b-y), 

the equation to the required locus, which is therefore another 
rectangular hyperbola. 

Cor. K the origin be removed to a point (Ja, ^5), the 

equation becomes 

a^ - y' = Ha" - b'). 

L' Hospital: TraitS Analytique dea Sections ConiqtieSj p. 263. 

3. If tangents are drawn making, given angles with the axes 
of all ellipses having the same given foci: to find the curve 
which is the locus of the points of contact. 
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Let the equation to one of the ellipses be 

— + — = 1 



(!)• 



The tangent at any point {xj y) will be 
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and, S being the distance of the ori^ from this tangent and 
a the inclination to the axis of a;, we have 
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But, c being a constant 


quantity, 
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From (1) and 





(2). 



(3). 



g.(a'-J')+^.(a«-J«)=c', 



and therefore, from (2), 

{x cosa + y sina) {x sina — y cosa) = c* sina cosa, 
or (a?* — y'*) sin 2a — 2xi/ cos 2a = <? sin 2a, 

which is the equation to an hyperbola concentric with the series 
of ellipses. 

4. PQ is a chord of an ellipse 
at right angles to the axis major 
AB. The two lines AP^ BQ^ ^ 
produced indefinitely, intersect in 
R, To find the locus of R. 

The axes of the ellipse being taken as axes of coordinates 
the equation to PR will be 

x\ y\ being the coordinates of P, 
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The equation to BR will be 
At the intersection of these two lines, we shall have 

or, by virtue of the equation to the ellipse, 

The required locus is therefore an hyperbola the axes of 
which coincide with those of the ellipse. 

5. In two hyperbolas, concentric and similarly situated, are 
taken any two poiiits the abscissae of which are as the real axes 
of the curves : to find the locus of the middle point of the line 
joining the two points. 

Let (ajj, y^ be the point in one hyperbola, and (aj^, yj that 
in the other. Then, (a, h) and (a, /8) being the semi-axes in 
the two curves, ^2 2 

a' y ^ ^' 

« ... 2 



^-^=1 (^)- 



Also, by the hypothesis, -^= -^ (3). 

From (1), (2), (3), we see that 

yi^A^Ui u\ 

Let oj, y, be the coordinates of the middle point between 

Kj 3^1) and (aj„ y^j : then 

aiJC ^^^ »C, T" »Cj, 
23^ = ^x + VtJ 

and therefore, by (3) and (4), 

a a + a' 

ft "J ±i8* 

X2 
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Substituting these expressions for -^ and V in (1), we get 



\ 



a h 

(^T57 (ft±/9)*"*' ^ 

the equation to the required locus, being therefore an hyperbola 
concentric with the orig^inal ones and similarly cdtoated. 

6. To find the locus of T^ the intersection of the tangents 
at two points P, Q^ of a parabola, such that, 8 being the focus, 
/8P, 8Q^ include a given angle e. 

Let ^ be the vertex of the parabola, and AS = m. Then, 
Ml ASP =* a, the equation to PT will be 

— = costf + co8(5 — a) (l). 

Similarly, if lASQ = ^9, the equation to QT will be 

— = costf + co%(6- P) (2). 

At the intersection of (1) and (2), 

cos(5 - a) = co8(5 - fi\ 
« - a = - (5 - iS), 

i8 + a = 25 (3). 

But, by the hypothesis, yS — a = e (4). 

From (3) and (4), 5 - a = 4e, 

and therefore, from (1), we get for the equation to the locus of T, 

— = cos^ + cos^e, 
r ' 

2m sec i 8 

1 + sec^8.cosd ' 

the equation to an hyperbola of which sec^e is the eccentricity. 

7. To find the locus of the vertex of a plane triangle, having 
given the radius of the inscribed circle, and the difference be- 
tween the angles at the base; the middle point of the base 
being a fixed point, and the base itself lying along a fixed line. 
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Let 0, the middle point of the base AB^ be taken as the 
origin of coordinates, OA, pro- 
duced indefinitely, as the axis 
of x^ and Oy^ at right angles 
to Ox^ as the axis of y. Let E 
be the centre of the inscribed 
circle. Draw CM^ EHj perpen- b 
dicularly to AB. 

Let Z.GAB = 2a, lCBA = 2^8, AB = 2c, Zff = r, OJf = a?, 
CM= yj a — yS = e. 

Then it is clear from the geometry that 

y = (c — a;)tan2a. (1), 

y = (c + a;)tan2^ (2), 

2c = r (cota + cot^S) (3). 

Eliminating c and x between (1), (2), (3), we have 

y (tan2a + tan2/8) = r (cota + cot/8) tan2a.tan2i8, 
ysin(2a + 2^) = r(cota + cot)8).sin2a.sin2)8 

= 47*.sin(a 4- )8).cosa.co8^, 
ycos(a + )8) = 2rcosa cos^ 

= r {cos(a + i8) + cos(a — )8)}, 
(y — r) cos(a + i8) = r cos(a — jS) 

= rcose (4). 

Again, eliminating c between (1) and (2), we get 

y (tan 2a — tan 2^8) = 2a;tan2a.tan2^, 
y sin(2a - 2/3) - 2x sin2a sin2^ 

= X {cos (2a - 2^8) - cos (2a + 2^8)}, 
y sin28 = x {cos2e — 2 cos"(a + yS) + 1} 
= 2a? {cos'e - cos' (a + ^8)}. 

Hence, by (4), y sin2e = 2x jcos'e — . ^ .^, 1 , 

y tane.(y - r)» = aj {(y - r)" « r»} 

(y - r)'.tane = a; (y — 2r), 
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the equation to the required locus, which is therefore an hy- 
perbola. 
Leyboum : Mathematical Repository^ New SerteSj voL li. p. 218. 

8. From a given point E in the semi-asds miyor ^ C of an 
ellipse is drawn a straight line cutting the curve in any point P: 
PM is drawn to cut CA at right angles in M: MP is produced 
to a point F such that MF = EP. To find the locus of F. 

Let GE =i c : then, the equation to the ellipse being 

y = (l-e«)(a»-a^), 
the locus of F will be an hyperbola represented by the equation 

ey ^ {^x - cf + (1 - c*)(e«a" - c"). 

P. Gregorius k Sancto Vincentio: Opus Geometrtcum 
Quadraturce drculi et Sectionwm Coniy p. 659. 

9. Two straight lines, of given lengths, coincide with and 
move along two fixed axes, in such a manner that a circle may 
always be drawn through their extremities: to find the locus 
of the centre of the circle. 

Let a, 5, be the lengths of the moveable lines on the axes 
of re, y, respectively, and let a> be the angle between the axes. 
Then the required locus will be an hyperbola denoted by the 
equation a" _ j« 

OCT — If = , . 2 • 

^ 4sm^(» 

10. Two given straight lines 0-4, 05, intersecting in O, 
are touched by a parabola in points Hj K^ respectively: the 
parallelogram OHPK is completed. Supposing the parabola 
to touch also a third given line, to find tiie locus of P. 

If the lines 0-4, 05, be taken as axes of coordinates, and 
the equation to the third given line be 

the equation to the required locus will be 

a B 

- + - = 1, 
X y 
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which is therefore an hyperbola, the asymptotes of which are 
represented by the equations 

re = a, y = ^. 

11. Oxy Ox J are two indefinite straight lines, given in 
position: from a given point A 
is drawn a straight line AEF^ 
cutting Oxy Ox'y in E^ Fj re- 
spectively: EF is divided into 
two parts EPy FP^ which bear 
to each other always a constant 
ratio. To find the locus of the 
point P. 

Join AO and produce It in- 
definitely to yx let Oxy Oy^ be ^ 
chosen as axes of coordinates. Draw FG parallel to yO. Let 
OA = a ; and let 

EFiEP :: w: w, 

and 0O:FG::l:n. 

Then the required locus will be an hyperbola represented 

by the equation 

{ny + ma) x=ly[y -\- a). 

Newton : Ariihmetica VhiversaltSj prob. 25. 

12. The base OA of a triangle OAP is given: to find the 
locus of the vertex, the angle PAO being always double the 
angle POA. 

Let OA produced indefinitely be taken as the axis of a?, and 
a perpendicular to OA through as that of y. Let OA = c. 
The required locus will therefore be an hyperbola, the asymp- 
totes of which include an angle of 120°, and which is represented 
by the equation / = 3a?' - 2cx. 

Pappus: MathematiccB Collectiones h GommandinOj lib. iv. 

prop. 34. 
Newton : Ariihmetica Universalis ^ prob. 36. 
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13. To find the locus of the vertex of a triangle, the base 
of which is given, the two adjacent angles differing^ by a given 
quantity. 

Let c = the base AB of the triangle, the angle at B ex- 
ceeding that at ^ by a quantity a: let AR^ produced inde- 
finitely, be the axis of a;, a perpendicular to it through A being 
that of y. Then the locus required will be an hyperbola 
defined by the equation 

(«* — y*)sina + 2a:ycosa = c(a;sina + ycosa). 

, Puissant: Becueil de dtverses Propositions de Giamitrie^ 
p. 204, troisthne Sdition. 

14. K normab be drawn to an ellipse 

a« ^ 5« ' 

from a given point (a, fi) in its area, to prove that the points 
where they cut the curve will all lie in a rectangular hyperbola 
of which the equation is 

(a* — b*)xt/ = a*ay — b^jSx. 

15. A circle always passes through the origin of coordinates 
and through the points in which the axes are intersected by 
a Ime ^ y 

- + ^ = 1, 
m n 

which always passes through a given point: to find the locus 
of the centre of tiie circle, m and n being variable, and the angle 
between the axes being given. 

K (o denote the angle between the axes, and (a, ff) be the 
given point, the locus will be an hyperbola represented by the 
equation 

2cos(»(a?*+y*)+2(l+cos*cD)ajy— (acos(»+/8)aj— (i8coso)+a)y=:0. 
Leyboum's Mathematical R^sitory^ No. xxiii. p. 74. 

16. Two tangents to a parabola include a constant angle: 
to find the locus of tiieir point of intersection. 
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The equation to the parabola being 

and e denoting the constant angle, the required locus will be 
an hyperbola defined by the equation 

^ = 4t7nx + tan'e.(a; + my, 

De la Hire : Sectiones Conicce^ lib. viii. prop. 29. 
L' Hospital : TraM Analytique des Sections Contques^ p. 266. 
Puissant: Becueil de diverses propositions de Oeondtrie^ 
p. 210, troisihne Edition. 

17. K any straight line, parallel to a given straight line, be 
drawn cutting an ellipse, and from the points of intersection 
normals be drawn, to find the locus of the intersection of these 
normals. 

The equation to the ellipse being 

and the direction-cosines of the given line being proportional to 
a, /8, the required locus will be an arc of the hyperbola defined 
by the equation 

Goodwin : Cambridge Mathematical Journal^ vol. IV. p. 190. 

18. A series of circles pass through a given point 0, have 
their centres in a line OA^ and meet another line AB, From 
the point, in which one of the circles again meets the line 0-4, 
is drawn a straight line, parallel ,to AB^ to intersect, in points P 
and Q, straight lines drawn parallel to OA through the points 
in which the circle is cut by AB, To find the loci of the inter- 
sections P and Q. 

The line OA being taken as the axis of a?, and being the 
origin, let the equation to AB be 

aj = ay + /8. 
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Then the points P and Q lie generally in an hyperbola, of 
which the equation is 

(1 + 2a") y* - aay + 3a% - )8x + /8" = 0. 

If the lines OA^ ABy be at right angles to each other, a = 0, 
and the locus becomes a parabola. 

19. A straight line DCE^ passing through two given points 

Z>, Cy cuts a given straight line BA^ 

produced if necessary, in J?. In AB 

are taken any two points F, G, 

such that 

AF _n 

BO n ' JO A F G B 

w and n being constants. The straight lines FGj OD^ are 
produced to meet in P. To find the locus of P. 

Let EBy EDy produced indefinitely, be taken as axes of a;, y, 
respectively : let EG = i, ED ^ A', EA = a, EB = a'. Then 
the required locus will be an hyperbola defined by the equation 

/ rile nlc \ , , 

X i h Ti = wa + Tia. 




nk \ , 
p = na 



Jc — y k' — yj 

Barrow : Oeometrical Lectures^ Lect. VI. 

Leyboum: MatJiemattcal Repository ^ New Series^ vol. i. p. 45. 

20. Let AB be a given straight line, and Q a given point 
without it: let PQR be drawn, ^ 

firom a point P, to meet AB in 
such a point R^ that 

RQ _AR 

PQ' BR' i ATk-S- 

To find the locus of P. 

Draw through Q the line QO dX right angles to the direction 
of AB^ and cutting it in : let OP, Qj produced indefinitely 
be taken as axes of a?, y, respectively. Let OA = o, OB = a 
OQ = c. Then the locus of P will be an hyperbola defined by 
the equation ^xy + {y - e) [ca + a (y - c)} = 0. 
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Cor. It may be easily shewn that the line BQ is a tangent to 
the hyperbola at the point Q, 

Leyboum: Mathematical Repository ^ New Series^ vol. I. p. 146. 

21. To find the locus of the centre of a circle which touches 
externally two given unequal circles. 

The locus will be an hyperbola the two foci of which are the 
centres of the two given circles. 

Puissant: Recueil de diverses Prepositions de OiomStriej 
p. 207, troisihne Edition. 

22. To find the locus of a point, within a given angle, such 
that, perpendiculars being drawn fi'om it upon the sides of the 
angle, the quadrilateral so formed may be of a given area. 

Let (? be the given area ; a> the given angle, its sides being 
taken as axes of coordinates. Then the required locus will be 
an hyperbola the equation of which is f 

(a^ 4-y*) COS© + 2xy = 2c^ cosecw. 

Puissant : Recueil de diverses Propositions de GiomMrie') 
p. 217, troisihne Edition, 

23. Having given one side of a triangle, and the difierence 
between the tangents of the adjacent angles, to find the locus of 
the vertex. 

Take the middle point of the given side as the origin of 
rectangular coordinates, the side coinciding with the axis of x ; 
then, m denoting the given difference, and 2a the given side, the 
required locus will be an hyperbola defined by the equation 

Lardner: Algebraic Oeometry^ p. 117. 

24. Having given in position a right line AB^ and a point 
outside of it, a right line OP is drawn cutting AB in F^ and 
from P is drawn a perpendicular PE upon AB : the magnitude 
of EF being invariable, to find the locus of P. 
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Take Ox^ parallel to ^J3, as the axis of x^ and Oy^ at right 
angles to AB^ as that of y. Let £F= a, 
0H= h. Then the locus of P is a rect- 
angular hyperbola represented by the 
equation xy^ay^-bx. 

Lardner: Algdrraic Chometry^ p. 134. 

25. Through a given point a right line HKO ia drawn, 
intersecting two right lines EG^ FC^ 
in H^ K: Si part OP of OH being 
supposed to be always equal to HK^ 
to find the locus of P. 

Let Oxj at right angles to the 
line CEj be the axis of Xy and Oy^ 
parallel to GEj that of y. Let fi 
denote the angle EOF. Then the 
required locus will be an hyperbola 
defined by the equation 

ary 4- «* cot^ — ay + Ja? = 0, 

where a, 5, are the coordinates of G. 

Lardner: Algebraic Oeometr^y^ p. 135. 

26. From the point of intersection of two given straight 
lines, is drawn a straight line of given length, bisecting the 
angle between them : to determine the locus of the middle point 
of a straight line, drawn through the extremity of this line 
and terminating in the other two. 

Let the two given lines be taken as axes of coordinates 
2ft) denoting the angle between them : let c represent the given 
length of the bisecting line. Then the required locus will be an 
hyperbola, defined by the equation 

1 1 4cosft> 

- + - = . 

X y c 

27. Two fixed axes Oxj Oy^ intersect a variable circle in 
points (^, -4'), (jB, jB'), respectively. To find the locus of P, the 



MISCELLANEOUS PROBLEMS. 317 

intersection of the chords AB\ A'Bj supposing the two points 
Bj B'j to be fixed. 

If OB = J, OB = h\ the equation to the required locus is 

28. A straight line BC moves between two fixed straight 
lines AB^ A (7, so as to make the area ABC constant : to find 
the locus of the centre of a circle described about the triangle 
ABC. 

Let AB^ A Gj produced indefinitely, be taken as axes of aj, y, 
respectively : let m be the angle between the axes. Then, the 
area ABC being constant, the rectangle between ABj AC^ will 
be constant : denoting this latter area by 4w*, we shall have for 
the equation to the required locus 

(a? + y coso)) . (y + a? cosoi) = m*, 

29. A and B are two given points, Ax an indefinite fixed 
line : through B is drawn a straight line cutting Ax in T, and 
through A is drawn a straight line AP cutting BT in P. To 
find the locus of P, having given that AP is equal to PT. 

Let Ax be taken as the axis of Xj and a line through A^ at 
right angles to it, as that of y. Let 2a, 2J, be the coordinates 
of B. Then the required locus will be an hyperbola represented 
by the equation (« - a) 3^ = bx. 

L' Hospital : TraitS Analytique des Sections Goniques^ p. 271. 



Section XX. 

Miscellaneous Problems. 

1. From a given point 5, in the plane of a given circle, 
a straight line is drawn to intersect the circumference in P: 
from the point P an indefinite straight line PQ is drawn per- 
pendicularly to 8P\ to prove that PQ is always a tangent to an 
ellipse or hyperbola the centre of which coincides with the 
centre C of the circle and of which 5 is a focus. 
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Let C be taken as the origin of coordinates ; CS^ produced 
indefinitely, as the axis of x. Let 8P = «n, CS == ae^ a being 
the radius of the circle, and lP8x = 0. 

Then, a?, y, being the coordinates of P, 

m cos5 + oc = a?, m emd = y, 

and therefore fii*+ 2a«m cos^ = a*(l — c*) (l). 

Also, the equation to PQ will be 

X cos5 -\- y mnO = ae cos5 + w (2). 

By virtue of (1), (2) becomes 

{x costf + y sintf)' = a* cos'tf + a'(l - c*) sin*^. 

This equation shews tiiat PQ is tiie tangent to an ellipse or 
hyperbola of which C is the centre and 8 a focus. 

This proposition affords a convenient method of drawing 
a tangent to an ellipse or hyperbola, which shall be parallel 
to a given line. From eitiier focus 8 draw a line SPy at right 
angles to the given line, to intersect in P the circle described 
on the axis major. From P draw PQ perpendicularly to 8P, 
Then PQ will be the required tangent. 

Maclaurin : Geometria Organica^ sect. III. p. 102. 
Prony: Journal de V EcoU Polytechnique^ cahier x. p. 49. 
Gergonne : AnnaUs de MatMmatiques^ torn. v. p. 49. 

2. Li every line of the second order, which has a centre, 
if we draw two tangents parallel to any single fixed line, and 
a third variable tangent ; the product of the segments of the 
first two tangents comprised between their points of contact and 
the third tangent, will be a constant quantity. 

The points of contact of tiie two parallel tangents being the 
extremities of a diameter, we will take this diameter, which we 
will call 2a, for tiie axis of a?, and its conjugate 2b for the axis 
ofy. 

K oj', y', be the coordinates of the point of contact of the 
third tangent, we shall have 

a' 



.. ±|r = i (1); 
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and the equation to this tangent will be 

^±f = 1 (2)- 

Let y^, y^^, be the values of y, given by (2), when x is succes- 
sively equated to a and — a. The quantities y,, y^^, are the 
segments of the two parallel tangents. Then we have 

and therefore y;y^^ = -^-^ (a* — a?'*) 

ay 

= ± h\ by (1). 

B^rard : Gergonne^ Annales de MathSmatiqueSj torn. V. p. 52. 
Brianchon : Ibid. p. 53. 

3. A straight line, remaining always parallel to itself, moves 
in the plane of two fixed straight lines. In every position of 
the moveable line, a point is taken in it such that the sum or the 
difference of the squares of its distances from the intersections of 
the line with the two fixed lines is equal to a given square ; to 
determine the locus of the point. 

Let the two fixed straight lines be chosen as the axes of 
coordinates. 

Let a?, y, be the coordinates of the particular point in the 
moveable line, and (a;', y') of any other point in the line. Then, 
r being the distance between these two points, the equations to 
the line will be x' = Ir + cc, 

y'=wr + y, 
I and m being constants. 

Let r,, r^,, be the values of r at the intersections of the move- 
able line with the axes of a?, y, respectively : then 

= fo*^^ + a?, = mr^ + y, 

a? «/' 
and therefore r* ± r^ " = ^ ± ^ . 
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But r/ ± r^^ is equal to some constant d^ : hence the equation 
to the required locus m 

a? y» 

P * ^ "" "^^ 
which belongs to an ellipse or an hyperbola. 

Bret : Oergonne^ Annalea de MaihSmatiques^ torn. vi. p. 12. 

4. The equation to an hyperbola, referred to rectangular 
axes, being aa? + bi/'-^ 2cxy = c', * 

to find the position of its asymptotes, and the* equation to the 
hyperbola referred to them as axes. 

But x=^ r cosd, y = r sind: then 

r^ (a cos*^ + h sin'^ + 2c cos^ . sin^ = c% 
Now r = 00, provided that 

a cos*^ + h ArfO + 2c cos^ . sinff = O, 
and thus the equation to the two asymptotes is 

<^ + i^ + ^<^ = ^« 
Again, a^ , ., ^ . , representing the transverse and conjugate 

axes respectively, the equation to the hyperbola referred to its 
asymptotes is xy ^ l{a^ - b^. 

Differentiating r^ ^ a? + j^^ 

we have, for maximum values of r, 

Qcdx + ydy = 0, 

and, from the equation to the curve, 

<Mcdx 4- hydy + c {xdy + ydx) = ; 

and therefore, \ being arbitrary, 

Xa? = oaj + cy (1)^ 

\y=:hy-^cx (2). 

Multiplying (1) by a?, (2) by y, adding, and attending to the 
equation to the curve, we have 
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But, from (1) and (2), 

(\ — a) a; = cy, (\ — i) y.= cx^ 
and therefore (\ — a) (\ — J) = c" ; 

hence (c' — ar^) {d — Jr*) = cV*, 

(c* - oi) / + c'(a + J) r* - c'* = 0. 
Consequently, a^*, J^*, being the roots of this equation, 

and therefore fa " — i ')* = c'*. , , ^ — 7^2— . 

Thus the equation to the hyperbola referred to its asymptotes is 

5. CP is any semi-diameter of an hyperbola, CD being its 
conjugate semi-diameter : PK is a tangent at P, equal to CD : 
from any point V in CP produced is drawn a straight line VEFy 
parallel to GZ>, cutting the curve in E and the straight line 
through C and -ff" in jP: to prove that 

{VFY - {VEf = {cny. 

Pascal: Essaispour les Coniques: CEuvres^ torn. IV. p. 5. 

6. To prove that the radius of a circle, which touches an 
hyperbola and its asymptotes, is equal to that part of the latus- 
rectum produced which is intercepted between the curve and an 
asymptote. 

7. If an ellipse and hyperbola have the same foci, to find the 
equation to the locus of the intersection of two tangents to them 
at right angles to one another. 

The equations to the ellipse and hyperbola being 

^ it A ^ it 

— 5 + Ya =^ 1^ and 5 — ^-j ^ 1, 

the required locus will be a circle defined by the equation 

T 
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8. P and Q being two points in an ellipse, if an hyperbola, 
the foci of which are P and Q, pass through one focos of the 
ellipse, to prove that it will pass also through the other focus. 

9. To find the equations to the asymptotes of the hyperbola 
represented by the equation 

a?y + aiCH-fty + <? = 0. 
The required equations are 

10. The equation to an hyperbola being 

aa^ + fty" + 2cxy H- 2cix + 2b'y + c' = 0, 

to shew that clo? •\- bj^ + 2cxy = 

is the equation to two straight lines through the origin parallel 
to its asymptotes. 

11. Three hyperbolas have parallel asymptotes: to shew 
that the three straight lines joining the points of intersection 
of the hyperbolas, taken two and two, all meet in one point. 

12. To prove that an ellipse and hyperbola, which have the 
same centre and foci, will cut each other at right angles ; and 
that, if from any point in the circumference of the circle, which 
passes through their points of intersection, tangents be drawn to 
the two curves, they will be at right angles to each other. 

13. CPLD is a parallelogram, the sides CP^ CDy of which 
are conjugate semi-diameters of a rectangular hyperbola, inclined 
to one another at an angle of 60*" : to find the equation to the 
ellipse which passes through the points (7, P, i, D, and cuts the 
conjugate hyperbola at D at an angle of 15°. 

The equation to the rectangular hyperbola being aj^ — y* = a*, 
that to the required ellipse will be 



a« 



Jaj» + y« + 2(2 - V3) 02^ = 2^. 



MISCELLANEOUS PROBLEMS. 323 

14. Any number of ellipses (or hyperbolaja) concentric, simi- 
lar, and similarly situated, are intersected by a line parallel to 

a directrix in P, P, P", : to prove that the extremities of 

the diameters respectively conjugate to the diameters through 
P, P, P', are in a line perpendicular to the directrix. 

15. If, in the preceding question, the curves be cut by any 
concentric hyperbola, the asymptotes of which haye the same 

direction as their axes, in Q^ ^, Q^' ; to prove that the 

extremities of the diameters respectively conjugate to the diame- 
ters through Q, Q'j ^'•••, are situated in another branch of the 
hyperbola. 

16. A chord PF' is drawn in an ellipse, so that, A being 
the semi-axis -major, 

tanPC4 + tanPC4 = 2 tana; 

to find the envelop of the chord. 

The required envelop is an hyperbola the equation of which 
is, the axes of coordinates coinciding with the axes of the ellipse, 



xy^a?i^a^ 



4 tana 



17. To prove that the tangent to the interior of two similar 

hyperbolas with coincident axes, cuta off firom the exterior curve 

a constant area. 

De la Hire : Sectwnea Contcce^ lib. VI. prop. 17. 

18. Supposing that, y', y", being any two values of y in the 
hyperbola xy = c", such that y" = \y', where \ is constant, to 
prove that the area included between y, y", the axis of a?, and 
the curve, is invariable in magnitude. 

Gregorius k Sancto Vincentio : Opue Geometricum Posir 
humum ad Meaohhium^ p. 252. 



y2 
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Section I. 

Referred to a Principal Diameter and its Tangent. Normals. 

1. From a point P of a conic section a normal is drawn to 
cut a principal axis (the major axis in the ellipse, the transverse 
axis in the hyperbola) in a point Gi to prove that, of all 
straight lines drawn from O to the curve, OP is the least. 

The equation to the conic section is 

^ = (1 + e) [2emx - (1 - c) a?]. 

The equation to the normal, at any point (A, ^), is 

(1 + 6) {m - (1 - e) h] . (y - A;) = - A: (a:' - A). 

At the point G, y' = 0, and therefore 

a?' = (1 + e) ew + e^h. 

Let r represent the distance of G from any point (x y) in 
the curve : then 

r^ = {« - (1 + 6) ew - c'A}* + / 

= cc^ - 2eic {(1 + e) w + eh] + ^ {(1 + «) m + eA}" 

+ (1 + 6) {2e7waj - (1 - e) aj?»| 

= e"(a;-A)' + e"(l +e)'w' + 2e'(l+c) mh - ^ {\ - e') A* 

V'^ (a?-- A)* + [l+eY w' + (1 + e) {2ewA - (l-e) A'*} 

=,(a.-A)'+(H-e)»m' + *». 

Hence it appears that r is least when a? = A, or when (a?, y) 
coincides with (A, k), 

De la Hire : Sectiones Conicce^ Ub. vii. prop. 13. 



r* 
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2. AP is the arc of a conic section, of which the vertex is A ; 
PQ the normal, and PK a perpendicular to the chord AP^ meet 
the axis in O and K. To shew that GK is equal to half the 
latus-rectum. 

3. To find the locus of the middle point of the portion of the 
normal to a conic section which is included between the curve 
and the axis. 

The equation to the conic section being 

y* = mx 4- ria?^ 
that to the required locus will be 

(w + 2)* / - woj" - ma; + iw". (n + 1) = 0. 

Lardner: Algebraic Oeormtry^ p. 149. 

Section II. 

Referred to a Principal Diameter and its Tangent, Chords, 

1, From one extremity A of sl principal axis of a conic 
section, a given straight line AP is drawn to cut the curve in P; 
to find the equation to the line joining P to the other extremity 
B of the axis. 

Let the axis AB and the tangent at A be taken as axes of x 
and y respectively. Then the equation to AP will be of the 

^^™ y = oa; (1), 

and the equation to the conic section of the form 

y' = mx + na^,, (2). 

The equation to AB is y — (3). 

The two lines (1) and (3) may be represented simultaneously by 
the equation 3^ (y -««;) = 0, 

or y* = axy (4).. 

Hence, at A^ P, P, the intersections of -4P, AB^ with the curve, 

axy = mx + wa?, 

whence dividing by a?, we obtain for the equation to PP, which 

passes through P, P, 

ay = m + nx. 
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2. If A and B be the extremities of the axis major of a 
conie section, T the point where a tangent at a point P in the 
curve, meets AB^ QTR a line perpendicnlar to AB and meeting 
AP^ BPj in Q^ Rj respectively ; to prove that 

QT=^BT. 

3. To find the length of the chord of a conic section, denoted 
by the equation 

the equation to the chord being 
If 2c denote the length of the chord, 



Section III. 

Referred to a Principal Diameter and its Tangent* Focal 

Properties. 

1. From the extremity L of the semi-latus-rectum 8L of a 
conic section, a chord LA is drawn to the vertex A of the 
diameter through 8. A tangent is drawn at L. A straight 
line MRP is drawn, through any point M in A8^ or A8 pro- 
duced, at right angles to AS^ meeting the chord AL in B^ and 
the tangent at i in P. To prove that PR is equal to M8. 

Taking A 8^ produced indefinitely, as the axis of a?, and the 
tangent at .^ as that of y, the equation to the curve will be, 

2^« = (1+ e){2ma? - (1 - c) a?]. 
The equation to the tangent at any point (a?, y) is 

^^'' - = [em — (1 — e) x] x + enix, 
1 + e ^ 
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Now the coordinates oi L are em^ em[l -\- e)\ hence the 
equation to PL is 

y' = e(a?' + m) ; (1). 

Again, the equation to AL is 

y'=^{\+e)x' (2). 

Hence PjB, which is the difference between the ordinates 
in (1) and (2), is equal to em — x\ that is, to M8. 

De la Hire : 8ectiones Conicce^ lib. Vlii. prop. 14, 

2. From the extremity L of tlie semi-latus-rectum 8L of 
a conic section, a tangent LP is drawn. At right angles to the 
diameter through 8j from any point ilf in it, a straight line is 
drawn to meet the tangent LP in P and the curve in Q. The 
points 8j Q^ are joined. To prove that 8Q = PM. 

De la Hire : 8ectiones Contcce^ lib. viii. prop. 15, 

3. Having given the position of the focus /8 of a conic 
section, the position and magmtude of the semi4atus-rectum 8Ly 
and the position of jP, the intersection of the tangent i/T with 
8 A produced, A being one end of tlie diameter through the 
foci : to determine the position of Ay and of the other extremity 
A of the axis AA\ 

Let 8T=:hj 8L^k: then 

SA=^r^, 8A' = ± ** 



h + k^ ^h'-k' 

De la Hire : 8ectiones GoniccBy lib. vlll. prop. 21. 

4. To prove that a straight line drawn through the focus of 

a conic section, to the point in which a diameter meets iihe 

directrix, will be perpendicular to a tangent at either extremity 

of that diameter. 

Leyboum : Mathematical Repository^ New 8erieSj vol. ii. p. 95. 



I 
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Section IV. 

Referred to any two Oblique Diameters. 

1. CA^ CBj are any two semi-diameters of a conic section. 
The tangent at A meets CB produced in F, and the tangent at B 
meets CA produced in A. To prove that, £! being the inters 
section of AFy BA^ the triangle AAB is equal to the triangle 
BFE. 

Let GA = Oj CB = fi'j then, C-4, C7B, produced indefinitely, 
being taken as axes of Xj y^ respectively, the equation to the 
curve will be a? i^ xv 

7 being some constant. 

The equation to the tangent at any point {xy y} of the curve 

Hence the equation to the tangent ATj drawn at the point 

a; + -4- = a. 
Putting x' = 0, we see that 

and therefore CT.CA = 7*. 

Similarly G^.GB^rf. 

Hence the triangles ACT^ BGA^ and therefore the triangles 
A^Uy BTEy are equal. 

*£dv Kwov TOfirj^ fj kvkKov irepi,^epeCa<i ivOeZat, iiri^ 
'^avovtra^ (rvfiirCirrdiXTLV, a'^d&a'L Si Bca r&v d<l>&v ScdfAcrpoc 
cvfATriTTTOvaai rah i^airrofiivai^^f tea earat rc^ yi^vofjueva 
Kara Kopv^v rpiyoDva, 

•AHOAAQNIOY HEPrAIOY Kwi/iicwy t6 TptTov Up6^a<ri9 d. 

2. To determine the magnitudes and positions of the axes of 
the conic section 

oic* H- 5y' + 2cxy = 1, 

0) being the angle of coordination. 
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The magnitudes of the semi-axes are the positive values of 
r in the equation 

{ah — c") r* — (o + J + 2c cos©) 7^ + sin'oi = ; 

and (Jy — cx){x-' y cos©) = [ax •- cy) {y — x cos©) 

is the equation to the two axes. 

O'Brien : Cambridge Mathematical J(mmal^ vol. IV. p. 101. 



Section V. 

Referred to two Tangents as Axes. 

1. If two conic sections have two points of contact, to prove 
that they will not meet in any other point. 

Let the tangents at their points of contact be taken as axes 
of coordinates. Then, a, 2>, being the distances of the points 
of contact from the origin, the equations to the two conic 
sections will be 

a ran a 

a m;ifi^ b a 

J£ the two curves meet, we have, subtracting one equation 
from the other, xy = 

whence a; = 0, and therefore ^ = J ; or y = 0, and therefore 
a? = a. 

Thus we see that the two points of contact are the only points 
in which the two curves meet. 

^ESlv t&v 7rpo€ifyqfAiv<ov ypafifi&v rtv€9 icarc^ Svo arifieta 
i^dTTTtoyrai dWrjXwv, ov av/AfidWovav dWi]\ai^ Kad^ 
erepov, 

'AIIOAAONIGY IIEPrAIOY Kwpikwv t6 tiTapTov Uporaviv ic^'. 

2. From a point 0, two tangents OH^ OKy are drawn to a 
conic section: a straight line MQR is drawn, parallel to OJf, 
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to intersect OH in M^ and the conre in Q^ JS. To prore tliat 

{MHY : MQ.MR :: {OHY : {OK)\ 

Let OH^ OK^ produced inde^tely, be taken as axes of 
a?, y, respectively. Let 0H=^ a, OK^ h. Then, w, #1, bemg 
arbitrary constants, the equation to the curve will be 

a? 2xy v* 2a; 2v 

-i + -^ + t» -f + l = 0. 

a wn a o 

Let 03f = A : then, putting A for a; in this equation, we shall 
have a quadratic in y, the two roots of which are MQ^ MM. 

Hence, equating the rectangle of these two lines to the last 
term of the quadratic, we have 

MQ.MR = V (r^^ 

_ {OK)\{MHy 
" {OHf ' 

or (Jfff)" : MQ.MR :: {OSy : {0K)\ 

De la Hire : Secttones Gontcce^ lib. iii. prop. 26. 

3. To find the locus of the centre of a conic section which 
touches two given straight lines at two given points. 

The equation to the conic section, the two given straight 
lines being taken as axes of coordinates, will be of the form 

aV + 2c^ + jy + 2ax + 2J^ + 1 = 0, 

a and b being given constants. 

If A^ A:, be the coordinates of the centre, 

a*A + cA; + a = 0, 

and J% + cA + J = 0. 

From these two equations we have 

(o«-aW)A = 5(ai-c), 

(c H- aJ) A = — J ; 

and, similarly, {c -\- ab)k = - a: 

A k 
hence j = -, 
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which is the equation to the required locus : thus we see that the 
centre of the conic section lies always in a straight line passing 
through the intersection of the two given lines, and bisecting 
the chord which joins the two given points of contact. 

Gergonne : Annales de MathSmatiqueSj torn. XI. p. 385. 

4. If a conic section be touched by four straight lines, to 
find the locus of its centre. 

If we take two of the tangents as axes of coordinates, the 
equation to the conic section will be of the form 

aV + 2coey + jy + 2a^ + 2bi/ + 1 = 0. 

The equation to the tangent, at any point (a;, y), is 

{a'x + cy + a) a?' + (6*y + ca? + 6) ^' + aa? + Jy + 1 = 0. 

Let this tangent coincide with a line 

I3x' + ay' = a/S (1). 

Then a{a^x + cy + a) + oa? + Jy + 1 = (2), 

i8(% + caj + 6) +aaj4- Jy + 1 =0 (3). 

Eliminating x from (1), (2), (3), we shall arrive at an equation 

a/3 {ab + c) + 2{aa + h/3 + 1) = (4). 

For another tangent, we shall have, similarly, 

a'fi' (oi + c) + 2 (aa' + JiS' + 1) = (6), 

But, if a?, y, be the coordinates of the centre of the conic 

section, a , . /v z^v 

' a'^a? + cy + a = (6), 

6*y + ca; + J = (7). 

Eliminating a, J, c, from (4), (5), (6), (7), we shall get 

X y _ al3-a'^ .. 

a - a' ■*■ )8 - /3' "" 2 (a. - a') (/3 - /3') ^ ^ 

for the equation to the locus of the centre, which is therefore 
a straight line. 
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Cor. It may easily be proved that this line passes through 
the middle points of the two diagonals of the quadrilateral 
formed by the four tangents of the conic section. 

Newton : Principia^ lib. I. Lemma, XXV. Cor. 3. 
Gergonne: AnnaUs de MathSmatiqueSj tom. XI. p. 382, 

ann. 1820, 1821. 
Poncelet: Oergonne^ Anncdea de MathSmatiques^ tom. Xll. 

p. 109. 
Eligius Manderlier: AnnaleaAcademue Oandaven8t8jlS26'2S^ 

p. 57. 
Bobillier : Oergonne^ AnnaUs de Mathimatigues^ tom. XVIII. 

p. 362. 
Heam : Researches an Curves of the Second Order^ p. 37. 

5. From a point 0, two straight lines are drawn, touching 
a conic section in ff and K. Two straight lines EPP^ EQQ^ 
are drawn, cutting each other in J?, the former parallel to OH^ 
the latter to OJf; the former cutting the curve in P, P^ the 
latter cutting it in Q^ Q. To prove that 

EP.EP : EQ.EQ :: [OHy : {0K)\ 

K OH^ OK^ produced indefibiitely, be chosen as axes oi x y 
respectively, the equation to the conic section will be 



x"" 2xy f 2x 2y 



a mn o a 



where a, i, denote OH^ OK^ respectively, m, n, being any 
constants. 

Let A, i, be the coordinates of E: then, taking EPP'^ EQQ 
produced indefinitely, as axes of a?', y', respectively, we shall 
have, for the equation to the curve, 

{?!^h)' . 2(ar-+A)(y+A:) (y^+A:)' 2{^^h) 2{y'+k) . , ^ 
~^r~^ mn ^ V a ~b +1=^- 

Putting x' = 0, the two values of y in the resulting quadratic 
will be EQ^ EQ^ and accordingly 

r.^ T^^» z«M' 2AA; 1^ 2h 2k \ 

EQ.EQ = iM-, + — + Ti T- + 1- 

\a mn hah J 
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By symmetry we have also 

\a mn h a o J 
Hence ^^'^^ - i9El 

De la Hire : Sectiones Contcce^ lib. III. prop. 29. 

6. To find the condition that the straight line 

X y 
a p 

may touch a conic section represented by the equation 

_l-2-.^ + faH-2- + 2^+l = 0. 
a m n b a o 

The required condition is expressed by the equation 

\ab mn) \a b ) 

7. From a point 0, two straight lines are drawn, toudilng 
a conic section in S and K. A straight line MQBT is drawn, 
parallel to one of these tangents, cutting the other in M^ the 
curve in Q^ T, and the chord HK in B. To prove that 

MQ.MT= {MR)\ 

De la Hire : Sectiones Conicce^ lib. III. prop. 27. 

8. To find the locus of the centres of all conic sections, 
which touch three given straight lines, and pass through a given 
point. 

K two of the given straight lines be taken as the axes of 

X 7J 

coordinates ; then (^ k) being the given point, and - + 3 = 1, 

the equation to the third straight line, the equation to the 
required locus will be 

AKk{2x - A)(2y - k) = {2 {kx -\- hi/ - hk) - (2/3ic + 2ay - aP)]\ 

Gergonne : Annates de MathSmatiqueSy tom. xi. p. 385. 
Poncelet : Gergonne^ Annates de Mathimatiqties^ tom. XII. p. 111. 
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9. To detennine the locus of the centres of all the conic 
sections, which touch two given stndght lines and pass through 
two given points. 

The two straight lines being taken as coordinate axes, and 
{hy k)y (A', k')y being the two given points; the equation to the 
required locus will be 

{{hy - kxy - {h'y - k'xYY 
= 4 {(fcc + Ay - M) - {k'x + h'y - h'k')}.{{hy - kx)\{k'x + Ky - Kk') 

- {Ky - k'x)\{kx + Ay - hk)]. 

This equation may be resolved into a double equation of the 
second degree. If we put 

[hk' - kh') [hk - AT) = M, 

the double equation will be 

(A + A').[(A - A')*.{(i+ A> - (A + A')y}»- 2Mx [2x - (A -f h')]].[kky 

=±(A+A').[(A-A')^{(A+A>-(A+A0y}V2%{2y-(i+^')}].(AA')*. 
Brianchon : Oergonne^ Annales de MathSmatiqueSj torn, xi, p. 219. 
Q^rgonne : Annales de MatkSmatiqiteSj torn. XI. p. 390. 
Poncelet : Oergonne^ Annales de MaiMinatiques^ tonu xii. p. 233. 
Gergonne : Annales de Mathdmattquesj torn. Xii. p. 249. 

10. To prove that the straight line which joins the summit 
of an angle circumscribed about a conic section with the centre 
of the curve, divides the chord of contact into two equal parts. 

Fr^d^ric Sarrus: Gergonne^ Annales de Math&matiques 
tom. XII. p. 368. 



Section VI. 

Referred to a Tangent and Normal, 

1. K, in any conic section, be inscribed a series of right- 
angled triangles, having all of them the summit of the right 
angle at a given point of the curve; to prove that their hy- 
potenuses will all meet at a single point of the normal drawn 
through the common summit of all these triangles. 
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Let the tangent and normal at the given point be taken as 

axes of X and y respectively. Then the equation to the conic 

section will be 

aoi? -\-hf -\- 2cxy + 2^ = 0. 

The equations to the two sides of one of the right angles being 

OL 

the equation to both will be 

[y-(xx)[y + -c^= 0, 

whence ai* = y* + ( a) ajy. 

Substituting this expression for a? in the equation to the 

conic section, we get, dividing by y, for the equation to the 

third side, f /i \ ) 

a { a j + 2c^ a? + (a + J) y + 2/= 0, 

Putting a? = 0, we see that 

Thus we see that the hypotenuse cuts the normal at an 
invariable distance from the origin. 

Cor. It hence follows by the theory of poles and polars, 
that the points of concourse of the tangents at the extremities 
of these hypotenuses lie all in a single straight line. 

Fr^gier : Gergonne^ Annahs de MatMraatiquea^ tom. vi. p. 231. 

2. K, in any conic section, be inscribed a series of triangles, 
all having a common simunit, the angle of which is bisected by 
the normal to the curve at the place of the summit: to prove 
that the sides of these triangles, opposite to this sunmiit, will all 
meet in the point of intersection of the tangents drawn at the 
two ends of the normal. 

The equation to the conic section, referred to the tangent 
and normal, at the common summit, as axes of coordinates, 
will be ^ ^ i^ _j. 2ca^ + 2/y = (1). 
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Also the equation to the two sides, of any one of the tri- 
angleS) which pass through the origin, will be 

a? = Xy« (2). 

Substituting in the equation (1) the expression for of given bj 
(2), and dividing by y, we get, for the equation to the third side, 

(aX + 6)y + 2 [ex +/) = (3). 

Putting y = 0, we see that 

a value independent of X. Hence the opposite sides of all the 

f 
triangles intersect the tangent at a distance — "^ from the point 

of contact The tangent at the other end of the normal, as 
coinciding with the chord (3), when X becomes zero, must 
also pass through the same point 

Cor. Hence it follows, by the theory of poles, that the 
points of concourse of the tangents at the extremities of these 
third sides of the triangles, will all lie in a single straight line, 
viz. the normal itself. 

Fr^gier : Gergorme^ Annates de MathimdtiqtieSj tom. VI. p. 233. 

3. To find the equation to a conic section which has a 
contact of the third order with the curve 

aa^ + J/ + 2cxt/ + 2^ = (I) 

at the origin of coordinates. 

The equation to a conic section, which has a contact of the 
first order with (1) at the origin, is 

aaj* + jy + 2c^xy + 2/> = (2). 

At the intersections of (1) and (2), we have 

{afi - aJJy + 2 {afi - ocj a? + 2 (a/- af) = 0....(3). 

If the straight line (3), which joins the two points of inter- 
section, pass through the origin, tiie curves (1) and (2) will have 
two elements in conunon at the origin, or tiie contact will be of 
the second order : the corresponding condition being 

«./=«/ (4). 



KEFERRED TO A TANGENT AND NORMAL. 337 

Again, if the line (3) coalesce with the axis of Xj the re- 
maining point of intersection will coalesce with the origin, and 
thus, the two curves having three elements in common at the 
origin, the contact will be of the third order. The additional 
relation is ^^ ^ ^ (5), 

The relations (4) and (5) reduce the equation (2) to the form 

h -p 

aa? + -^/ + 2ca?y + 2^ = 0, 
J i 

which is the required equation. 
Plucker : Oergonne^ Annales de Maih&mattques^ tom. XVII. p. 69. 

4. If two conic sections touch each other at any point, to 
prove that they cannot have more than two points of inter- 
section. 

'Eav T&v eiprifievtov ypa/jL/jL&v rcve^ KaO^ Sv e^aTntovrav 
arj/jLecov aWi]\cov' ov avfi^aXKovaLV iavrah fcaff erepa 
arifiela irXeiova fj Svo» 

AIIOAAQNIOY nEPFAIOY KuyiKtSv to TirapTov UpoTaai^ k^', 

5. To prove that, for every point of a conic section, there 
exists a circle which has with the curve, at this point, a contact 
of the second order. 

Plucker : Gergonne^ Annales de MatMmatiques^ tom. xvil. p. 71. 

6. To prove that a circle cannot have with a line of the 
second order, a contact of the third order at one of its points, 
unless this point be at the end of an axis of the curve. 

Plucker: Oergonne^ Annales de MatMmatigues^ tom. xvil. p. 71. 

7. To prove that, if any number of circles touch a conic 
section at the same point, the chords joining the points of 
intersection are all parallel to each other. 

Plucker : Oergonne^ Annales de MathSmatiques^ tom. xvii. p. 71. 
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Section VII. 

Referred to any Axes whatever. Centres. 

If a, fij be the coordinateB of the centre of the curve 

^ (a:, y) = ar* + jy* + 2cxy + 2a'x + 26'y + c' = 0, 

to find the value of ^ (a, ^). 

Changing the origin of coordinates to the point a, fi^ we 
shall have for our transformed equation, 

a{x' + a)* + My + I3y + ^o{x' + a) [y' + /9) 

+ 2a' {x' + a) + 2V (y + /3) -f c' = 0. 

Since (o, /3) is the centre, the coefficients of x' and y' must 

be zero : hence 

aa + ci8 + a' = (1)^ 

and 6/8+ ca + 6' = (2). 

From (1) and (2) we have 

oa* + Ji8* + 2cal3 + a'a + Vfi = 0, 

and therefore 0(a, /3) = c' + a'a + J'/S /3\ 

From (1) and (2) we may easily get 

_ah ^Vc iQ_^^"" ^'^ 

and therefore, from (3), 

^^'^'^^^'^ ?^r-^j • 



Section VIII. 

Referred to any Axes whatever. Tangents. 
1. To find the condition that the straight line 

X V 

«+!=' (1) 

may touch the conic section 

oir^ + iy* + 2cxy + 2a'a; + 2h'y + c' = 0. 



REFERRED TO ANY AXES WHATEVER. TANGENTS. 339 

If a:', y\ be the coordinates of the point of contact, the 
equation to the tangent is 

(oic' + cy + a') ^ + [by + coi + 6') y + doi + 6y + c = 0. 

Since this equation must coincide with the equation (1), 
we must have 

a {aoi + cy + a) + aV + Vy' + c' = 0, 

and /3(jy + ca;' + V) + aV + %' + c' = 0; 

or (oa + a') a?' + (ac + J') y' + oa' + c' = 0, 

aud (/3J + y)y' + (/3c + a ) a?' + y36' + c' = 0. 

But, since the point of contact lies in the line (1), we must 
have also ^^^ + ay' - a/S = 0. 

Eliminating a?' and y' between the last three equations, we shall 
obtain for the required condition, 

6f^ (c' - ah) + 2a*y3 [dc - a6') + 2a/3* (6'c - Ja') 

+ a« (a"» - ac') + /? (6'* - Jc') + 2a/3 (cc' - a'J') = 0. 

Gergonne : AnnaUs de MatMmatiques^ tom. xi. p. 381. 

2. To prove that a conic section represented by the equation 

ilu)^ + {mv)^ + [nw]^ = ^ (1), 

where w, v, w^ are linear functions of x and y, and Z, m, w, are 
arbitrary constants, is touched by a straight line 

\u + fiv •\' vw =i (2), 

provided that Z, m, w, X, /a, v, are connected together by the 

equation I m n ^ 

^+- + - = 3. 

Eliminating v between (2) and (3), we get 

=(l+3-(''"+'*^) (^)- 

Combining (1) and (4), we have 



nw 



(Zm)* + (mv)* + L + -V {\u + /tv)* = 0, 



Z2 
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and therefore 

2 (/mtiv)* = -^ t? H tt, 

( X ) - (-r) = "' 

, X*u u*t? 

whence -7- = ^-— ; 

and therefore, by similarity, 

X*tt __ /**t? ^ i^ti? 
Z m n * 

These two equations shew that the lines (1) and (2) meet in 
one point and one only : hence (2) is a tangent to (1). 

It may be observed that, since the equation (2) involves two 

XX 
arbitrary parameters, viz, — , — , subject to only one restriction 

viz. (3), the tangent line is a general tangent to the conic 
section. 

Cor. If /a = and v = 0, then the equation (2) is reduced 
to M = 0. 

Thus it appears that u = 0, and, similarly, v = 0, t«; = 
are all tangents to (1). 

The truth of this conclusion is eaeily seen also by combining 
tt = with (1), whereby we perceive at once that tiie two lines 
meet in one and only one point. 

Heam: Researches on Curves of the Second Order ^ p. 36. 

3. To find the equation to the tangent at any point of a 
conic section represented by the equation 

wt? = w?" (1), 

where u^ v, v)^ are linear functions of x and y . 

The equations to any point in the curve may evidently be 
written in the form 

Xw = t£?, v = Xtt?, 

X being an arbitrary quantity. 
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The equation to any straight line passing through this point 
may be expressed in the form 

V — \w = /jl[\u — w) (2), 

/JL being an arbitrary quantity. 

At the intersection of (1) and (2), we have, eliminating t?, 

to^ — \uw = /M (Xw* — uw)j 

or 11?' — (\ — /jl)uw "Xfiu* = (3). 

Suppose this equation to be a perfect square : then 

(\ — fiY = — 4X/E*, 

/t = -\; 
and therefore (2) becomes 

W - 2\w + v = (4). 

Since (3) is a perfect square, (4) meets (1) in only one point, 

that is, at the point v = \w^ Xu = w: hence (4) is the equation 

to the required tangent. 

Salmon : Conic Sections^ p. 217. 

4. To prove that \u-{- fiv -{- vw ^0 

will be always a tangent to a conic section 

Ivw + mwu + nuv = 0, 

where u^ t?, w^ are linear functions of u^ t?, w^ and Z, m, n, are 
parameters, provided that 

Heam: Besearchea on Curves of the Second Orders p. 34. 



Section IX. 

Referred to any Axes whatever. Chords, 

1. To determine the locus of the middle points of the chords 
of the curve 

aa? + J/ + 2cxy + 2a'x + 2Vy + c' = 0, 
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which are parallel to the line 

xsmd — ycostf = 0; 

and thence, the axes being rectangular, to find the positions of 
the axes of the curve. 

Let hj k^ be the coordinates of the middle point of any one 
of the parallel chords : let Xj y\ be the coordinates of either end 
of this chord referred to (A, Ic) as origin. Then 

a(A+a:')Vi(A;+y)'+2c(A+a;')(i+y')+2a'(A-faj')+2J'(^+y)+c'=0. 

Now for a;', y\ we may write equal negative values — a?' — y 
because the chord is bisected in the new origin : hence the sum 
of the terms involving the first powers of oj', y', must be equal 
to zero, and thus 

{ah-\'clc-\- a) oi + (i* + cA + V) y* = Q. 

But this chord is parallel to the line 

ajsin^ — ycosO = 0: 

hence {ah + ck + a) cos^ + [bk + cA + V) sin 9 = Q^ 

which is the equation to the required locus. 

Cor. Since an axis of the curve intersects its chords at right 
angles, we shall have, for the determination of the positions of 
the axes, supposing the coordinate axes to be rectangular 

^ 5sin^ + ccos^ 
tancr = 3— 7—^ J 

whence asin2d + c (1 - co82^) = Jsin2^ + c(l + cos2^) 

[a - b) tan2^ = 2c, 

2c 



tan2^ = 



a — J * 



2. In any conic section, if two chords PQj PRj make equal 
angles with a fixed chord PK^ and the chord QR be drawn ; 
to prove that QB will pass through a fixed point for all positions 
of PQ, PR. 
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Let PK^ produced indefinitely, be taken as the axis of y^ and 
Px^ at right angles to it, as the axis of x. The equation to 
the conic section will be 

^ + %* + 2ca;y + 2a'x + ib'y = (1). 

Let the equation to PQ be y = mx ; that of Pit will be 
y = — mx^ and therefore both PQ and PB will be represented 

by the equation / = m V (2). 

From (1) we have 

ax^ + 5/ + 2c£cy + 2ax = - 2b'y (3), 

and ace? + ^y* + 2c£cy = — 2a'x — 2b'y (4), 

and therefore, multiplying the equation (3) by a'xj the equation 
(4) by b'yj and subtracting the latter of the resulting equations 
from the former, we get** 

ax {aa? + J/ + 2(xxy + 2a! x) - Vy [aa? + ly* + 2coGy) = 2 J'y . . . (5). 

At the intersections of QR with the curve, we have, by (2) 

and (5), 

a [ax + w?lx + 2cy + 2a) - 5' (ay + m% + 2??i''ca;) = Sm'^', 

which is therefore the equation to the chord QR. 

This equation is evidently satisfied, for all values of m^ by 
the two equations 

adx + (2a c - aJ') y + 2a'^ = 0, 
[a'h - 2 J'c) » - hVy - 2b" = 0, 
which are the equations to a fixed point. 

3. To find the equation to a chord passing through any two 
proposed points of the conic section represented by the equation 

uv = w'^j 
Uy v^ w^ being linear functions of x and y. 
Let the two points be 

(\u = w ) , (\'u = w ) 
\ V = \w) \ V = \'w) ' 

\, \', being any proposed constants. 
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The equation to any straight line through the former point is 

t? — Xu) = p (Xu — w)j 

and that to any straight line through the latter point is 

V — \'w = p (X'tt — io)y 

p and p being arbitrary parameters. 

Now these two straight lines will coincide provided that 

p\ = pX, p — X = p' — X' : 

whence p = — X', p' = — X. 

The equation to either of the lines then becomea 

XX'u - (X + X') w + t? = 0. 

Smce this line passes through both the proposed points, 
it is the equation to the chord. * 

Cor, If V = X, the two points coincide and the chord be- 
comes a tangent represented by the equation 

X*tt - 2\w + t? = 0. 

Salmon : Conic Sections^ p. 217. 

4. Through any point P in a conic section is drawn a straight 
line, parallel to a given straight line, intersecting two tangents 
in T and T^ and cutting the chord, which joins the points of 
contact, in G. To prove that 

[PCf oc PT.PT. 

Let be the intersection of the 
two tangents. Let the axes of coor- 
dinates be Ox^ parallel to the chord 
of contact AA^ and Oy, parallel to 
the line TTPC. 

Then, the equations to 0-4, 0-4', 
AA^ being represented by 

y = aa?, y = -a'a?, y = J, 

tiiat to the conic section will be, X de- 
noting an arbitrary constant quantity, 

(y - «») (3^ + a a;) = X (y - h)\ 




k 
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which, expressed geometrically, becomes 

PT.PT = \ [PG)\ 
whence [PCy oc PT.PT'. 

Camot : OiomStrie de Position^ p. 446. 

5. If APP be any chord, drawn through a fixed pomt A 
in the axis of a conic section, to meet it in two points P, P ; 
to prove that, A being the origin of coordinates and the axis 
of the conic section the axis of x^ 

— I = a constant quantity, 

x^j x^^j being the abscissas of P, P. 

6. If two conic sections are such that they intercept, on 
a given straight line, chords the middle points of which are 
coincident: to prove that the same property will apply to all 
conic sections which pass through the four intersections of the 
two conic sections and cut the same given line. 

Plucker : Oergonne^ Annates de MatMmatigues^ tom. xix. p. 105. 



Section X. 

Referred to any Axes whatever. Directrix. 

1. To find the equation to a conic section, of which (A, Te) is 
the focus, e the eccentricity, and of which the directrix, the axes 
of coordinates being rectangular, is represented by the equation 

X sina — y cosa + c = ; 
and, if A, A;, be such that 

h -h e'c sina = 0, h — e*c cosa = 0, 
to find the equation to the curve referred to its axes. 

The equation to the curve, referred to the existing axes, is 
{x — Kf + (y — Icf = e' {x sina — y cosa + cf ; 
and, the two relations between A, k^ a, 6, c, being adopted, the 
equation to the curve, referred to its axes, is 

aj« + (l-e*)/ = eV(l -e»). 
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2. To find the equation to the directors of the conic section 

aa? + hy^ + 2cay =/. 
The required equation to the two directors is 

{(« + X)*. + (6 + X)»y}« = ^,j^, 
X being given by the equation 

[a + X) (6 + X) = c». 



Section XI. 

Referred to any Axes whatever. Coryaint Lines and Circles, 

1. Having given the equation to a conic section, and that 
to a straight line in the same plane, to find the equation to the 
conjoint line which passes through the origin, and the equation 
to the corresponding conjoint circle. 

The expression conjoint lines is used by M. Terquem to 
signify two straight lines such that, if they be taken as axes 
of coordinates, the coefficients of the two squares in the equation 
to the curve become equal. Thus two equal diameters are 
conjoint lines ; the same may be said of the asymptotes of an 
hyperbola : a principal diameter coalesces with its conjoint line. 

It is easily seen that two conjoint lines cut a conic section, 
generally speaking, in four points, situated in a single circle, 
called a conjoint circle ; and, reciprocally, that if four points of a 
conic section lie in a circle, any two lines joining them two and 
two, are conjoint lines. 

Let the equation to any conic section be 

aa? + 2copy + J/ + 2ax + 2b'y + c' = (l)^ 

and let 7 be the angle between the coordinate axes. 
Let the equation to the given straight line be 

\x + fii/ + v = (2). 

Let the equation to the required conjoint line be 

X'a: + yi^'y = 0., (3). 
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The equation to the system of the two straight lines will be 

(\a? + /t^^ + v) {\'x + fi'y) = (4). 

Adding together the equations (1) and (4), we have 
(a + XV) flj^ + (2c + \/jl' + \'/jl) ay + {b + fi/j/) y* 

+ (2a + \V) X + [2b' + fi'v)y + c' = (5), 

In order that this equation may represent a circle, we must have 

a 4- \V = i + /a/a', 
2c + \/jl' + \'/JL = 2 COS7 (a + \V), 

whence we deduce 

, \{b — a) + 2fM[a cosy — c) " 

g^j ^. ^ /.(a-6)+2\(5cos7-c) ) (6). 

where S^ = \^ -^ 2\fi cosy + /a' 

Substituting the values (6) in the equation (5), and putting 

fi^a — 2\/jLC + \*b = kj 
we shall obtain 

fcc* + 2k co&y.xy + Ay* + {2^8" + Xv (i — a) + 2/av (a cos 7 — c)} a? 

+ {2b'S' + fiv{a-b) + 2\v {b COS7 - c)} y + c'S' = 0, 

which is the equation to the conjoint circle. 

Terquem : Ltouville^ Journal de MatMmatiques^ tom. ill. p. 17. 

2. To find the locus of the centre of the conjoint circle 
of a given conic section, the two conjoint lines being both 
supposed always to pass through the origin. 

If the equation to the conic section be 

aa? + 2cxy + i/ + 2(ix + 2b'y + c' = 0, 

the required locus will be a straight line of which the equation is 

(y — a* COS7) a? = (a — V cos7)y. 

Terquem : Ltouville^ Journal de Mathimattques^ tom. III. p. 18. 
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Section XTT. 

Passing through given Points. 

1. To determine the equation to a conic section which passes 
through the five points of which the coordinates are 

1, -1; 2, 1; -2, 3; 3, 2; -1, -3. 

If a = 0, I5 = 0j 7 = 0, 5 = 0, be the equations to the ades 
of the quadrilateral formed by joining in order the first four 
points, the equation to the conic section will be 

where X = a constant. By giving to x, y, their values at the 
fifth point, we shall, by this equation, determine X. 
Now, by the formula 

(«9 - «i) y - (y. - yJ ^ - ^.3^1 + «iy. = ^> 

we see that 

a=y-2a;-|-3, i8=-4y-2a;+8, 7=5y+aj-13, S=— 2y+3a?-5. 

Hence the equation to the conic section will be 

(y - 2a; + 3) (5y + a? - 13) = 2X(2y + a; - 4) (2y - 3a? + 5). 
Putting a? = — 1, y = — 3, we have 

- 58 = - 2X X 22, 2X = ^. 
Hence the equation to the curve becomes 

11 (y - 2a? + 3) (5y + a? - 13) = 29 (2y -h a; - 4) (2y - 3aj -f- 5), 
or 61y' - 17a2^ - 65a^ + 36y 4- 174a; - 151 = 0. 

2. To find the locus of the centre of a conic section which 
always passes through four given points. 

Let Aj A\ Bj J5', be the four points: join AA', BB\ O 
being their point of intersection. Take 0-4, 0-B, produced 
indefinitely, as axes of a;, y. 

Let 0^ = a, 0^' = a', 05 = ^8, OB^^. 

Then the equation to the conic section will be 
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Let X, F, be the coordinates of Its centre : then 

EUminatIng c, we have, for the locus of the centres, 

which is the equation to an ellipse or hyperbola accordingly 
as aa' and ^^ have different or like signs. 

Cor. 1. The equations to the asymptotes of the hyperbola 
may be shewn to be 

Cor. 2. It is easily seen that the centre of the curve (1) 
coincides with the middle point of the line joining the bisections 
of AA\ BB'. 

Brianchon : Oergonne^ Annales de MatMmatiques^ tom.xi. p.219. 
Grergonne : Annales de MatMmatiques^ tom. Xl. p. 396. 
Poncelet : Gergonne^ Annales de Maihhnatiques^ tom. Xll. p. 245. 

The following is a different solution of the same problem. 
Let the equations to the sides of the triangle formed by 
joining, two and two, three of the four given points be 

Wj = a? costtj + y sinOj — S^ = 0, 

Mj = ajcosa, + y sinttj — S^ = 0, 

W3 = a? cosOg + y sinag — S^ = 0. 
Then the equation to the conic section will be of the form 

\u^u^ + \u^u^ + \u^u^ = (1),* 

where \^ X,, Xg, are arbitrary constants. 



* Bobillier : Qergonne^ Annalea de Mathimatiques, tom. xVin. p. 820, 
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If we differentiate the equation (1) partially, first with regard 
to X and then with regard to y, we shall get 

X,(tt,coBa,+W8^^^)+\(^8^^^+^i^^O+\(**i^^^^'+^«co8aj)=0, 

X, (WjBina,+ WgBinoJ +X,(M,sinaj+ttj8inoJ+X3(ttj sin o^H- Wj8lnaj)=0, 

two equations which determine the values of sc and y at the 
centre of the conic section. 

Eliminating X, between these two equations and effecting 
obvious simplifications, we shall get 

X, w/w,sin(a, - a,) + u^mi{a^ - «») - ^^.s^Ca, - aj ^ 

or, putting 

w,sin(a, - a.) + t*,sin(a3 - aj + u^Bm{a^ - aj = 2v, 

Xj^Wj t;- u^sin(a, -gj ^ 
Xj u^' V — u^ sin (a, - aj ' 

By similarity we have also 

Xj _ Wj V — ^^sin(a^ -- a^) 

Let Wj, Wj, Wg, be the values of w^, w^, Mj, at the fourth given 
point. Then, from (1), 



^1 ^9 ^^8 



and consequently, putting for X^, X„ Xg, their proportionals, and 
writing s,, s„ S3, instead of sm(a, - ttg), sin (a, - aj, sin (a, - «,), 
respectively, we have 









as the equation to the required locus, which is therefore a conic 
section. 

This very elegant solution of the problem is given by 
Mr. Heam, in his Researches on Curves of the Second Order 
a work very remarkable for the ingenuity and beauty of its 
investigations. 
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3. If three conic sections *^pass through the same four points, 
their diameters, of which the conjugates are parallel to a single 
fixed line, all pass through one point. 

Sturm : Gergonne^ Annales de MatMmatiqvss^imn., XVII. p. 176. 
Lam^: Examen des diffSrentes methodes emphySes pour 
r6s(mdre les prohUmes de Oiometrie.^ p. 34. 



Section XIII. 

Passing through given Points and touching given straight lines. 

1. To determine the locus of the centres of all conic sections 
which touch a given straight line and pass through three given 
points. 

Let one of the three points be taken as the origin of coor- 
dinates, and let the axes pass through the other two points. 
Then, A, i, denoting the distances of these two points from the 
origin, the equation to the conic section will be 

aa? + 2cxy -Vhy^ — ahx — hhy = (1). 

Let the equation to the given tangent line be 

Now, generally, in order that a line expressed by this equation 
may touch a conic section denoted by the equation 

aa? + 2cajy ^hf + 2a'x + ib'y + c' = 0, 
we must have the condition 

0?^ (c" - ai) + 2a*^ [a'c - ah') + 2a/S' [b'c - ba') 
+ a" (a" - ac') + iS* {b'^ - be') + 2a)8 [cc' - a'b') = 0. 
In the present problem, where 

a' = - JaA, J' =: - J Ji, c' = ; 
this condition reduces itself to 
i (ooA- J)8;fe)'+ a^{a^(c'-ai) + aa(JA;-Ac) + Jy3(aA-A»)} = 0...(2). 
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Now if jT, y, be taken to rq)re8ent the coordinates of the 
centre of (1), we shall have 

2ax + 2cy — oA = 0, 

and 2by +2cx — bk = 0. 

From these two equations we have 

2cy , 2cx 

h-2x^ k-2y 

Substituting these expressions for a and i in (2), we get 

{fihx [2x ^h)'-oAy [2y - h)Y 
+ 0^ (2a? - h) [2y - k).{oLfi (- 2kx - 2hy + hk) 

4- 2ay [2hx + 2hy - M) 

+ 2)8aj [2hy + 2kx - hk)} = 0, 

or {I3kx {2x ^ h) -- ahy {2y - k)Y 

+ aiS (2a? - h) {2y - A).(2Aa? + 2hy - M).(2i8a; + 2ay - a^) == 0, 

which is the equation to the required locus. 

Gergonne : Annates de MathSmatiques^ torn. xi. p. 393. 

The following is a different solution of the same problem. 
The notation of the second solution of Prob. (2) of the preceding 
section is retained. 

Let the equation to the given line be put into the form 

l,u, + l^u^ + l,u, = (1), 

which may always be done by properly determining the con- 
stants Zj, Zj, Zg. 

At the intersection of (1) and the equation to the conic 
section, viz. 

\%% + \%u^ + \u^u^ = 0, 

we have Z^X^w^' + Z^X^w/ + (Zj\ + l^^ - Z3X3) u^u^ = ; 

it is easily seen that this equation will be a perfect square, 
provided that \^ \, \g, satisfy the condition 

which is therefore the condition of contact. 
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Hence, replacing in this equation \j \^ Xgj by their pro- 
portionals, we have for the equation to the required locus, 

Heam : Researches on Curves of the Second Order. 

2. To find the locus of the centre of a conic section which 
touches four given straight lines. 

Let the equations to three of the given lines be 

u^ = X costtj + y sinttj — 8^ = Cj 

u^ = ajcosa^ -fysinag — Sg = 0> (1). 

% = X costtg + y sinttg — S^ = J 

The equation to the fourth line, c^, c^, Cg, being constants 
properly chosen, may be written in the form 

c^u^ + 0^^^ + Vs = (2). 

The equation to the conic section, which touches the lines (1), 
wiU be (x^„ji + (x^„^)l + (x^„ji = (3). 

This conic section will also touch (2), provided that the 
parameters \^ \, \^ are subject to the condition 

^+^ + ^ = (4). 

^1 ^2 ^^S 

If we rationalize the equation (3), and then differentiate it, 
partially, first with regard to a?, and secondly with regard to y, 
we shaU obtain two equations for the determination of the values 
of ic, y, at the centre of the conic section, viz. the equation 

XjVj costtj + XjVg cosajj -f Xg\ coso^ 

=* W (^2 ^^^*8 + ^8 cosaj + Xg^ (^8 ^^3*1 + ^1 c^s«8) 

+ \Xg [u^ cosa^ + u^ cosa,), 

and an equation which may be derived from this by writing 
sin throughout instead of cos. 

From these two equations, by simple trigonometrical ope- 
rations, we shall arrive at the following formulae: 



gg^ + g,X, ^ &A + 63X, ^ s,\ + s,\ 

^ % ^8 



(5), 

AA 
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where t,, e„ e„ are written for 8m(a^-.a^), sin(a^-aj), siii(aj-aj), 
respectively. 

Putting each member of the doable equality (5) equal to p, 
we shall get 

• S 8 1 18 

where V = J(8,Uj + 8,t*, + e.Wj). 

Substituting these values of \, X,, X„ in the equation (4), 
we have, for the equation to the required locus, 

\c, c, cj c, c, c. 

Thus it appears that the locus is a straight line. 

Heam : Researches on Curves of the Second Order, 

3. To find the locus of the centre of a conic section which 
passes through two given points (Wi=0, u^^O) and [u =0 t*=0), 
and touches a given straight line 

Wj + yw, = 
in a given point {u^ = 0, w^ = 0). 

The locus required is a straight line defined by the equation 
u^ {v - u^ sln(a, - a^)} = yu^{v -- w, 8in(a3 -" Oi)}. 

Heam : Researches on Conic Sections p. 34. 

4. To find the locus of the centre of a conic section which 
touches three given straight lines and passes through a ffivwi 
point. 

The same notation being adopted as in problem (2^ and 
^1? ^2^ ^8? represented the values of %,, w„ u^^ at the given 
point, the required locus will be a conic section defined by the 
equation 

Heam : Researches on Curves of the Second Order 
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5. To find the locus of the centre of a conic section which 
touches two given straight lines and passes through two given 
points. 

Let (a, )8), (a', yS'), be the two given points : let the equations 
to the two given lines be 

u = a^x + \y + I - 0, 

V =a^x + b^y + 1 = 0, 

and that to the line joining the two given points 

w = a^x -I- h^y + 1 = 0. 

Also let w represent a^x + b^t/j a^ and b^ being quantities 
determined by the equations 

^'a\ ^ = <a' + b^ff = {uv)^a\ /S-. 
Then, putting 

L = aj>^ - a,ft„ M = aj?^ - aj)^, 

L = aX - a;b,, M' = a;b, - a^', 

and Q = a^b^ - aj>;^ 

we shall have, for the equation to the required locus, 

' {Im - Mvf + 2Q{[L'u - M'v)w'' {Lu - Mv)w'} = 0, 

an equation of the second order. 

Heam: Researches on Curves of the Second Order y p. 42. 



Section XIV. 

Determination of their Eqtuxtions from given Conditions. 

1. To find the equation to the conic section which passes 
through the point [hj k) and touches the parabola 

at the vertex and at an extremity of the latus-rectum. 

The equation to the chord joining an extremity of the latus- 
rectiun to the vertex of the parabola is 

y - 2a? = 0. 

AA2 
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Hence the equation to the conic section, pasedng through 
both intersections of the lines 

y» - £c = 0, y - 2a: = 0, 
must be of the form 

y" - 7a; -I- (y - 2a?) (Xa? + /iy + v) = 0, 

X, /i, Vj being arbitrary constants. 

But, since the conic section touches the parabola at the 
a? 
vertex, - = 0, when x = and y = : hence f = 0. The 

equation therefore becomes 

y* - t» -I- (y - 2a;) (Xa? 4- fty) = 0. 
Also, since the conic section touches the parabola at the end 

of the latus-rectum, we must have — = 1, ^virhen x = ^Z and 
y = ^Z: hence ^ 

2/i + X = : 

thus the equation becomes 

y" -^ = - IJ^{y- 2a;)". 
But the conic section passes through the point h^ Jc : hence 

A»-ZA = -/A(;fe-2A)*. 
Hence the equation to the conic section is 

y" - fo _ /y - 2a?y 

Cor, Clearing the equation of fractions we shall get 
y" (a* - 4Ai + ZA) + 4 (A» - ZA) 03^ - 4 (A» - Ih) a;*... = o. 
Hence the curve is an ellipse or an hyperbola as 

{l^ - my < or > (4M - a^ - ih) (*» - ih)^ 

or (** - Ih) {Je - 2hy < or > 0. 

Thus the curve will be an ellipse, if the point (k k) is 
within, and an hyperbola, if it is without the parabola. 

2. To find the equation to a conic section, having given 
that A, hj are the coordinates of its focus, that 

ojcosa + ysina = S, 
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is the equation to its directrix, and that e is its eccentncity. 
Also, if h and h be such that 

h = e^S cos a, k = ^i sin a, 

to find the axes of the conic section. 
The equation to the conic section is 

[x — A)' + (y — ^)* = ^ [x cosa + y sina — 8)*» 

If A = e"S cosa and h = ^i sin a, the semi-axes will be 

or eS, (e'* — l)*.e8, 

accordingly as the curve is elliptic or hyperbolic. 

Section XV. 

Poles and Polars, 

1. If, through a point chosen arbitrarily in the plane of 
a line of the second order, be drawn a series of secants to the 
ciure; and if, through the two points of intersection of each 
of them with the curve, be drawn to the curve two tangents, 
terminated at their point of concourse : the pairs of tangents will 
form a series of circumscribed angles the summits of which will 
lie in a single straight line. 

Let the equation to the conic section be 

a^-iflf-V 2cxy + 2a' x -H 25y -f- c = 0. 

^ (^/? y)i (^//? Vi^'i ^® *^® coordinates of the two points in 
which any one of the secants cuts the curve, and [x\ y'), those 
of the point of concourse of the two corresponding tangents; 
then, by the equations to the tangents at these two points, 
we shall have 

[ax, + cy, + a!) x + [hy, -\- ex, -\- V) y + dx, -|- Vy, + c = 0, 
[<^.. + cy„ + a ) ai + {by,, + cx„ + V) y + ax„ + h'y„ + c = 0. 

These two equations shew that the two points (x,^ y) and 
{^,n y,) li® in a line 

{ax-\- cy -\- d)x* + [hy -\- cx-\- h') y + a'x -f b'y + c' = 0...(1), 
where a?, y, are the current coordinates. 
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Let /< , A-, be the coordinates of the point from which all tbe 
Hccants are drawn : since this point lies in the same line widi 
{^s7 y) k,> yjj we have 
[ah + ck-\- a) X + (JA: + cA + i')y' + a'A + VJc + c' = 0...(2). 

Tliis equation shews that the point [pc\ y') alwajB lies in 
a single straight line. 

Cor. By virtue of the equation (2), it appears that (i, k) 
is always a point in the line (1). Hence we may enunciate also 
the following converse proposition : " K about a line of the 
Kccond order be circumscribed a series of angles the summits of 
which all lie in a single straight line situated anywhere in tlie 
plane of the curve : the secants drawn to the curve, through Ae 
points of contact of the sides of these angles with it, all meet 
in a single point." 

In consequence of the relation which subsists between the 
point (A, A;), and the line 

[ah + cA + a) X -f {bk -f cA -f J') ^ -f a'h + Vk + c' = 0, 

the point has been called the pole of the line, and the line has 
been called the polar of the point. 

De la Hire : Secttones Conicce^ lib. II. prop. 23, 24, 26, 27. 
Puissant: Becueil de diverses propositions de Oiomitrie. 

p. 167, troisi^me Edition. 
Gergonne : Annales de Mathematiques^ torn. III. p. 293. 
Gamier: Giondtrie Analytique^ p. 161. 

2. To prove that the polar is always parallel to a system of 
chords conjugate to the diameter passing through the pole. 

The equation to a conic section which has a centre may 
be put imder the form 

a;^ -{-by* + c' = 0. 

Then, (A, k) being the pole, the equation to the polar will be, 

by prob. (1), ahx' + bky' + c' = (1). 

But the equation to any chord, conjugate to a diameter 
through (^, A), is, p being any constant, 

ahx + hky +p = (2) • 
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the equations (1) and (2) represent two parallel lines: the 
truth of the proposition is therefore established for central conic 
sections. 

Again, since the equation to any conic section without a 
centre may be taken under the form 

If + 2a'a; == 0, 

we shall haye, instead of (1) and (2), the equations 

doi + hhy -f dh « (3), 

aV + hhy' +p = (4). 

From these equations we see the truth of the proposition in 
regard to conic sections without centres. 

De la Hire : Sectiones Conicce^ lib. ii. prop. 25, 28. 
Bochat: Gergonne^ Annales de MathSmatiqtieSy torn. III. p. 303. 

3. If two points Pj, Pj, be the poles of two lines i^, i^, to 
prove that the intersection of ij, L^^ will be the pole of the line 
joining P^, P,. 

Let {\y \) be the coordinates of P^, and (A^, k^) those of P^. 
Then, since P^ is the pole of i^, the equation to L^ must be 

{a\ + c\ •\- a:)x-\' {b\ + c\ + h')y •\- o!\ + 1% + c' = 0, 

or [ax-\-cy -\- d) \ + ( Jy + co? + V) \ +io' = (1). 

Similarly the equation to L^ must be 

[ax + cy'\' d) A, + (Jy + co? + V) A, + c' = (2). 

Taking now a;, y, to represent the coordinates of the inter- 
section of (1) and (2), it is plain that, a;', y\ representing current 
coordinates, the two points (Aj, AJ, (A^, A^), lie in a line 

{ax-V cy ^^ d) a:' + (Jy + ca; + h')y + c' = 0, 

which is therefore the equation to the line P^P^* T3ie form of 
the equation shews that P^P^ is the polar of the point (a:, y), 
that is, of the intersection of i^, L^. 

Par M. B.***, Abound: Gergonne^ Annales de Mathi- 
mafiquesy tom. IV. p. 379. 
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4. Two points P^ Q^ are the poles, corresponding to two 
polars L^ M^ respectively, in any conic section. To prove thtt, 
if P lie va M^ Q will lie in L. 

Any conic section may be represented by the equation 

af ^ 2x 2y 

Let (x„ yj, (a;,, yj, be respectively the poles P, Q. Then 
the equations to Zr, if, will be, respectively, 

^1 , yy. - ^ + ^1 . y + y» „, 

"^.yvi- ?_±3 + y + y^ ,ox 

a« "^ A* ■" a ^ /9 (2> 

If (ar^, yj, lie in (2), we have 

?iS . Ml - ^i + ^. . yi + y. 

a» "*" i« " a ■*■ )8 ' 
a result which shews that {x^^ y^ is a point in (1). 

5. To find the equation to the polar corresponding to any 
proposed pole, relatively to the conic section 

u^ Vj K7, being linear functions of x and y. 

Let the point of contact of one of the tangents be 



( t? = \W) 



then the equation to this tangent will be 

\*u — 2\w + 1? = 0. 

Let u\ v\ w\ be the values of w, v, w?, respectively at the 
pole. Then \V - 2\k?' + v = 0. 

But, at the point of contact, 

and therefore uv — 2ww + vu = 0. 
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But this equation will be true also for the contact of the 
other tangent. Hence, holding good for both points of contact, 
it will represent, when w, t?, w, are regarded as variable, the 
equation to the chord of contact, or polar belonging to the 
proposed pole. 

Salmon: Treatise cm Conic Sections^ p. 221. 

6. If, from any point 0, be drawn two straight lines OAA'^ 
OBB\ intersecting a conic section in points -4, A\ By B'] to 
prove that the intersection of AB'j A'B^ and the intersection 
of ABy A'B\ both lie in the polar belonging to as a pole. 

Let the lines OAA\ OBB\ be chosen as axes of a?, y, 
respectively. Let OA = a, OA' = a', OB = )8, OB' = yS'. Then, 
c being some constant quantity, the equation to the conic section 
will be 

The equation to the polar of will be 

(i+?)''-^(i+?)^=^ <"• 

But the equations to AB, AB\ AB\ JIB, are respectively 

^^y-^ ^ A.y -\ '^ ^y -\ ^ + y^i 

Since (1) is produced by the addition of either the first and 
second, or of the third and fourth of these equations, the pro- 
position is established. 

Cor. 1. Since the intersection of the tangents at A^ A\ and 
intersection of the tangents at -B, B\ both lie in the polar 
of 0, it appears that the intersections of {AB\ A!B\ {AB^A'B')^ 
and of the two pairs of tangents, lie all four in a single straight 
line. 

Cor. 2. If we join two and two the reciprocal extremities 
of pairs of parallel chords of a conic section, the points of inter- 
section of these new chords will all lie on the diameter bisecting 
the original chords. 
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A demonstration of this proposition in die particular case of 
a circle may be seen in De la Hirers Sectianes Gonicce^ lib. i. 
prop. 22. 
Lam^ : Examen des difffrentes mSiJiodes employ See poier rieoudre 

leaprohlhnea de OSomStrte^ p. 45. 
Puissant: Becuetl de diveraes propoeitians de OSomitrie^ p. 221^ 

troisihne idition. 
Frost: Cambridge Mathematical Journal^ vol. IV. p. 114. 

7. To prove that each of the straight lines 

w = 0, 1? = 0, w? = 0, 

is the polar of the point of intersection of the other two, 
relatively to the conic section 

Z, 971, n, being any constants. 

Salmon : Treatiae on Conic Sections^ p. 205. 

8. To find the polar relatively to a conic section 

uv = W^j 

where w, v, «?, are linear functions of x and y, corresponding 
to a pole represented by the equations 



{ 



au = w^ 



bv = w^ 
The equation to the required polar is 

au — 2ahw + Jt? = 0. 

Salmon : Treatise on Conic Sections^ p. 220. 

9. The equation to a conic section being 
S = ?V + wV + wV — 2mnvw — 2nlvm — 2hnuv = 0, 

to prove that the equation to the polar of a point where u = u\ 

t? = v', w? = w\ is 

, d8 , dS , dS 
au av aw 

Salmon : Treatise on Conic Sections^ p. 234. 
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10. The three sides of a triangle touch a given conic section : 
two of its vertices move on fixed right lines : to find the locuB 
of the third vertex. 

Let w = 0, t? = 0, be the equations to the two tangents which 
pass through the intersection of the two fixed right lines. Then, 
the equation to the conic section will be of the form 

uv = W^y 

those to the two right lines of the form 

and the equation to the locus of the third vertex will be 

[a + by 

The required locus is therefore a conic section touching the 
proposed conic section at the ends of the polar belonging to the 
mtersection of the two fixed lines as pole. 

Salmon : Treatise on Gonic Sections^ p. 221. 

11. If a point P be the pole and a line Q the corresponding 
polar in relation to any proposed conic section, to prove that, if P 
always lie in a second conic section, Q will be always a tangent 
to a third, and conversely, if Q be always a tangent to a second 
conic section, P will always lie in a third. 

Brianchon : Journal de VEooU Polytechniqv^^ CdhierTi. p. 14. 
O'Brien: Plane Coordinate Oeometry^ p. 177. 

12. From a point P, without a conic section, any two 
straight lines are drawn each cutting the curve in two points. 
The points of intersection are joined, two and two, and the 
points, in which the joining lines (produced if necessary) cross 
each other, are joined by a line which will in general cut the 
curve in two points A^ B. To prove that PA^ PB^ are tangents 
at Ay B, 

R. S.: Cambridge Mathematical Journal^ vol. I. p. 32. 

13. From any point 0, a straight line OAG is drawn, 
cutting a conic section in two points Ay (7, and the polar of 
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in ^: to prove that the line OC is harmonicallj divided by the 

points Ay B. 

De la Hire : Sectiones ConiccBj lib. ii. prop. 21. 

14. To prove that the polars of any given point, relative to 
all lines of the second order which pass through any four as- 
signed points, all meet in a single point. 

Bobillier : Oergonne^ Annales de MathSmattques^ torn. XVIII. p. 362. 

15. From a pole P is drawn a straight line PS to the focus 
of a conic section, cutting the polar in /: the polar intersects 
the curve in E^ F^ and the directrix in G, To prove that 

EI:FI::EO:FO. 

Leyboum : Mathematical Repository ^ New Series^ vol. II. p. 3. 

16. From a point is drawn a pair of tangents to a conic 
section, and a line, bisecting the interior angle between them, 
is drawn, cutting the corresponding polar in 0: to prove that 
the intersection of a pair of tangents, belonging to any other 
polar passing through 0, will lie in the line which bisects the 
exterior angle between the former pair of tangents. 



Section XVI. 

Polar Equations, 

1. To prove that, in any conic section, if r, r\ be focal dis- 
tances at right angles to each other, and c the semi-latus-rectum, 

/I iV /I iV 

( j +(— ] =8- constant quantity. 

The equation to the conic section, ^, r, being the polar coor- 
dinates, is Q 

-= 1 + ecos^: 
r 

putting ^TT + ^, /, for 0^ r, respectively, we have 

-7 — 1 — e sin ^ : 
r 
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hence g - l)' + (^ - l)" = e*, 



\r cj \r c/ c 



2. A line is drawn from the focus to any point of a conic 
section, and a circle is described upon it as a diameter : to shew 
that the locus of the consecutive intersections of all such circles 
is a circle, except, in a certain case, where it is a right line. 

Let be the focus, P the place of any point in the circle 
of which OA is a diameter. Let Oxy jp 

coinciding with a principal diameter 
of the conic section, be taken as the 
prime radius vector. 

Let 0P= /3, OA = r, lAOx = 0^ 
L POx = ff>. Then the equation to 
the circle is ^ ^ rcos(^ - 0): 

but the polar equation to the conic section is 

c 




r = 



1+ecos^^ 

where c is some constant: hence the equation to the circle 

becomes ^ (i + ecos^) = ccos(^ - ^ (1). 

Differentiating (1) with regard to ^, we have 

6/9sind = csin(^ — ^), 
or = (ccos^ — ep) sin^ — csin^ cos^: 

but, from (1), p = (ccos^ — ep) cob0 + csin^ sin^. 
Squaring and adding to the last two equations, we get 

p^ = (c cos^ — epy + c' sin'^ 

= c' — 2cep cos^ + e^p*j 
which is the equation to a circle unless e = 1, in which case 

2/5 cos ^ = c, 
which is die equation to a right line. 
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3. From any point M in the axis of a conic section^ a per- 
pendicular MPP is drawn, cutting the curve in P: to find the 
locus of F under the condition that PP shall be always equal 
to the focal distance of P. 

K the equation to the conic section is 

c 
''^ 1 -f ccostf * 

the required locus will be a conic section of the same spedes 
represented by the equation 

__ 2csin0 
^ " 1 -f 68in2tf ' 

Lardner : Algebraic Geometry^ p. 147. 

4. From the focus yS of a conic section are drawn n straight 
lines r^, r,, r^y,,r^^ terminating in the curve, and dividing it into l 
n parts which subtend equal angles at the focus : P^, P , P ...JK \ 
are straight lines drawn from die other focus to the same points. 
To prove that, e denoting the eccentricity of the conic section 
and the inclination of r^ to the greatest radius vector which 
can be drawn through 8^ 

R.K.R^,..R^ 1 - 26" coHud + e"* 
Herschel: Leybourn^s Mathematical B^ositort/y New Series p. 58. 



Section XVII. 

Linear Equation, 

1. To shew that r ^fx ■\-gy-\-'h\^ the most general equation * 

to a conic section referred to the focus as origin, r being the 
distance of the point (a?, y) from the origin : also to determine 
the eccentricity and the position of the directrix in terms of 

/j 9i *• 
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whence 



Let the equation to the directrix be 

oleosa -f ^sina = S, 

and let e be the eccentricity : then, by the delQnition of a conic 
section, y -. g ^aj ^^^ -f y sina — S), 

an equation of the required form. 

Comparing this equation with the one enunciated, we have 

/=ecosa, ^ = esina, A = — e8: 

« = (/■+/)*, S = -(7r|^*. 
The equation to the directrix becomes 

/a? -f ^y + A = 0. 

2. The focus and directrix of a conic section are given in 
position. Through the former a line is drawn making with the 
latter an angle the sine of which is equal to the eccentricity 
of the conic section. To find the locus of the point where this 
line meets the curve, the eccentricity being variable. 

Let OLy be the directrix, S the focus : 08x at right angles 
to OLy^ the axis of a?, Oy being 
that of y. Let 08 = c, OM = a;, 
PM=yy 8P=rj e = sina. Then 

r = e.PL = ex (1), 

c — X = rsina = er (2). 

From (1) and (2), 

r^ = a; (c — a?), 
[c-xY + f -x{c- a?), 
2aj" + y^ + c" = 3ca;, 
the equation to the required locus, which is therefore an ellipse. 

3. Having given one of the foci of a conic section and three 
points in the curve, to find the equation to the directrix. 

Let the focus be taken as origin of coordinates : then, (a?^, yj, 
(^//) !/„)} {^mj Vu)^ being the three given points, the equation 
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to the directrix will be 

where r^, r^^, r^,^, are used to represent respectively 



Section XVIII. 

Polar Equation to the Tangent, 

The polar equation to a conic section, when the focus is the 
pole, may be written in the form 

- = 1 + 6C0S^. 

r ^ 

being the inclination of r to the axis containing the focus, 
and c denoting the latus-rectum. 

The polar equation to the tangent at any point of the curve, 
of which a is the angular coordinate, will then be 

- = 6Cos^ + cos(^ - a). 

r ^ 

This expression for the polar equation to the tangent of a 
conic section is due to Mr. Davies, by whom it was communi- 
cated to the Philosophical Magazine for 1842, p. 192. 

1. If yS be the focus of a conic section, and T the intersection 
of the tangents at the extremities P, j?, of any focal chord P8p ; 
to prove that the line 8T^ joining 8 and T, is at right angles 
toP% 

Let a, 7r4- a, be the angular coordinates of P,^, respectively: 
then the equations to PT^pT^ will be respectively 

/» 

- = e cos^ + cos(^ — a), 

/» 

- = 6 cos^ — COS [6 — a). 
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Hence, at the intersection T of these two lines, 

cos(^ — a) = 0, 
^ - a = ± Jtt, 

^ = a ± i^, 
which establishes the proposition. 

De la Hire : Sectiones Coniccej lib. Viii. prop. 23. 

2. To find the angle subtended at the focus by the tangent 
drawn to a central conic section from any assigned point. 

The polar equation to the conic section being 

-= 1 + 6COS^. 

r ' 

that to the tangent at a point, of which the angular coordinate 

is a, Will be ^ 

- = e cos^ + cos (a — 0). 

T 

But, X being the abscissa, on the major axis, of any point 
r, 0, in the tangent, 

± (a? — oe) = rcostf, 

^= ± (a? - oe) ^+ cos(a - ^), 

T T 

and c = ± a (1 — e"), 

the + or — sign being taken as the curve is the ellipse or the 

hyperbola : hence a — ex 

± = cos (a — ^) : 

which determines the required angle a — dm terms of x and r. 

O'Brien: Plan^ Coordinate Geometrt/y p. 156. 

3. The angle subtended, at one of the foci of a conic section, 
by the part of a moveable tangent intercepted between two 
fixed tangents is always constant. 

The pokr equation to the conic section, when the focus is the 
pole, bemg of the form 

- =i 1 -f 6C0S&, 
T 

BB 
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the polar equations to the moveable and fixed tang^its will be 

- « ecosd + co8(5 — a) (l), 



c 



- = ecoB0 + cob(5 - a) (2), 

- = 6COs5 -f cos(^ - a") (3), 

Oj a\ a" J being the values of at the three points of contact 
respectively. 

At the intersection of (1) and (2), 

cob(5 — a) = co8(5 — a'), 
whence ^ = i(a' + a). 

Similarly, at the intersection of (1) and (3)^ 

The angle, subtended by the intercepted portion of the tan- 
gent (1) at the focus, will be equal to the difference between 
these two values of tf, that is, to i(a' -^ a"), a constant quantity. 

Poncelet : Oergonne^ Annalea de MathSmatiqties, tom. viii. p. 4. 

4. Two conic sections have a common focus, througli which 
any radius vector is drawn, meeting the curves in P, P*, re- 
spectively. To find the locus of the point of intersection of the 
tangents at P, P. 

The equations to the conic sections are of the forms 

- = 1 + ecos^, 

- = 1 + 6'cos(^ + e), 

and the equations to the tangents at P, P, the angular coor- 
dinate of both points being a, will be 

- = ecos5 + cos(^— a) (i) 

- = e'cos(^ + e) + cos(^ - a) (2). 
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At the intersection of (1) and (2), 

0^6 



= e cos^ — e' cos (tf + s) 



.(3), 



the equation to the required locus, which is therefore a straight 
line. 

Cor. 1. The equations to the directors of the two conic 
sections are ^ 

- = 6C0Sd, 



and 



- = e'cos(^ -f s). 



Hence tiie line (3) passes through tiie intersection of tiie two 
directors. 

Cor. 2. If 7, H^ denote the sines of the angles which (3) 
makes with the two directors, it may easily be shewn that 

T" e' 

5. To circumscribe a triangle about a given conic section, 
such that each of its summits shall lie in a given line. 

Let the equations to the three given lines be 

8j = rcos(^- 8j)' 

S, = rcos(^ - 8,) ' (1). 

S3 = rcos(^-83)J 

The equations to the tiiree sides of the circumscribing tri- 
angle may be written in the form 



- s= eCOSd + C0S(5 — ttj) 

- = ecoB0 + cos(^ — o^ 

T 

- = 6COS0 + C08{^ — Oj) 






(2). 



Conceive the first and second qf the lines (2) to intersect in the 
last of tiie lines (1). 

BB2 



372 LINES OF THE SECOND ORDER. 

At the intersection of the first and second of the lines (2], 
we have ^ = 4(a, + flO, 

- = €COS * ^ + COS * ^ , 

r 2 2 ^ 

and therefore, by the last of the equations (1), 

8, (ecoB?L+^ + co8?lZ^) = 0CO8 (^^L^ _ e.) , 

whence, putting tan^a^ = u^ and tanjo^ = w^, yre have 

S,{1 + e + (1 - e)u^u^] = CC0S8, - CMjWjCose, + csine, (w, + «,], 

^^^^ -^.(^ - ^^ ^' . ».t.. = «, + «, 4 cote. -1L+£)A, 
or, a,, &,, denoting known quantities, 

^B^1^2 = ^1 + ^9 + J,. 

Similarly, in relation to the other two angular points of the 
triangle, we have 

a^u^u^ = w, + ^3 + S„ 

«a^s^i = «*» + «*!+ V 

Eliminating w, and Wj between these three equations we 
shall get a quadratic in u^^ and thus u^y u,, u^j may be deter- 
mined. The double value of u^ shews that generally there 
will be two solutions of the problem. 

A solution of this problem, in the particular case of the circle, 
may be seen in Mr. Heam's excellent work entitled Researches 
on Curves of the Second Order^ p. 17. 

6. To find the distance of the pole firom a tangent to a conic 
section ^ 

^"" 1 +ecosd* 
drawn at a point where == a. 
l£p denote the required distance. 



<^ 



I 



^ l+e' + 2ecosa' 




POLAR EQUATION TO THE TANGENT. 373 

7. The tangents at the extremities of the major axis of 
a conic section intersect any other tangent in two points: to 
prove that the straight lines joining these two points with either 
focus, are at right angles to each other. 

'i^nOAAONIOY IIEPrAIOY KwviKtSp t6 n-plrov Uporatrt^ fit\ 

8. K, from a focus of a conic section, lines be drawn to the 
summit of the angle formed by any two tangents and to the two 
points of contact, the first of these three lines will bisect the 
angle formed by the two others. 

De la Hire : Secttones Contcce^ lib. viii. prop. 24. 

Poncelet : Oergonnej Annales de MathSmatiques^ tom. Vill. p. 5, 

De Morgan : Cambridge Mathematical Journal^ vol. II. p. 202, 

9. When a moveable tangent to a conic section terminates in 
two fixed tangents, the sum of the angles which the first tangent 
subtends at the two foci, in the ellipse, and the difference, in the 
hyperbola, is constant and equal to the supplement of the angle 
between the two fixed tangents. 

Poncelet : OerffonnCj Annalea de MathSmatiqueSj tom. VIII. p. 8. 

10. To find the locus of the intersection of a tangent to a 
conic section with a straight line drawn through the focus, at 
right angles to the radius vector of the point of contact 

The locus will be the directrix. 
Chasles : Oergonne^ Annates de Maihimaiiquea^ tom. XVIII. p. 273. 

11. To prove that two confocal conic sections cannot have 
more than two common tangents. 

Chasles : Oergonne^ Annales de Mathimatiques^ tom. xvill. p. 273. 

12. If a variable angle, circumscribed about a conic section, 
moves in such a manner as to intercept between its sides, a 
portion of any fixed tangent subtending a constant angle at the 
focus, to find the locus of the summit of the variable angle. 



374 LINES OF THE SECOND ORDER. 

The equation to the conic section being 

- = 1 + ecos^. 

r ^ 

the required Iocub will be a confocal come section, having the 
same directrix as the original one, and defined by the equation 

- = C0B8 -f ecoB^, 

e being the constant angles 

Bobillier : Gergonne^ Annates de Matklmatigties^ torn. XVIIL 
p. 190. 

13. The angle between the focal distances of two points 
of a conic section being given, to find the locus of the inter- 
section of the tangents at these points. 

Let a denote the given angle; then, the equation to the 
conic section being 

- = l + eco89, 
r ' 

the required locus will be a conic section defined by the equation 

C /I 

- = cosa + ecosr. 
r 

14. The focal distances of two points of a conic section in- 
clude a given angle : to find the focal distance of the intersection 
of the tangents at these points. 

K 2a denote the given angle between the focal distances r r , 
and the equation to the conic section be 

- = 1 + ecosP, 
r ' 

the square of the required distance is equal to 



c*-(i-e«)rr'.sm»a" I] 
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Section XIX. 

Pblar Eguatton to the Chord of a Conic Section. 
K the equation to the conic section be 

- = 1 + 6C08^, 

r ^ 

the equation to tiie chord through points, tiie angular coor- 
dinates of which are a + )3 and a — ^S, will be 

/• 

- = sec)8 co8(^ — a) + ecos^. 

This very useful form of tiie equation to tiie chord of a conic 
section Was inserted by Mr. Frost in tiie Cambrtdge and Dvhlin 
Mathematical Journal^ vol. I. p. 68. 

1. P/SF, Q8Q^ are two focal chords of a conic section : to 
prove tiiat a line through yS, bisecting the angle P8Q^ will 
intersect the chord QP^ produced indefinitely, in tiie directrix. 

The equation to tiie conic section being 

- = 1 + e cos ^, 

that to the chord QP will be, a — )8, a + )8, being tiie angular 
coordinates of P, Q, respectively,' 

- = sec)3.cos(0 — a) + ecos^ ,.(1). 

But tiie angular coordinate of tiie line bisecting the angle 
P8Q is equal to a + ^ g^fi ^ ^ 

2 "^ 2 2 

w 

and tiierefore, at its point of intersection witii (1), 

- =» 6C0S&. 

r ^ 

a result which shews that the intersection lies in the directrix. 
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Cor. K we have giyen any three points in a conic section 
and the focus, we can easily constract the directrix, two of its 
points being readily determinable by the aid of this proposition. 

Chasles : Oergonn^^ Annales de MatMmatiqueaj torn. XYiii. p. 275. 

2. K a variable angle, circumscribed about a conic section, 
moves in such a manner as to intercept, between its sides, a 
portion of any fixed tangent subtending a constant ang^e at the 
focus, to find the equation to the chord joining the points of 
contact of the two sides of the variable angle. 

Let the equation to the fixed tangent be 

- = 6C0s^ + cos(5 - a) (1), 

and those to the sides of the variable angle, 

- ss 6C0S^ + cos(^ - X) (2), 

- = eQO%0 + C08(^ - ijl) (8). 

At the intersection of (1) and (2), 20 = a + X, and, at the 
intersection of (1) and (3), 20 = a + /a: hence, e denoting the 
constant difference in the values of 9 at the two intersections, 

2e = X - A* (4). 

The equation to the chord through the points of contact of 
(2) and (3), the angular coordinates of which are X, /a, will be 

- =sec — --i-.cos r-^] -f ecos0, 

r 2 \ 2 / 

and therefore, by (4), we have for the required equation to the 

chord, ceoss ^ //i ^ + M 
= e cose COS0 + cos ( ^-^ 1 . 

Cor. This result shews that the chord of contact is always 
a tangent to a confocal conic section which has the same 
directrix as the original one. 

BobiUier : Gergonne^ Annales de Mathimatiquesj torn. XViii, p. 190. 
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3. Two focal chords of a conic section are drawn and lines 
joining iheir extremities are produced to meet in two points 
P, Q : to prove that, 8 being the focus, 8P is at right angles 
to 8Q. 

Let E8F^ E'8Fj be the two focal chords, the angular coor- 
dinates of Ej E\ being a — )8, a + /8, and, consequently, those 
of JF; i^, TT + a - /8, TT + a + )8. 

The equation to EE' is 

- = sec)8.cos(tf — a) + eposOj 
and to FF'j tt + a being substituted for a, 

- = — sec/8 cos(^ — a) + ecos^. 
r 

Hence, at P, the intersection of EE'^ FF^ 

co8(^ - a) = (1), 

and therefore ^ = a + (2\ + 1) Jtt, 

X being any integer, that is, the angular coordinate of P is equal 
to half the sum of the angular coordinates of E^ E', or Fj F^ 
together with an odd multiple of ^tt. 

By similarity of circumstances therefore, 9^ denoting the 
angular coordinate of Q, 

^, = Jtt + a -f (2/A + 1) ^TT = a + (/A + 1) tt, 
fi being any integer. 

Hence ^^ — ^=(/Lt — \)7r + J^, 

which shews that 8P is at right angles to 8Q. 

4. A chord PQ of a conic section passes always through 
a given point C: supposing P5, Q8j C8y to be joined, 8 being 
a focus of the curve, to prove that 

^ P80 ^ Q8C ^ ^ 

tan .tan — r— = a constant quantity. 

The angular coordinates of P, Q, being a — )8, a -f /8, the 
equation to PQ will be of the form 

- = sec/8.cos(^ — a) + 6Costf. 
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Let r,, 0,j be the coordinates of C: then 

- = 8ec)3.co8(d, — a) + ecostf^ (1). 

Again, tan— ^.tan-^^ =* tan-^ — .tan — '- 

— ^^i^i " ^) "^ cob/3 
" cos(^, — a) + oos>3 ' 

But, from (1), C08(^, — a) = coa^S.f eoosdj . 



Hence tan— r— .tan-^-— =^ 



ecosd — 1 



ecos^, + 1 

. ^' 

which is a constant quantity. 

Stubbs : ^nnab of Philosophy^ for November, 1843, p. 341. 

5. To inscribe a triangle in a given conic section, bo that its 
sides may pass respectively through three given points. 

Let the equation to the conic section be 

- = 1 + 6cos^: 
r 

and let a^, o^, ag, be the angular coordinates of the summits of 
the inscribed triangle. The equation to the chord joining tlie 
first two of these summits is 

f — ecos^j cos ' * = cosf^ ^-^ — *] . 

Let rg, ^3, be the coordinates of the given point through which 
this chord passes: then, expanding the cosines and putting 
tan Jaj = w^, tan^Og = w,, we have 

(^ - ecos^3J.(l + u^u^ == co8^3.(l - w^w,) + sin^,.(ti, + wj, 

or, ttg, Jg, representing known quantities, 

a^u^u^ = ^ + w, -h \ (1). 
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Similarly, by considering the two other chords we have 

«!«.«« = «, + «,+ J, (2), 

«,«,«! = «, + «. + J, (3).* 

From (1) and (3) we see that 

and therefore, from (2), 

a, {u^ + \) [u, + \) = {a^u, - 1) [u^ + 63) + {a^u^ - 1) K + K) 

and consequently 

- *i + *» + *8 + «i¥8 = 0. 

From this equation may be determined two values for w^, 
the corresponding values of u^ and u^ being then given by [(2) 
and (3) : thus a^, a,, Og, are ascertained. The double value of 
u^ shews that there are two triangles which will satisfy the 
conditions of the problem. 

The earliest solutions of this problem, in the particular case 
of the circle, are due to De Castillon and Lagrange, the former 
being geometrical and tiie ktter trigonometrical. The following 
is CastiUon's history of the problem. 

^^ Je vais parler d'un Frobl^me que je n'ai pas imaging, et 
que pourtant, dans sa g^n^ralit^, je n'ai vu propose nulle part. 
Je dis dans sa gSnSralitSj parce que Pappus dans la Propos. 117, 
Probl. 40 de sa Collection, en propose un des cas les plus faciles, 
et en donne une solution qui ne pent pas s'appliquer aux autres 
cas. Selon mes conjectures, quelque Amateur de la G^om^trie 
des Anciens g^n^ralisa le Probl6me de Pappus, et, ne I'ayant 
r^solu qu' avec beaucoup de peine, ou, peut-dtre, ne I'ayant 
point r^solu, il le proposa verbalement k quelqu' un qui 
couroit la mSme carriere. Celui-ci suivit I'exemple de son 
PrM^cesseur; et de main en main le Probl6me est parvenu 

* The formulae (1), (2), (3), coincide in fonn with those obtained by 
Lagrange in the particular case of a circle. 
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jusqu' k moi. H semble que le petit nombre de G^m^tres qui 
le connoissoient, le gardoient pour embaiTasser les autres daiifl 
les occasions. Je n'en sais de certain que ce qui me r^arde: 
en voici Thistoire. 

"Feu Mr. Cramer, c^^bre Professeur k Greneve, et digue 
Membre exteme de cet illustre Corps, m'honoroit de son amitid 
n s'appenjut que j'aimois beaucoup la m^thode G^mdtrique 
des Anciens. H en prit occasion en 1742 de me proposer le 
Probl^me en question, qu' il falloit r^soudre par I'ancienne 
Analyse. ^Dans ma jeunesse, me dit-il, j'avois le go^t que 
vous avez : un vieux G^om^tre, pour essayer mes forces en ce 
genre, me proposa le Probl^me que je vous propose: tentez 
de le r^soudre; et vous verrez combien il est difficile.' 

" Je I'entrepris : je trouvai quelques Th^or^mes, qui, k ce que 
je croyois, m'approchoient du but, mais qui ne purent m'y faiie 
atteindre. Dans la suite de ce M^moire on en trouvera quel- 
ques-uns qui viennent k propos. Feu de temps apr^ m' avoir 
parl^ de ce Probl^me, Mr. Cramer par ses exhortations m'en- 
gagea k donner les Opuscules de Newton ; et les soins que cette 
Edition demandoit, me firent tellement oublier le Probll^me dont 
il s'agit, que je n'y songeai plus. 

"On m'en fit souvenir en 1755. Un des amis que j^avois 
k la Haye, ^toit Mr. Bouquet, k qui je rendis justice dans le 
M^moire $ur le terme giniral des sSries recurrentes^ que je pris 
la liberty de soumettre au jugement de cette Compagnie, lorsqu' 
elle me fit Thonneur de me mettre au nombre de ses Membres 
extemes. Depuis j'ai eu le plaisir de voir la bonne opinion que 
j'avois de mon ami en quality d'homme de lettres, confirm^ 
par r illustre Franklin, et le cas que j'en fesois conune militaire, 
justifi^ par les floges de toute I'Angleterre. 

" Mr. Bouquet m'^crivit done qu' un Anonyme avoit propose 
k la Haye le Probl^me dont il s'agit, comme digne de 1' attention 
des G^om^tres. Mr. Bouquet ajotita qu' il ne doutoit pas de 
mon courage k I'attaquer, et de mon bonheur k m'en rendre 
maltre. Les lemons que je devois donner k Utrecht, me lais- 
soient trfes-peu de temps. Pendant quelques semaines, je I'em- 
ployai k cette recherche; mais sans fruit. L' inutility de mes 
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efforts me piqua sans me d^courager. Comme peri»oime ne 
d^claroit publiquement avoir r^solu ce Problfeme, je continuai 
k J travailler, mais seulement quand j'^tois de loisir. Je fis 
bien des tentatives inutiles, je Tavoue. Enfin il me vint dims 
r esprit qu' un Th^or^me de Pappus s'appliquoit natorellement 
h la figure que j'avois construite. Je tentai cette application; 
et j'apenjus d'abord qu'elle me donnoit la solution d^siiT^e. 
C'est ainsi que j'y parvins ; mais si tard qu' on ne parloit plus 
ni de TAnonyme, ni de son Probl^me. Je mis done ma solution 
parmi mes papiers, oti je viens de la retrouver. J'ai cru que je 
ferois bien de la publier, pour ^pargner aux G^m^tres k venir 
la peine et la perte du temps que ce Probl^me pourroit leur 
cotiter." 

De Castillon: Mhnoires de VAcadSmte des Sciences et Belles- 

LettreSj Berlin^ 1776, p. 265, (geometrically for the circle). 
Lagrange : Ibid.j p. 284, (trigonometrically for the circle). 
Euler: Acta Academice Sdenttarv/m PetropoUtancSy 1780, pars 

prtoTj p. 91, (for the circle). 
Fuss: Ibtd,^ pars prior^ p. 97, (for the circle). 
Lexell : Ibid,^ pars posterior^ p. 70, (construction of Lagrange's 

formula for the circle). 
Oltajano* : MSfnorie della Societa Italtana^ tom. IV. p. 4, 1788, 

(synthetically for any polygon inscribed in a circle). 
Malfatti : Ibid.^ tom. iv. p. 201, (synthetically for any polygon 

inscribed in a circle). 
Lhuilier: ElSmens d^Analyse GSamStrique et d^Anah/se AU 

gffyrique^ p. 277, &c., (geometrically, for a triangle, or any 

polygon inscribed in a circle). 
Gergonne: Annales de MathSmattqtieSj 1816, 1817, tom. vil. 

p. 325, (algebraically for the parabola). 
Camot: GSomStrte de position^ p. 384, (algebraically, for the 

circle, by a method applicable to an inscribed polygon of 

any number of sides). 



* Oltajano's solutlou was presented to the Societa Italiana when he was 
about sixteen years of age. 
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Lam^ : Examen de diffSrerUes mithodea imployiea pour rSsoudre 
lea prohUmea de Oiomitrie^ p» 58, (algebraically, for any 
conic section). 

Puissant: Recueil de diveraea prcpaaMana de GSomStrtej p. 125, 
(algebraically, for the circle, by a method applicable to any 
conic section). 

Heam: Beaearchea on Curvea of the Second Order j (alge- 
braically, for the circle). 

Gaskin: SoltUiona of Geometrical Probl&na^ p. 166, (alge- 
braically, for each of the conic sections). 

Salmon : Treatiae on Conic Sectionay p. 222. 

6. If the chord of a conic section, the eccentricity of which 
is 6, subtends at its focus a constant angle 2a, to prove that 
it always touches a conic section, having the same focus, and 
of which the eccentricily is e cosa. 

Booth : Cambridge Mathematical Journal^ vol. ill. p. 87. 

Ellis : Ihid.^ p. 94. 

Frost : Cambridge andDvblin Mathematical Journal^ vol. I. p. 69. 

7. Chords are drawn in a conic section, so as to subtend 
a constant angle at the focus: to find the locus of the inter- 
section of each such chord with the perpendicular upon it drawn 
from the focus. 

The equation to the conic section being 

-•= 1 + ecosa. 

r ^ 

that to the required locus will be 

c.{c — 2ercos5) = (1 - c^cos*^).!^, 
which is the equation to a circle, unless e co&/3 = 1, when it 
becomes that of a straight line. 

8. If the angle between two focal distances be bisected by 
a third, which remains fixed in position, to prove that the chords 
joining the extremities of the two focal distances, as they change 
their position, always pass through a fixed point in the directrix. 

Frost : Cambridge andDvblin MathematicalJoumal^ vol. i. p. 69. 
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9. The angular coordinates of the extremities of two chords 
in a conic section being a + /3j a — ^8, and a\ + /ff, a' — fi'j 
to find tiie locus of their intersection, having given that 

fi' =s /3^ and a' — a = e, 

where e is a constant. 

The required locus will be a conic section defined by the 

equation ^ ^ 

- = seciS.cos - + e cos 5. 

Frost : Cambridge and Dvhlin Mathematical Jawmal^ vol. I. p. 70. 

10. A chord being inscribed arbitrarily in a conic section^ 
if, from one of its foci, be drawn radii vectores (1) and (2) to 
the two extremities of tiiis chord, a radius vector (3) to the 
point where tiiis chord cuts the directrix belonging to this focus, 
a radius vector (4) to tiie summit of tiie circumscribed angle 
which touches tiie curve at tiie extremities of tiie inscribed 
chord, and two otiier radii vectores (5) and (6) to the points 
where the sides of tiiis circumscribed angle cut tills same 
directrix; then the radius vector (4) will bisect the angle be- 
tween the two radii vectores (1) and (2) ; the radius vector (3) 
will bisect the angle between tiie two radii vectores (5) and (6)^ 
and tiie two radii vectores (3) and (4) will be at right angles 
to each otiier. 

Bobillier : Oergonne^ Annales de MathSmatiqueSy tom. xviii. p. 190. 



Section XX. 

Inscribed Polygons. 

1. If from any point in a conic section perpendiculars be 
drawn to tiie sides of a quadrilateral inscribed in it, to prove 
tiiat the product of the perpendiculars on one pair of opposite 
sides is to tiie product of tiie perpendiculars on the other pair 
of sides in a constant ratio. 
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Let the equations to the fonr sides of the qnadrilateral taken 
in order be u^ = o^ ^^ = o, 1*3 = 0, w, = 0, 

the general type of the equation to a straight line being taken 
in the form a;cosa + y sina -8 = 0. 

Then the equation to the conic section will be of the form 

XWjWj, + iiu^u^ = 0,* 

X and fi being constants. 

But u^u^ is equal to the product of the perpendiculars from 
any point (a?, y) in the curve upon the sides u^ = 0, u^=z 0: 
and ujUj^ to that of the perpendiculars on the other two sides. 

Hence the ratio of the two products is equal to a constant 

Sturm: Oergonne^ Annalea de MatMmatiques^ torn. XYII. 
p. 179. 

2. If three sides of a quadrilateral, inscribed in a given 
conic section, pass always through three given points of a given 
straight line, to prove that the fourth side also will always pass 
through a given point of the same line. 

Let the given straight line be taken as the axis of y, and let 
the axis of a; be a diameter conjugate to chords parallel to the 
given line. Then the equation to the conic section will be 

^ = Z H- mx + not? (1). 

Let the equations to the four sides, taken in order, be 

y = aa; 4" i, y = ax -\-h\ y ^ ax + fi^ y = a'a? + ^ff. 

Then, p being a constant multiplier, the equation to the 
conic section must also be 

{y-ax-b){y-ax-/3) = p{y^a:x-' V) [y - a'a;- ^')...(2). \ 



* This expression for the equation to a conic section circiimscribing a quad- 
rilateral was given by Bobillier in the Annalea de Mathimatiquea of Gergonne. 



INSCRIBED POLYGONS. 385 

Since (1) and (2) must be coincident, we have, by comparing 
the constant terms and the coefficients of y , 

pVp - 5)3 = (1 - p) I, 
and b + fi = p{b' + ^') ; 

whence, eliminating p, we have, 

l(h^fi^b'^ /9') = b^{b' + ^') - b'^' [b + )8)....(3). 

Now, by the conditions of the problem, three of the quantities 
J, J', /8, y8', are known ; hence, by (3), the fourth is also deter- 
mined, and the theorem is established. 

O^Brien: Plane Coordinate Geometry^ p. 178. 

3. If two consecutive sides of a hexagon, inscribed in a conic 
section, are respectively parallel to the sides opposite to them, 
the other two sides of the hexagon will also be parallel to each 
other. 

Let the two sides -4, 5, of a hexagon ABGDEF^ inscribed 
in a conic section, be parallel respectively to the two sides i>, E. 
Then, if we take the sides A^ B^ as the axes of y, a;, respectively, 
the equations to A^ 5, -D, E^ will be respectively of the forms 

a; = 0, ^ = 0, a; + « = 0, y + i = 0. 

Let the equations to the sides (7, F^ and to the diagonal 
through the points (-4, 5), (i>, E)^ be respectively 

t4 = 0, V = 0, i^ = 0. 

Then, since the conic section circumscribes each of the quad- 
rilaterals into which the diagonal divides the hexagon, the 
equation to the conic section must be indifferently of either 
of the following forms, 

uw = \y (a; + a\ 

vw = iJbx {y + b)'j 

where \, /a, are constants. 

Since these two equations must be Identical, it follows that 
the ratio of the coefficients of x^ to that of ^ must be the same 
in both, and therefore in uwj vw ; hence the ratio of the coefficient 

CC 
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of a? to that of y must be the same in u and v. This conclusion 
shews that C is parallel to F. 

Gergonne : Annales de MathSmatiqttes^ torn. IV. p. 79. 

4. A triangle is inscribed in a conic section : to prove that 
the points, in which the sides of the triangle produced meet the 
tangents at the opposite angles, are in the same straight line. 

Let the equations to the sides of the inscribed triangle be 

^ = (1), V = (2), w = (3). 

The equation to the conic section will then be 

-+- + - = (4)* 

Now it is easily seen that the line denoted by 

;; + T=' (5). 

Is the tangent to (4) at the intersection of (2) and (3) • for the 
equations (4) and (5) combined are equivalent to (2) and (3) 
taken simultaneously. 

Again (1) and (5) evidently intersect in a line 

u V w ^ 

;r + - + - = 0. 

Symmetry shews that this must be a line in which all the 
three intersections, mentioned in the problem, take place. 

Camot : OSomitrie de Position^ p. 453. 

Salmon : Treatise on Conic Sections^ p. 235. 

5. AA'B'B is a quadrilateral inscribed in a conic section the 
sides A'A^ B'B^ produced, intersecting in 0. If a straight line 
OPHH'F be drawn through 0, cutting the conic section in 
P, P, and the quadrilateral in 5, H' i to prove that 

OP'^ OP'" OH^ OH'' 

♦ BobUlier : Gergonne, Annales de MatJiematiques, torn. xvm. p^ 329 
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Let OAA'j OBB\ be taken as axes of a?, y, respectively. 
Let OA = a, OA' = a', OB = /3, 05' = /3'. Then, c being 
any constant, the equation to the conic section is 

The equation to AB is - + ^ = 1, 

and to A'B' ^ + -I = 1. 

a p 

Let the equation to OPHH'F be 

y = mx. 

Then, x being the abscissa of 5, 

11m 
a; a p 

Similarly, x' being the abscissa of H\ 

11m 

and therefore - + -t=- + — +^/i(s + -5> 

a? cc a a \p p , 



At the points P and P' we have 



11 wi' ^ 

- + -~i -{■ cm-\' -5-5; = 0. 
X (m. pp 



Hence, X, X', being the abscissae of P, P, 

X"^X'""a'^a 



+ 4. = T + ^ + ^(~ + ;^,). 



Consequently 4+^, = ^ + ^. 

But it is evident, from the geometry, that X, X\ a;, a?', are 
proportional to OP, OP, 05, 05^' : hence 

1111 



OP" OF OH" OH" 

CC2 
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6. The Opposite sides of any hexagon, inscribed in a conic 
section, intersect in three points lying in a straight line. 

Let ABCDEFhe a hexagon inscribed in a conic section, and 
let the equations to the alternate sides AB^ CD^ EF^ be re- 
spectively, when multiplied by arbitrary constants, 

w = (1); v = (2); w = (3). 

The equation to the conic section may be expressed luider 
the form 

w* + v" + i^' - (\ + \"') VM? - (/Lt + /a"*) wu-[y-^ v'^)uv = 0...(4); 

for this is an equation of the second order, involving five 
arbitrary constants, which depend upon the three quantities 
\ + \"\ /Lt + /Li"\ V + v"\ and the two ratios between the three 
arbitrary constant factors included in w, v, w. 

To determine the points A and jB, put w = : then 

V* + ic?'* -- (\ + \"') vw = 0, 

whence v = \w or ic? = Xv ; 

and, in like manner, by putting successively v = o and w? = 
in (4), we shall get the equations which determine the positions 
of the other angular points of the hexagon. The equations to 
the points A^ 5, (7, i>, E^ F^ are respectively the following : 



B, 



a 



D, 



E. 



w = 
w = \v 

v = 

v = 
u = ^w 

u = vv 

V = yu 



(5), 
•(6), 



(7), 



•(8), 
(9), 



.(10). 
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Hence (8, 9), (10, 5), (6, 7), the equations to the lines DE^ 
FA^ BCj respectively, are, by mere inspection, observed to be 

u = fiw + vv (11), 

V = vu -^-Xw (12), 

w = \v + fiu (13). 

Now each of the three pairs of equations (1, 11), (2, 12), 
(3, 13), evidently satisfies the equation 

^ + -+- = 14 ; 

and therefore the opposite sides of the hexagon ABCDEF in- 
tersect in three points in a straight line of which (14) is the 
equation. 

The demonstration here given of the property of the in- 
scribed hexagon, is due to Mr. Weddle, by whom it was com- 
mimicated to the Camhridge and Dublin Mathematical Jouirnal^ 
vol. III. p. 285. 

This beautiful property was discovered by Pascal,* and 
formed the basis of a complete system of conic sections, written 
at the age of sixteen, which was never published and of which 
the manuscript was unfortimately lost. In this treatise he is said 
by Mersennef to have demonstrated all the propositions of the 
Conies of ApoUonius, emanating in 400 corollaries from this 
one fundamental theorem.^ This work having been sent to 
Descartes, he could not be prevailed upon to believe it to have 
been written by one so yoimg, ascribing it either to Pascal's 
father or to his friend Desargues. The early genius however 
of Pascal, exhibited in other matters of like nature, renders his 
title to these discoveries in no degree improbable. Leibnitz,|| 
in allusion to Pascal, says, " Mr. P^rier, son neveu, me donna 

* Essais pour lea ConiqueSy (Euvres de Blaise Pascal, torn* iv. p. 1, 

f Harmonie Universelle, 

t Pascal himself also {(Euvresy torn. iv. p. 358), in presenting^ certain works 
Celeberrimee Maiheseoa Academia Parisiensiy speaks of this one as *• Conicorum 
opus completum, et conica ApoUonii et alia innumera unic^ fer^ propositione 
amplectens ; quod quidem nondtim sexdecimum setatis annum assecutus 
excogitavi, et deinde in ordinem congessi." 

II Lettres a M. M. Remond de Montmort, Lettre 2. Opera, tom» v. p. 12. 
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un jour k lire et k ranger tm excellent ouvrage de son oncle sur 
les coniques, et j'esp^rois qu' on le publieroit d'abord. On lui 
aurolt conserve par-lit I'honneur d' original, en des choses qui 
en valoient la peine." In a Lettre k M. P^rier, 1676, which may 
be seen in the CEuvres de Pascal, torn. v. p. 429, Leibnitz 
has given a slight sketch of the general scheme of this lost 
treatise: he says that Pascal called his inscribed hexagon the 
mystic hexagrcmi. Desargues says that in his time it was called 
" the Pascal." A great many demonstrations of the property 
of the mystic heocagram have been given by various mathe- 
maticians, both geometrically and analytically. Pascal himself, 
in his Essais pour les ConiqusSj has merely enunciated the 
property in a converse form. The following is a list of some 
of the demonstrations. 

Camot : OSomAtrie de Position^ p. 452. 

Gergonne: Annales de MatMmatiques^ tom. IV. p. 379; 
1813, 1814. 

DandeUn : Oergonne^ Annales de MathSmatiques^ tom. XV. p. 396. 

Lubbock: Annals of Philosophy ^ October ^ lS2d. 

Davies: Annals of Philosophy j July^ 1842, p. 37. 

Rutherford : Ihid.^ March^ 1843, p. 168. 

Various Mathematicians : Lady'^s and Gentleman's Diary ^ 1843. 

Kirkman: Ihid.^ 1849. 

Cayley : One solution (from Chasles), Cambridge Mathematical 
Journal^ Old Series^ vol. ill. p. 211 ; another in vol. IV. p. 18. 

Rutherford: Davies* Hutton^ vol. Ii. pp. 213—313. 

Fenwick : Mathematician^ vol. I. p. 132. 

Weddle : Ibid.^ vol. ii. p. 15. 

Salmon : Treatise on Conic Sections^ p. 212, 1st edition. 

Gaskin : Geometrical Problems^ p. 244. 

7. -4Z>, BC^ are the diagonals of a quadrilateral inscribed 
in a conic section : from A^ (7, are drawn lines AF^ GF^ to any 
point F in the arc jBZ>, and, from jB, Z>, are drawn lines BB^ 
DE^ to any point E in the arc A (7, meeting AF^ CFy respec- 
tively in Gj H. To prove that the line GH will pass through 
the intersection of AD^ BC, 

Davies: Philosophical Magazine, 1842, vol. XXI. p. 37. 
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8. Let Pj, Pg, P3, Q^^ Q^^ $3, be six points lying In a conic 
section; let the areas of the triangles P^Q^Q^^ P^Q^Q^^ P^Q^Q^y 
be denoted by A^^ P^, (7^, and the areas of the triangles, formed 
by putting P^, Pg, successively in the place of P^, be denoted by 
^2) Aj ^2? Aj ^7 ^8? respectively : then will 

9. Let ABCD be a quadrilateral: and let a conic section 
be described about it and tangents be drawn at A^ P, (7, P, 
forming another quadrilateral. Let the opposite sides of one 
quadrilateral intersect in P, Q^ and of the other in E^ F. To 
prove that P, E^ Qy P, are in the same straight line. 

Camot : GSomitrie de Position^ p. 453. 

G. W. H., and A. C: Cambridge and Dvhlin Mathematical 
Jourmily vol. II. p. 238. 

10. Ifj in the perimeter of any conic section, be taken any 
six points A^ P, (7, P, P, P, and the straight lines AB^ AF^ be 
produced to meet the straight lines PC, PP, produced, in M^ N^ 
respectively : to prove that the three straight lines MN^ BE^ FG^ 
all pass through a single point. 

Camot : Giom4trie de Position^ p. 452. 

11. Two conic sections being circumscribed about any given 
quadrilateral; if, through the extremities of one and the same 
side of this quadrilateral, be drawn two arbitrary secants; the 
chords in these curves which terminate in the points in which 
they are respectively intersected by these sfecants, will, if pro- 
duced indefinitely, cut each other in some point on the direction 
of the opposite side of the quadrilateral. 

Numerous very interesting consequences have been deduced 
by Plucker from this theorem and an analogous one respecting 
any circumscribed quadrilateral. 

Plucker : Oergonne^ Annahs de MathSmatiqueSy tom. XVII. p, 39, 
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12. If three sides of a variable quadrilateral inscribed m a 
conic section are always parallel to three given straight lines* 
to prove that the fourth side will also be parallel to a eiven 
line. 

O'Brien: Plane Coordinate Geometry^ p. 178. 

13. Having given any convex quadrilateral; 1st, we may 
always circiunscribe about it an infinite number of ellipses but 
only two parabolas; 2nd, the locus of the centres of all these 
ellipses is an hyperbola, the asymptotes of which are respectively 
parallel to the axes of the two parabolas ; 3rd,, the conjugates of 
the diameters of these ellipses, which are parallel to any fixed 
line, meet all in a single fixed point of the hyperbolic locus of 
the centres ; 4th, the conjugates of the diameters of these ellipses 
parallel to one of the two asymptotes of the hyperbolic locus 
of the centres, are parallel to the other asymptote of this hy- 
perbola; 5th, of all these ellipses, the one which approaches 
nearest to a circle is that of which the conjugate diameters 
parallel to the asymptotes of the hyperbola, are at the same 
time equal conjugate diameters. 

Gergonne : Annales de MatMmatiqties^ torn, xviii. p. 100. 

Section XXL 

Circumscribed Polygons. 

1. If any quadrilateral be circumscribed about a conic section 
the point of intersection of the two straight lines which join the 
points in which the conic section is touched by opposite sides 
of the quadrilateral, will coincide with the point of intersection 
of its two diagonals. 

Let the equations to three sides of the quadrilateral taken 
in order be w = 0, v = 0, ii? = 0. 

Then the equation to the conic section will be 

{lu)^ + (mv)* + [nw)^ = 0.* 

♦ This equation to a conic section inscribed in a triangle is substantiaUT 
the same as that given by Bobillier in Gergonne' s Annales de MeUhematiguea 
torn. XVIII. p. 325. 
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The equation to any other tangent of the conic section, which 
we will take for the fourth side of the quadrilateral, will be 

\u + fiv + vw = 0, 

\, fij V, being connected with ?, w, w, by the equation 

I m n ^ /.x 

^ + - + - = 1. 

The equations to the points in which the lines w = 0, lu = 0, 
touch the conic section, are, respectively, 



w = 
mv = nw 



and 



w = 0) 
mv = lu 



Hence the equation to the line, which joins the points of 
contact of two opposite sides of the quadrilateral, is 

mv = lu -\- nw (2). 

Again, the equations to the two diagonals are 

fiv-\- vw = (3), 

and \u -\- fiv = (4). 

Eliminating w, v, w^ between the equations (2), (3), (4), we 
obtain the equation (1) : the two diagonals therefore intersect 
in the line which joins two opposite points of contact. The 
quadrilateral being of a perfectly general form, it follows that 
the intersection of the two diagonals must take place also in the 
line joining the other two opposite points of contact. The four 
lines therefore intersect in a single point. 

Camot : GSomStrte de Position^ p. 454. 

Peschier, Rochat, Ferriot, Fomier: Oergonne^ Annates de 
Maihimatiques^ tom. III. p. 161. 

Heam : Researches on Curves of the Second Order ^ p. 52. 

2. The sides of a triangle ABC are tangents to a given 
conic section, CA touching it in P, CB in Q, and AB in R. 
CA^ CB^ are fixed in position, AB being variable. To prove 
that the ratio ^p ^n 

AR ' BR 
is a constant quantity. 
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Let CPj CQy produced indefinitely, be taken as axes of 
coordinates, and let tbe equation to ABB in 
any position be 




Then, I and m being arbitrary constants, / 1^ > 

the equation to the conic section will be / y^^ ^ ^^ f 

Pic* + m'y + t^" = 2lanc + 2myw + 2lmxy. 

Putting y = in the equation to the conic section, we see 
that, at the point P, 

7 ^ 

to = aa; + c, a? = ^ . 

But, at -4, putting y = in the equation to AB^ we have 

c 

a? = . 

a 

Hence AP = 



a[l — a)' 
Again, at JS, we have t^ = 0, 

and therefore aj = ^. , v = ^-^ . 

ma + or ma -\- bl 

Hence, for the length AR^ we have, to denoting the angle xCy^ 

{AR)\ ^^^w^^ = {APy.{a' + b'-2ab coso,). 
Similarly 

{BRf. ^^ ;!; ^y]' = {SQy.{a' + b'-2ab coso,). 

Hence [I - af. (g)' = (. - J)'. (||)l 

But, the conic section being given, the ratio of the coefficients 

of X and y in its equation must be invariable for all positions 

of R : hence I — a 

^ = a constant quantity. 

Consequently -j^ : -^^ = a constant quantity. 
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Cor. This proposition is an obvious deduction from the 
theorem that the products of the alternate segments of the 
sides of a polygon circimiscribing a conic section are equal. 

3. K any hexagon be circimiscribed about a conic section, 
the three diagonals which join its opposite angles will all pass 
through a single point. 

Let the equations to three alternate sides of the hexagon be 

u = (1), V = (3), w = (5). 

Then the equation to the conic section will be 

{lu)^ + [mv)^ H- [nw)^ = 0, 

Z, m, n, being arbitrary constants. 

The equations to the three other alternate sides will be 

\u ■}- fiv -\- vw =0 (2), 

yJu + fiv + v'w =0 (4), 

X"u + fi"v + v'w = (6), 

where the coefficients of w, v, Wj are subject to the relations 

I m n ^ 

7 +- +- =0 7, 

I m n ^ , V 

I m n ^ 
v7 + — + — = 9. 

The equations to the diagonals 

{(1, 2), (4, 5)}, {(2, 3), (5, 6)}, {(3, 4), (6, 1)}, 
will, as is evident by inspection, be respectively 

flV v\ \fl ' 

W U ^ _ rv 

KfX fl V vK ' 

V W ^ __ fv 

V A. \/i /i V 
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If between these three equations we eliminate w, Vj Wy by 
cross multiplication, we shall obtain an equation coincident with 

1 /JL__ J__\ J_/J LW— /^-i L^ -n 

\ [fiV y'fi") "^ V \fi"y y'fi) "^ \" U^ /^V; " * 
this equation however results from the elimination of ?, m, w, 
between the equations (7), (8), (9). Hence the three diagonals 
must all pass through a single point. 

"M. Brianchon, ^Ifeve, m' a remis 1' analyse d'un m^moire 
dans lequel il prouve par la g^om^trie seule, plusieurs propri^t^s 
des courbes et des surfaces du second degr^, dont quelques-uns 
lui appartiennent. Ce m^moire est destin^ pour le Journal de 
I'Ecole: j'en extrais la proposition suivante : 'si tous les cot^s 
d'un hexagone quelconque touchent une m^me courbe du second 
degr^, les trois diagonales, prolongdes s'il le faut, se croisent 
en un m§me point.'" Hachette: Gorrespondance sur V EcoU 
Polytechniquey tom. I. p. 15il. 

Brianchon : Journal de VEcole Polytedinique^ tona. iv. 

" Gorrespondance sur VEcole Polytechniq^ie^ tom* I. 

p. 307 ; tom. ii. p. 383. 

Camot : Essai sur la Theorie des Transfer sales. 

Gergonne : Annates de Maihimatiques^ tom. iv. p. 383. 

Dandelin : Gergonne^ Annates de MatMinatiques^ tom. xv* p. 396. 

Davies: Annals of Philosophy^ November^ 1826. 

Lubbock: Ibid,^ October^ 1829. 

Fenwick: Ibid.^ March^ 1843, p. 167. 

Frost: Gambridge Mathematical Journal^ vol. iv. p. 277. 
The student is referred also to a memoir by Coste in the 
Annates de MatMmatiques^ tom. X. p. 261, where he ^will find 
nmnerous properties of the parabola deduced from Pascal's and 
Brianchon's general theorems concerning the inscribed and cir- 
ciunscribed hexagons of a conic section. 

4. If ABG be a triangle circumscribed about a conic section, 
a, ^, 7, being the points in which the sides BG^ CA^ AJS^ touch 
it, to prove that Aa^ B/3^ Gy^ all pass through a single point. 

Bobillier: Gergonne^ Annates de Mathematiques^ tom. xviii. p. 323. 

Salmon : Treatise on Gonic Sections^ p. 236. 
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5. Two triangles being the one inscribed and the other cir- 
cumscribed in relation to a conic section, so that the sununits of 
the inscribed triangle are the points of contact of the circum- 
scribed ; the points of concourse of the sides of the inscribed 
triangle with the respectively opposite sides of the circimiscribed, 
lie all three in a single straight line. 

Bobillier : Gergonne^ Annates de Mathimatiques^ tom. XVIII. p. 323, 
Salmon : Treatise on Conic Sections^ p. 235. 

6. Two conic sections being inscribed in the same quadri- 
lateral ; if, in the two sides of one of the summits of this quadri- 
lateral, be taken arbitrarily two points through each of which 
we draw tangents to the two curves; the point of concourse 
of the pair of tangents to one of the curves, that of the pair 
of tangents to the other curve, and the opposite summit of the 
quadrilateral, will all three lie in a straight line. 

Phicker : Oergonne^ Annates de MatMmatiques^ tom, XVII. p. 39. 

7. If a conic section be circimiscribed by a triangle ABG^ 
and lines AA'a^ BB'^^ ClCI'y^ be drawn from the summits 
A^ B^ (7, to the points of contact a, ^, 7, of the opposite sides, 
meeting the conic section in three points A'^ B\ C : to prove 
that tangents drawn to the curve at the points A\ B\ C\ will 
intersect each other, two and two, in the lines Aa^ B/3^ Cy. 
Also, to prove that the intersections of the tangents at A'j B\ C\ 
respectively, with the sides BG^ GA^ AB^ of the circumscribed 
triangle, will all lie in a single straight line. 

Leyboum : Mathematical Repository^ New Series^ vol. ii. p. 153* 

8. To find the equation to a conic section inscribed in a 
triangle so as to touch the three sides at their middle points. 

Taking [x^ - a;J y - [y^^ -y^x- x^y^ + x^y^ = 0, as the 
general type of the equation to a straight line, then, the 
equations to the sides being 

w = Oj V = 0, 2^? = 0, 

we shall have for the equation to the required conic section 

w* H- V* + 1(7* = 0. 
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Section XXn. 

Problems relating to several Curves. 

1. If there be, in one plane, any two lines of the second 
order, such that the principal diameters of the one coincide with 
the tangent and normal at any given point of the other; the 
line which joins the points, in which any two conjugate diameters 
of the one intersect the other, will pass through an invariable 
point of the given normal. 

Taking the tangent and normal at the given point as axes 
of X and y, we shall have for the equation to the one conic 
section ^ •/> 

? + | = ^ W' 

and, for the equation to tiie other, 

aa? + bf + 2cxy ^^fy^ (2). 

The equations to any two conjugate diameters of (1) will be 

E. 

and the equation to both will be 

whence a? = ^f + (_ - ^ j xy (3). 

Substituting in (2) the expression for a^, given by (3), we 
have, dividing by y, 

fa maa^ ^ \ /aa* ,\ . ^y 

U-^+'^)'^+(^+*)^+^-^=^ W' 

which win be the equation to the line joining the points in 
which the conic section (2) is cut by the two conjugate di- 
ameters of (1). 

Putting a? = in (4), we see that 

^ aa' + J/3" ' 

which determines a constant point in the normal through which 
all such lines pass. 



y = wir, y = -— 5^? 
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Cor. By the theory of poles and polars, it hence follows that 
the pairs of tangents, at the extremities of all lines the equa- 
tions of which are of the form (4), all intersect in a single 
straight line. 

Frdgier : Oergonne^ Annales de MathSmatiqites^ tom, vi. p. 321. 

2. If two conic sections [A) and (J5) are so placed that the 
centre of (B) lies in the perimeter of (A) ; all the chords of [A)^ 
which terminate at its intersections with the prolongations of 
two conjugate diameters of [B)^ will intersect each other in 
a single point, situated in the conjugate to that diameter of [B) 
which is a tangent to {A). 

Let the tangent to (-4), at the centre of (J5), be taken as the 
axis of Xj and the diameter of (-B), which is conjugate to this 
tangent, as that of y. 

Then the equation to {A) will be of the form 

aa? + bf + 2cxy ^-fy = (1). 

Also the equations to any two conjugate diameters of (B) will be 

y = tnjx^ y = m'aj, 

where imri is equal to some constant quantity k. 

The equation to both these conjugate diameters will be 

[y — mx) {y — mx) = y^ — [m -^ m) xy + mm'oi? 

= y^ — [m^- m')xy -{-koi? =: (2). 

At the intersections of (1) and (2), we have, eliminating a?^ 
{Jcb - a)y + {2kc -f (w + m') a}x + kf=: 0, 

which is the equation to the chord of [A) joining its intersections 
with the two conjugate diameters of B. 

Putting aj = 0, we see that 

kf 

a result which, being free from m and w', establishes the pro- 
position. 

Frdgier : Gergonne^ Annales de Mathimatiqties^ tom. vil. p. 95. 
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3. The equations to two conic sections being 

Ad^ + 2Clry + 5/ + 2^'aj = 0, 
03^ H- iGxy H- iy* + 2a'a; = ; 

to find the condition that the lines joining the oiigin with their 
points of intersection may be perpendicular to each, other. 

Multiplying the former equation by a , and the latter by -4', 
and subtracting, we get 

{Ad - Aa) a:« + 2 ((7a' - Ac) ajy + (jBa' - Ah) y* = 0, 

the equation to the two joining lines. 

The product of the tangents of their inclinations to the axis 

of X will be equal to 

Ad - Aa 

Bd - Ah • 

but, if the two lines be at right angles to each other, their 
product must be equal to — 1. Hence, for the required con- 
dition, we have j^^ -Aa^-Bd^ Ah, 

A + B A 
a + o a 

4. K in the plane of a conic section Z7, we describe any two 
circles A, A, and two conic sections B, B\ of which the former 
passes through the four points of intersection (real or imaginary) 
of the former circle and the conic section Z7, and the latter 
through the four points of intersection of the latter circle and 
of the conic section Z7; to prove that 

(1), the two conic sections J5, B\ cut each other in four 
points which lie in a circle; and, (2), that this circle passes 
tiirough tiie points of intersection of the two proposed circles. 

Let Z7's equation be w = 0, 

^'s a = 0, 

^"s a' = 0. 

Then, \ and \' being any constant multipliers, 
-B's equation will be \w + a = 0, 
5"s Vw+a =0. 
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At the intersections of B and B' we have 

\'oL - \a' = (1), 

which is of the form of the equation to a circle : the four inter- 
sections of 5, B'^ therefore lie in a circle. 

Again, since the equation (1) is satisfied by all values of x 
and y which satisfy ^'s and ^"s equations simultaneously, we 
see that the circle (1) passes through all the intersections of 
A and A\ 

5. To prove that two common chords, real or imaginary, 
of two confocal conic sections, pass through the intersection 
of the directors. • 

Any two such conic sections may be represented by the 

equations ^ 

- = 1 +e cos(5 + a) (1), 

■ 

- = l+e'co8(^ + o') (2). 

T 

Now, the coordinates of any point in (1) being (r, 5), those 
of a coincident point in (2) must be 

{r, 27i7r H- 0] or {- r, [2n + 1) tt + 5}, 

n being any integer. 

Hence, where (1) and (2) intersect, we have, either 



c — c 
r 



= e cos (5 + «) — €' cos (2/i7r + 5 + a'). 



or ^-^—- = e cos(5 H- a) - e' cos(2w7r + tt + 5 + a ). 



r 



Thus every point of intersection lies in one of the two chords 



c ■\- c 



= e cos (5 + a) ± e' cos(5 + a'). 



both of which pass through the intersection of the directors, the 
equations to which are 

c d 

- = eco8(d + «)> - = ^' co8(5 -f a'). 

DD 
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This proposition may be proved also in the following manner. 
Let the equation to the director of one of the conic sections, 
the focus being the origin, be 

Ix + my = S, 
Ij m^ being its direction-cosines. 

Then, e denoting the eccentricity, the equation to the curve 
wiU be a? + f^e\lx-¥my^ S)\ 

In like manner, the equation to the other conic section 
will be of the form 

At the intersection of the two cmres • 

6 (ir + my - S) = ± e' {Ix + m'y — S'), 

which is therefore the equation to two chords of intersection. 
The form of the equation shews that both chords pass through 
the intersection of the directors. 

6. A conic section is cut in four points by a circle, and two 
straight lines, each passing through two of the points of Inter- 
section, are taken as axes of coordinates: to prove that the 
equation to the conic section will be of the fonn 

a? + 2cxy + y* + 2a'a; + ib'y + c' = 0. 

7. If any number of circles be described so as to touch a 
given cmve of the second order in one given point : to prove 
that they will each of them generally cut it in two others • and 
that, if a chord be drawn through the two points of section for 
each circle, such chords will be all parallel to one another. 

8. If two conic sections meet each other in more than four 
points, to prove that they will coincide. 

De la Hire : 8ectiones ConiccBj lib. ii. prop. 32. 

9. If a parabola, represented by the equation 2/^ =: Ix is 
intersected in four points by any conic section : to prove that 
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Vii y%'i ^8? ^4? ^®Hig tibe ordinates of the intersections, 

yi + 2^2 + ys + 3^4 = ^• 

De la Hire : Sectimies Contcce^ lib. V. prop. 31. 

10. To prove that two conic sections of the same species, 
the axes of which are proportional in magnitude and parallel in 
direction, cannot have more than two points in common. 

Lam^ : Examen des diff&refrdes mSthodea employ iea pov/r rSaovdre 
Us prdbUmes de Oiomitrie^ p. 39. 



Section XXIII. 

Interactions of Conic Sections, Common CJwrds, 

J£ S^O be the equation to a conic section, that to any other 
conic section cutting it at the ends, real or imaginary, of two 
chords u = Oj v = 0, will be 

8 = kuv^ 

k being an arbitrary constant. 

Salmon]: Treatise on Conic Sections^ p. 199. 

1, To find the diameter of a circle described about a semi- 
ellipse bounded by its axis minor. 

Let the equation to the ellipse be 

U "^ 7 9 •*■• 

a o 

The equations to the common chord and common tangent, 
the latter of which is merely a degenerate case of a chord, are 

or = 0, a? = a : 

hence the equation to the circle is included in the equation 

a? y* 

-s + Tst" I = kx{x — a). 

a o ^ ' 

DD2 
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Since thU is the equation to a drcle, the coefficients of if and 
^ must be the same : hence 

* ~ a" ft" 
and therefore the equation becomes 

^ a ' 

the diameter of the circle being therefore equal to ^ "" — . 

a 

2. If any number of conic sections have four points in 
common : in whatever direction parallel diameters be drawn in 
them, the conjugate diameters will all meet in a single point 

Any one of the system of conic sections may be represented 
by the equation g ^ ^^^ 

where ^ is an arbitrary constant, varying as -we pass from one 
of the curves to another ; where 

/8 = aaj* + J/ + 2ca:y + 2a'a? + 26 y -f c\ 

tt = aa; + )8y + 7, 

and t? = a'a; -f )8 y + 7 ; 

w = 0, and v = 0, denoting the equations to two common chords 
of all the curves. 

Now, if the equation to a conic section be written in the form 

Aa^ + By" + 2C% + lAx + iBy + C = 0, 

the equation to a diameter, conjugate to one which is parallel to 
a chord y = ma?, will be 

Ax-vCy^- A -Vm {By + Ca? + 5') = : 

hence, in the present case, if we put for -4, JB, (7, A'^ B\ their 
values, the conjugate diameter will have an equation of the form 

where ?7, F, are linear functions of x and y, not involving Tc. 

This diameter evidently passes through a point defined by 
the equations Z7= 0, F=0. 
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Since these equations are independent of A, this point is 
invariable in position for every such conjugate diameter. 

Lam^ : Mimoires de VAcadSmie dcs Sciences de Paris ^ Dec, 1816. 
" Oergonne^ AnnaUs de MaiMmatiques^ torn. Vli. p. 233. 

3. If a circle cut a conic section, to prove that the chords 

joining the points of intersection are equally inclined to the axis 

of the conic section. 

Leslie : Oeometrical Analysis^ p. 302. 

4. If two conic sections, the axes of which are parallel, 
intersect one another in four points, to prove that the sides 
AB^ GJDy and also the sides -B(7, JDAj of a quadrilateral 
ABCD^ formed by any four common chords AB^ BG^ GD^ 
BAj are equally inclined to either axis. 

Elliot: Lady^s and Gentleman's Diary y 1851. 



Section XXIV. 

Double Gontact 

If two conic sections touch each other at two points, they are 
said to have double contact with each other. 

Let w = be the equation to a conic section, and let another 
conic section touch it at the extremities, real or imaginary, of 
a chord t; = : then the equation to the other conic section 
^U be u = kv\ 

k being an arbitrary constant. 

Salmon : Treatise on Gonic SectionSj p. 200. 

1. To find the equation to an ellipse having double contact 
with an hyperbola represented by the equation 

xy = c% 

the asymptotes of the hyperbola coinciding with conjugate 
diameters of the ellipse. 
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Let tbe equation to the chord of contact be 

X y 
m m 

then the equation to the ellipse will be 

c'-ay = A:'f^ + ^ — iV.. 

\m n J 



(ij. 



Since this ellipse is referred to conjugate diameters, we must have 
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These three equations shew that A: = O, -I and — beinff finite 
The equation (1) therefore becomes 

or, a, J, being the conjugate semi-diameters, 

^ + 2^ = 1 

a and J being, by virtue of the third of the equations (2), con- 
nected together by the relation 

aW = 4c\ 

2. To find the equation to a circle inscribed in a semi-ellipse 
bounded by its minor axis. 

Let the equation to the ellipse be 

u ^ = 1 

The equation to the chord of contact, as is evident from 
symmetry, will be of the form 

X = c\ 



CONICAL LOCI. 407 

hence the equation to the circle will be included in the equation 

or ^ 

Since the circle touches the axis of y^ we must have 

Ac* = - 1 ; 

hence & (-« + ^) = 2caj — aj*, 

-a + 1 j aj'* + j5 y* = 2cx. 

The curve being a circle, the coefficients of a? and y^ must 
be equal : hence ^2 j2 

and therefore the equation to the required circle is 



97) 

(c* + / = — (a* - J*)*.aj. 



Section XXV. 

Conical Loci, 

1. To determine the locus of a point, the algebraical sum of 
the distances of which from two given straight lines and fi^m 
a given point, shaU be constant. 

Let the equations to the two given lines be 

a?cos8 +ysin8 —8=0^ 

X cose' + y sine' — S' = ; 

and (a, b) the coordinates of the given point* 

Then, by the condition of the problem, the equation to the 
required locus will be, k denoting a constant, 

a? (cos 6+ cose') +^(sine H- sine') — S — S' + {(a:— of + (y— J)*}* = k ; 
or, writing c for A -f S + 8', a for — - — , and P for — - — , 
2a;cosa cos^S + 2y cosa sin^ + {(a; — (if + (^ — i)'}* = c, 
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and therefore, clearing the equation of the radical sign, 
{x - a)* + (y - J)* = 4 cos^a cos*)8.a?" + Sxy co8*a sin)8 cos^S 

+ 4y* cos'a Bin*)8 
— 4c (a?cosa cos^S + y cosa sin/8) + c*, 
a:'' (4 co8*a cos'/S — 1) + 8a?y co8*a sin/S cosyS + y* (4 cos*a sin*y9 - 1) 
+ 2aj (a — 2c cosa cos/S) + 2y (J — 2c cosa sin/S) = a* -f J* — c". 

The curve will therefore be an ellipse, a parabola, or an 
hyperbola, respectively, accordingly as 

64 co8*a 8in*/8 cos*/8 = 4 (4 co8*a cos^^S - 1) (4 cos*a sin*)8 - 1), 

^ = l-4coB"a, 

cos'a ~ t« 
Lhuilier : Oergonne^ Anncdes de MathSmatiqueSj torn. ii. p. 173. 

2. To find the locus of the pole of a given circle, the correspond- 
ing polar of which is always a tangent to another given circle. 

Let the radius of the circle, to which the polar is a tangent 
be r : then, the centre of this circle being the origin, the equation 
to the polar will be xcos^ + ysind = r (1). 

Let the corresponding pole be at the point A, k ; then a b 
being the coordinates of the centre and c the radius of the other 
circle, the equation to the polar will be 

a? (A - a) + y (^ - i) = c* - a' - J^ + Aa + A*. ...(2). 
Since (1) and (2) must be coincident, we have 

-^ (A - a) = c' - a» - &» + Aa + A5 = -il^ {k - b), 
C0SC7 sm^ -'' 

and therefore 

(c« - a« - 5« + Aa 4- kby = r«{(A - a)' + (A - J)«}^ 

which is the equation to the locus of (A, k). This locus is an 
ellipse, parabola, or hyperbola, accordingly as r is greater 
than, equal to, or less than {a^ + J'^)*, the distance between the 
centres of the two circles. 

L' Hospital: TraitS Analytique des Sections Coniques p. 273 
Puissant: Recueil de divefrses propositions de GSomStrie d 219 
troisihne idition. 
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3. If a straight line DGP be made to revolve about (7, and 
intersect a curve in as many points P, P^^ P,, as it has 

dimensions, and if r™, be made always equal to 

1 1 1 

CP''^ CP^"^ CP^'^ • 

to find the locus of the point D. 

Let the equation to the intersected curve be 

1 + ax + by + a a? + b'^ + c'xy + = 0. 

Put X = r cos^, y = r sin ^ : then 

l+r(acos^H-Jsin^)+r"(a'cos*^H-J'sin*^ + c'sin^cos^)+...= 0. 
Hence, by the theory of equations. 



CP^ CP^'^ CP"^ = (acos^ + Jsin^)» 

- 2 (a cos*^ + J' sin*^ + c' sin^ cos ^). 

Consequently, putting CD = p, we obtain 
i = (a« - 2a') cos'^ + 2 (oJ - c') smd cos^ + (i* - 2b') sin'^, 

r 

which is the polar equation to a conic section of which G is the 
centre. 

4. To find the locus of the summit of an angle of given 
magnitude, circumscribed on a parabola. 

Let e be the given angle; then, the equations to its two 

sides being 2m ^ ,^ , 

— = cos^ + cos(^— a) (1), 

— = cos^ + cos(^ - a') (2), 

we shall have also a' — a = 2£ (3). 

At the intersection of (1) and (2), there is 

cos(^ — a) = co8(5 — a'), 
and therefore ^ = i(a + a) (4). 
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Again, adding (1) and (2), we get 

4m >, //I tt + a'\ OL — OL 

— = 2cos^ + 2co8^ — cos — - — 

r V 2 / 2 

hence, from (3) and (4), we get 

2m ^ 

— = cos a + cose, 

r 

2m 
or r = 



cose 4- cos^' 

the equation to the locos of the summit of the angle, which is 
therefore a conic section confocal with the parabola. 

L' Hospital: TraitS Analytique des Sections ConiqueSj liv. vill. 

5. The distance of a point P from the circumference of a 
circle is to its distance from a fixed diameter as n to 1 : to find 
the locus of P. 

The fixed diameter being taken as the axis of y, and a 
perpendicular diameter as that of a?, the locus will be defined 
by the equation a? + y* = [nx -h a)', 

where a denotes the radius of the circle. 

6. From a point if in a given straight line AS, a perpen- 
dicular MP is erected, such that 

MP" QC AM.MB', 

to find the equation to the locus of P. 

Let AB = 2a, MP = y, and, G being the middle point of AB 
let CM = X. The locus will be a conic section defined by the 
equation f = ±\{a^- a«), 

\ being a constant quantity. 
Pappus : Mathematicce Collectiones h Commandino, lib. vii. p. 298. 

7. QAO is a given angle, a given point: P is a point 
such that, PO being joined, and PQ drawn parallel to OA. 

PO\PQ\\m:n, 
To find the locus of P. 
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Let PM be drawn parallel to QA^ cutting OA in M. Le^ 
OA=a^ OM=Xj PM=y^ lQAO = o). 

Then the locus of P will be a conic q/ P 

section defined by the equation 

a? [r? — m?) + ri^J^ — 2w*a?y coso) 

+ 2m^ax = m^a\ A- MO 

Newton : Ariihmetica Universalis^ prob. 24. 

8. To determine the locus of the poles af a given straight 
line with respect to a series of circles touching two given 
straight lines. 

Let the two given tangents be taken as axes of coordinates, 
and let the equation to the given polar be 

- + 2^ = 1 

Then, &> denoting the angle between the axes of coordinates, 
the equation to the required locus will be 

[ax — ^y -\- (ay — ^x) cos©}* 

= (a— )8).[(a; + y) {aa; — ^y+(ay— ^a5)cosc»}+a^(a;— y)(l— cos®)]. 

Poncelet : Oergonne^ Annales de MathSmatiques^ torn. Xll. p. 234 

9. Three straight lines revolve about three given points not 
in the same straight line, and intersect one another in three 
points : if the loci of two of these intersections be given straight 
lines, to find the locus of the third. 

Let 0, Aj Bj be the three points. Let OA^ OBj produced 
indefinitely, be taken as axes of a?, y, respectively. Let OA = a, 
OB=b. 

Let the lines through A^ 0, intersect in the given line 

and those through B^ 0, in the given line 

y = a'x + 13': 

then the locus of the intersection of the lines through A^ B^ will 
be a conic section defined by the equation 

[b - /3').(aa -h^)xy^= [ay ^ 0{x- a)}.[a'bx - /9'% - b)}. 
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10. Through two given points (7, -D, is drawn a straight 
line DCE^ cutting a given straight p 
line BA^ produced indefinitely, in 
E. Two points F^ O^ are taken in 
EA such that 

AF.BO^c\ J, ^ ^ -^ ^ 

c being a constant length. CF, DO^ are joined. To find the 
locus of P, their point of intersection. 

Taking EAB^ ECD^ produced indefinitely as axes of a?, y, 
respectively, and putting GE = A:, DE = k\ EA = a, EB = a', 
we shall have for the equation to the required locus 

c' (y - ^) (y - Jc') = {A: (a? - a) + ay].{k' [x - a') + ay}. 

Leyboum : Mathematical Repository^ New Series^ vol. i. p. 106. 

11. The sides -BO, CL4, -45, of a triangle pass always 
through three given points (A, A:), (A', A:'), (A", A;") ; and the 
angular points -4, 5, move along two given right lines Ox^ Oy^ 
respectively: to find the locus of C, 

The lines Oa?, Oy, being taken as axes of coordinates, the 
required locus will be a conic section defined by the equation 

^" [k' - y) ^ k" [h - x) ^ j_ 

k'x — h'y hy — kx 

O'Brien: Plane Coordinate Geometry p. 176. 

12. ABC is a given triangle : to find the locus of a point 
P, such that, ifP, a perpendicular to the side BC^ being pro- 
duced to cut the sides of the triangle BA^ GA^ produced if 
necessary, in the points g', r, respectively, 

[MP)^ X Pq.Pr. 

Draw AG Sit right angles to the line BGj cutting it in 0, 
Take OB^ OA^ produced indefinitely, as axes of a?, y respec- 
tively. Let ^ = A, BO = b^ and GG = p. Then the required 
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locus will be a conic section defined by the equation 
he 



X* + (X - 1 ) / + A (i - 1) a^ - A' (i - 1) a; + 2% - A" = 0, 

where X denotes a constant quantity. 

Camot: GeomStrie de Position^ p. 443. 

This problem is merely a particular case of one known 
by the name of Pappus'* Problem, solved by Des Cartes.f 
The more general problem is stated by Pappus, in the form 
'of a theorem, in the following words, extracted from Com- 
mandine's translation : " Si positione datis tribus rectis lineis 
ab uno, et eodem puncto ad tres lineas in datis angulis rectae 
lineae ducantur, et data sit proportio rectanguli contenti duabus 
ductis ad quadratum reliquae: punctum contingit positione da- 
tum solidum locum, hoc est, unam ex tribus conicis sectionibus. 
Et si ad quatuor rectas lineas positione datas in datis angulis 
lineae ducantur ; et rectanguli duabus ductis contenti ad con- 
tentum duabus reliquis proportio data sit: similiter punctum 
datam coni sectionem positione continget. Si quidem igitur ad 
duas tantum, locus planus ostensus est. Qu6d si ad plures, quam 
quatuor, punctum continget locos non adhuc cognitos, sed lineas 
tantum dictas; quales autem sint, vel quam habeant proprie- 
tatem, non constat. Earum imam, neque primam, et quae 
manifestissima videtur, composuerunt ostendentes utilem esse, 
propositiones autem ipsarum hae sunt. 

Si ab aliquo puncto ad positione datas rectas lineas quinque 
ducantur rectae lineae in datis angulis, et data sit proportio solidi 
paraUelepipedi rectanguli, quod tribus ductis lineis continetur 
ad solidum parallelepipedum rectangulum, quod continetur reli- 
quis duabus, et data quapiam linea, punctum positione datam 
lineam continget. Si autem ad sex, et sit data proportio solidi 
tribus lineis contenti ad solidum, quod tribus reliquis continetur ; 
rursus punctum continget positione datam lineam. Quod si ad 



* Pappus : Mat?iematiciB Collectionea d Commandino^ lib. vii. p. 165. 
t Descartes: Geometrie^ Uyre ii. p. 30, &c. 
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plures quam sex, non adhuc habent dicere, data sit proportio 
cujuspiam contenti quatuor lineis ad id quod reliquis continetur, 
quoniam non est aliquid contentum pluribus quam tribus 
dimensionibus/' 

13. J?, B^ are two fixed points in a given straight line 
Ox\ (7 is a moveable point in the ^ 
straight line Oy. To find the locus of 
a point P, such that, the straight lines 
BG, BP, BC^ BP, being drawn, the 
angles GBP, CBP^ are always of given q= 
magnitudes. 

Take Ox^ Oy^ as axes of x and y, and let OB = J, OB' = V 
LxOy^m^ lCBP^ aj lCB'P^ ol. Then the required locus 
will be a conic section defined by the equation 

h jcoto) + (^;-^)<fs«^-yco8(a>-a-) | 
[ {V — x) sina' + y sin [to — a')J 

= V icota, + (^-'^)co»«-yco»(^ + «)| 
( — (6 — a?) sma + y sm(a> + a)) * 

L' Hospital: Traiti Analytiqtte des Sections Coniques p. 281. 
O'Brien: Plxme Coordinate Geometry^ p. 179. 

14. Having given one side of a triangle and the product of 
the tangents of the adjacent angles, to find the locus of the 
vertex. 

Let ± m denote the given product and 2a the given side : 
then, this side being taken as the axis of a;, and its middle point 
as the origin of rectangular coordinates, the required locus will 
be a conic section represented by the equation 

y = ± w (a* — aj*). 

Lardner: Algebraic Geometry^ p. 116. 

15. From a point P, in one given straight line, is drawn 
PM at right angles to another given straight line AMx : from 
A^ which is a given point, is drawn ^ ^ to a point Q^ in PM 
such that AQ = MP: to find the locus of Q, 
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If the equation to the former given line, referred to Axj and 
Ai/j at right angles to Ax^ as axes, be 

then the polar equation to Q^ A being the pole and Ax the 

prime radius vector, will be 

/3 



r = 



1 — a cos ' 
Lardner: Algebraic Geometry ^ p. 150. 

16. A straight line of given length moves parallel to itself 
in a given direction, and two other straight lines revolve round 
given points and pass always through the extremities of the 
first line : to find the locus of the intersection of the revolving 
lines. 

Let the axis of x be taken parallel to the moving line, the 
axis of y always bisecting this line. Let (a, J), (a, J'), be the 
two given points ; and suppose the length of the moving line 
to be 2c. Then the equation to the required locus will be 

b' -b = (m- a) . ^-^ \- (m + a) . ^ "" ; . 

^ ^ X - a ^ ' X — a 



Section XXVI. 

Effivehpes. 

1. A^ -B, are the centres of two equal circles, and AP^ BQ^ 
are two radii which are always perpendicular to each other: to 
find the curve which is always touched by the right line PQ, 

Let (7, the middle point between A and 5, be taken as the 




origin of coordinates, GB^ produced indefinitely, being the axis 
of oj. From G draw GB. at right angles to PQ. 
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Let 

Then the equation to PQ is 
a; 008-^ 4- y sin-^ = 8 = ^a {co8('^ — ^) + sin (-^ — 0)}^ 
also 20 008-^ = a{cos('^ — ^) — sin (-^ — 0)}, 

Hence, squaring and adding these equations, -we have 

4(a?co8'^ 4- y sin-^)* + 4c* cos* -^ = 2a* (i) 

and therefore 

a* — 2(? a* 

(a? 008^ + y sin^)* = — cos*-^ + ~ sin*-^. 

This equation represents a straight line always touchinff a 
conic section ^ V* 1 

a*-2c*"^a*"2' 
Cob. If 2c* = a*, the equation (1) becomes 

[x cos*^ + y sin -^j* = c* sin*-^^ 
which shews that PQ always passes through a point 

a? = 0, y = c. 

2. To find the envelop of a right line such that the product 
of perpendiculars drawn to it from two given points may be 
constant. 

Lemma. K 17, 0j denote the reciprocals of the intercepts of 
the axes of any conic section from the centre made by any 
tangent, then ^y ± J«^ = 1 ^^^ 

For, let x\ y\ be the coordinates of the point of contact: 
then, the equation to the conic section being 






we shall have for the equation to the tangent, 



« i 111 — i> 



x' 



X IJ 

and therefore — = ar). ± t- = i^« 

a o 
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Hence, by the equation to the curve, 

aV ± ^0" = 1. 

The equation (1) has been called by Mr. Booth, in an in- 
genious treatise entitled " On the Application of a New Analytic 
Method to the Theory of Curves and Curved Surfaces^'' the tan- 
gential equation to the conic section. The general tangential 
equation of a conic section, given in his work, is of the form 

arj" + J^ + ^CTjO + 2dri + 2i'fl = 1, 

c being zero in the case of a parabola. 

In the present problem, let the line joining the two given 
points be chosen as the axis of a?, its middle point being taken 
as the origin of coordinates. The equation to the moveable 
right line is of the form 

rjx -{■ By = 1. 

Let a represent the distance of either of the given points 

from the origin, and S, S', their distances from the moveable 

line. Then 

^ 1" 7ja ^, l + 7)a 



and therefore, c* being taken to represent the constant value 
of 88' J we have, as the tangential equation to the envelop, 

, _ 1 - iy V 
± ^ - ^« + ^ » 

(a* ± c') ri" ± c'ff" = 1. 

Comparing this equation with (l) we see that the required 
envelop is a conic section the semi-axes of which are (a* ± c'')* 
and c. 

For other exemplifications of the Method of Tangential Co- 
ordinates the student is referred to Mr. Booth's treatise. 

3. To find the curve, which is touched by all the chords 
of a central conic section, which subtend a right angle at the 
centre. 

K the conic section be represented by the equation 

aa? -I- hy* = o, 

EE 
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the required locos will be a drcle ooncentric with the ellipse 
and having a radios eqoal to 



(a + ft) • 



Qoerret : Oergonne^ Annales de MathSnuMtipteSj torn. XY. p. 197. 
Un Abonn^ : Ibid.^ torn, xv. p. 199. 

4. Throogh the centre of a conic section are drawn two 
straight lines at right angles to each other, one meeting the 
corve in P, the other the minor director in £ : to prove that the 
line PR envelops a circle the diameter of which is, in the case 
of the ellipse, the minor axis, and, in that of thie hyperbola, the 
transverse axis. 

Booth : Annals of Philosophy ^ 1845, vol. ii. p. 541. 

5. A given angle moves along a given right line, one side 
always passing throogh a given point ; to find the equation to 
the curve which is always touched by the other side. 

The given right line being taken for the axis of a:, and 
a perpendicular to the given right line, throogh the given point, 
as that of y, then, the ordinate of the given point being A and 
the given angle being denoted by tan"*m, the equation to the 
required curve will be 

(y + 'mx — fiY = 4m^ {my — a;), 

which belongs to a parabola. 

Booth: Application of a New Analytic Method to the Theory 
of Curves and Curved Surfaces^ p. 9. 

6. The vertex of a right angle moves along a given drcle, 
and one side passes through a fixed point: to find the envelop 
of the other side. 

Let the centre of the circle be chosen as the origin of co- 
ordinates, the axis of x passing through the fixed point: let 
c represent the distance of the fixed point from the centre of 
the circle, a the radius of the circle. 
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Then the required «ivelop will be a conic section of which 
the tangential equation is 

aY + (a« - c*) ^ = 1. 

Booth : Applicatian of a New Analytic Method to the Theory 
of Curves and Curved Surfaces^ p. 5. 

7. To find the envelop of the conic section 

Ivw + mwu + nuv = 0, 

w, V, w^ being given linear fianctions of x and y^ and Z, w, n, 
being arbitrary parameters subject to the following relation, 

(Za)* + (w)8)* 4- (wy)* = 0. 

The required envelop is the sti^ight line 

au '\' ^v -\- yw = 0. 

Heam : Researches on Curves of the Second Order ^ p. 34. 

8. To find the envelop of ihe conic section 

u^ v^ w^ being given linear functions of x and y^ and Z, m^ n^ 
denoting arbitrary parameters subject to the following relation, 

^- I m n ^ 

« P 7 

The required envelop is the straight line defined by /the 
equation ^ j^ fiv + yw ^ 0. 

Heam: Researches on Curves of the Second Order ^ p. 36. 

9. To find the envelop of the base of a triapgle ;in,^fc^1^d 
in a conic section, two sides of which pass through fixed points. 

Let ti? = be the equation to the chord passing through the 
two fixed points ; % = 0, i; = 0, those to the tangents at its 
^tremity. T^en,.ihe eqpLtioiiifi to the Imes j6i;ung ^Q fi^^ 
^ii^t&to the intersection of ,u ?= 0, t; = 0,.;fo^iAg 

^tt = V, bu == 17, 

ee2 
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the required envelop is a conic section represented by the 

Salmon : Treatise an Conic Sections^ p. 222. 



equation 



For additional examples on the subject of conical envelops 
the student is referred to Mr. Salmon^s Treatise on Conic 
Sections. 

10. Conic sections are inscribed in the same quadrilateral: 
to prove that the polar of any point in their plane envelops 
a conic section. 

Booth : On the Application of a New Analytic Method to the 
Theory of Curves and Curved Surfaces^ p. 6. 



Section XXVII. 

Similar Curves, 

1. To prove that two general equations of the second order 

aa? + 2cxy + by^ + = 0, 

a^a? + 2c,a?y + Sy + = 0, 

will represent similar curves, if 

<? — ah c * — ah. 



It 



{a + hf - {a, + hy • 

Changing the axes of the second curve through an angle tf, 
its equation will become 

a^ {x* cos^ — y sinfl)* + 2c^ {x cos^ — y' siaO) [x' sin^ + y' costf) 

+ h,[x' AnO -{- y' co^fff -\- =0; 

and therefore, in order that the two curves may be similar in 
form, 6 being supposed to be of such a magnitude that they are 
similarly situated in regard to their coordinate axes, we must 
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have, \ being some arbitrary quantity, 

2\a = a^-\-b^ + [a^ - b^)cos20 + 2c^8in2^ (1), 

2\b ^a^ + b^" {a, - b) C092fl - 2c^ 8in2^ (2), 

2Xc = - [a^ - ijsin2fl + 2c^co82fl (3). 

Hence we have 

(1) +(2), \[a + b) = a,+ \ (4), 

(1) - (2), \(a - i) = (a^ - JJcos2^ + 2c, sin 2^... (5), 

(3)' + (Sr, V {4c' + (a - by] = (a, - by + 4c,- (6), 

(6) - W\ ^' (o^ - «*) = o! - a]b, (7), 

This condition of similarity is ascribed by Mr. Salmon to 

Mr. Jellett. 

Sahnon : Treatise on Conic Sections^ p. 194. 

2. OH is the chord of an ellipse, which touches a concentric, 
similar, and similarly placed, ellipse, 
at the extremity B of one of its axes. 
From B are drawn any two chords 
BP^ BQj in the smaller ellipse, equally 
inclined to the axis through Bj and 
from H are drawn, in the larger 
ellipse, two chords HE^ HFj parallel 
respectively to jBP, BQ. To prove that, denoting BP or BQ 
by r, HE by r , and HF by r", 

r + r" = 2r. 

Let denote the inclination of the chord BP to the axis 
through B] then, 2b denoting this axis, and 2a the other, we 
have by the polar equation. 




( 



1 - 



a 



^¥ 



a 



mi^e\ r = 2icosfl (1). 



Again, by the polar equation- to the larger ellipse, H being 
the pole, 2a,, 2J,, denoting its axes, and A, i, the distances 
BB\ BH, 

1 - ^\J^' sin^^) r' = 2 [b, - h) cos^ + ^A: ^ sin^, 



(^ 
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or, the two ellipses being similar, and b^-^h being equal to &, 
(l - 5^^-^sin'^) r' = 26co8^ + 2Z; ^sin^ (2). 

Again, patting — ^ for ^ and /' for r\ we have 

(l - ?^^8in*^) r" = 2ftco8^ " '^^^ »^^ (^)- 

From (2) and (3) we have 

and therefore, by (1), r + / ' = 2r. 

This proposition is due to Clairaut and serves as the baaa 
of his investigations respecting the figure of the planets on the 
hypothesis of homogeneity of substance. 

Clairaut : TRiorie de la Figure de la Terre^ p. 158. 
Puissant: Recueil de diverses j^n'opoaitians de CHami^rie^ p. 156, 
troisihne idition, 

3. To prove that two curves of the second order, not of 
the same kind, cannot be similar. 

De la Hire : Sectiones Conicas^ lib. vi. prop. 1. 

' To prove that all parabolas are similar curves. 

1 De la Hire : Sectiones Contcce^ lib. vi. prop. 3. 

4. K the inclination of a system of parallel chords in one 
central conic section to their diameter be the same as that of 
similarly related chords and diameter in another central conic 

!^ section, and if these diameters are to each other as their para- 

j meters, to prove that the two conic sections are similar. 

De la Hire : Sectiones Conicce^ lib. vi. prop. 2. 

5. Two similar unequal ellipses AEB^ oeJ, have similar 
diameters AB^ abj and centres (7, c, in the same straight line 
AT^ the two conjugate diameters being parallel. From the 

■ centres C, c, are drawn the semi-diameters CJF, ce, parallel 
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to each other ; E^ e, are joined, and Ee is produced to meet Cc^ 




produced, in T. To shew that 

CT:cTi:EG\ec. 
De la Hire : Sectiones Conicce^ lib. VI. prop. 6. 

6. To shew that all hyperbolas, which have the same asymp- 
totes, are similar curves. 

De la Hire : Sectiones Gonicce^ lib. VI. prob. 8. 

7. K, through the common sunmiit A of two. similar curves 
of the second order, the greater axes of which coincide in di- 
rection, any two chords are drawn cutting one of the curves 
in B^ B\ and the other in i>, D\ to shew that 

ABiAB'xiADiAD'. 

Puissant : Recueil de dwerses propositions de OiomStrie^ p. 154, 
troisihne Sdition. 

8. Any number of concentric, similar, and similarly situated 
ellipses or hyperbolas, are intersected by a line parallel to 
a directrix in Pj P'j P'^...: to prove that the extremities of 
diameters respectively conjugate to the diameters through 
P, P, P",... are in a line perpendicular to the directrix. 

9. Any number of ellipses, concentric, similar, and similarly 
placed, are intersected by an hyperbola 

in points P, P, P',... : to prove that the extremities of the dia- 
meters respectively conjugate to the diameters through P, P, P',.. 
are situated in an hyperbola 
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10. Two similar ellipses have a common vertex, the direc- 
tions of their major axes being opposite ; a common tangent 
meets them in P, Qj and a perpendicular to their major axes 
through the common vertex meets PQ in O: to prove that 
0P= OQ. 



Section XXVni. 

Miscellaneous Problems. 

1. To find the locus of the summit of a moveable an^e, 
of invariable magnitude, the two sides of which always touch 
a conic section. 

By properly choosing the axes, the equation to the conic 
section may be written in the form 

^ -h oaf + bx- (1). 

Let A, k^ be the coordinates of the intersection of the two 

sides of the angle in any position: then the equation to either 

of its sides will be 

y - k = m{x'-h) (2). 

Eliminating y between (1) and (2), we shall obtain a quad- 
ratic in a?, the two roots of which must be equal : this concKtion 
wiU, after performing the requisite reductions, give us the 
equation 

4 {ah" + bh) m» - 4 {2ahk + bk) m + (4:0^ - J*) = o. 

Representing the two roots of this equation by tn, m'j we 

shall have 

, 2ahk ^bk ^ , 4:ak? - J« 

^ -^ ^^ = -WTbh ' ^^^ = ofTTbh ' 

and therefore [m - m) = — lahfJTiJA^ — ' 

, 4.a{h' + k')-\-ibh-b^ 

^^^^ ^+^^ TWVbh) • 
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But, the magnitude of the moveable angle bemg constant, 

m — m =\ {1 •{- mm')^ 

where \ represents a constant quantity. Hence, eliminating 
m and m' from the last three equations, we have, for the equa- 
tion to the required locus, 

16b' {J(? + ah' + bh) = V {4a (A» + ^) + 4JA - J*}'. 

Poncelet : Oergonne^ Annales de MathSmattques^ tom. VIII. p. 201, 

2. To find the locus of the middle points of a system of 
chords in a conic section, which all pass through a given point. 

Let a diameter through the given point, as origin, be taken 
as the axis of a?, and a straight line, parallel to its conjugate, 
as the axis of y. 

The equation to the curve will then be of the form 

y* = aaj* + 2bx + c (1). 

The equation to one of the system of chords will be 

y = mx (2). 

At the intersections of (1) and (2), there is 

(a - 7/i') aj* + 2Ja; + c = 0. 

The abscissa x' of the middle point of (2) will be equal to 
the semi-sum of the roots of this equation; hence 

a'' = -A- (3). 

m — a 

Also, y being the ordinate of the middle point, 

7/' = mx' (4). 

Eliminating m between (3) and (4), we obtain for the equa- 
tion to the required locus, 

y'« = ax" + bx\ 

which is therefore a conic section similar to the proposed one 
and similarly situated, passing through its centre and through 
the given point. 

Durrande : Gergonne^ Annales de MatMniatiques^ tom. IX. p. 122. 
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3. To determine the positioiis of the foci of a conic section 
of which the equation is giveif . 

The distance of the focus (a, fi) of a conic section, from any 
point of the curve, is always a linear function o^ the coordinates 
Xj y, of the point. 

Let the equation to any conic section, referred to a system 
of rectangular coordinates, be 

«^ + %* + 2ca?y + 2ax + 2b't/ + c' = (1). 

Then, by the nature of the focus, 

{{x - a)* + (y - fi)y^gx + A^^ + A: (2), 

where ^, A, A;, are constants. 

Since the equations (1) and (2) must be identical, we have, 
making use of an arbitrary multiplier \ 

{x-ay'\-{tf-fiY-{gX'\-hy+ky=^aa?-\'b1^+2(xcy-\'2 

and, equaling the coefficients of like variables, we get six equations, 

\^ h^ =\b^ ^ fi^kh=^ Xi', 

involving the six unknown quantities a, /8, ^, A, k^ X. 

If we eliminate ^, A, A;, \, we shall obtain two equations of 
the second degree in a, fi. 

From these two equations we may obtain four pairs of values 
of (a, ^) : two only of the pairs, however, are possible. 

Ex. Take the case of the ellipse referred to its axes, when 
its equation will be 

Then « = -ts » ^ = ™ > c = 0, a =0, J' = 0, c' = — l; 
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and the six equations become 

1-5^ = 35 > a + % = 0, 

gh = 0, a* + ^-le' = -\. 

Hence we obtain two ayatems of valnea, 
g = 0, h = 0, 



A = 1 (£« - ^»)S 


5- = 1 (^« - 5«)*, 


k = B, 


k= A, 


= 0, 


)9 = 0, 


fi = -{ff- AJ. 


a = -(/l«-^*. 



Since A and B have different values, it follows that one, 
and one only, of these systems of equations will give possible 
values to a and fi. 

Bret: Oergonne^ Annales de MaMmaidques^ torn. viil. p. 317. 

4. To prove that the difference between the squares of the 
reciprocals of any two coincident semi-diameters of two conic 
sections, which have the same minor directors, is constant. 

Booth: Annals of Philosophy^ 1845, vol. ii. p. 645. 
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The etymology of the names Parabola, Ellipse, Hyperbola, 
is given by Eutochius in his Commentary on the first book 
of the Conies of Apollonius. 

'O Sk \iyei aa<f>k<i irotrjaoixev iirl tS>v viroKei^kvtoy Kara- 
ypa<f>&v. earo} to Sia rov a^ovo'i A\ -A. 

xdvov rpiyayvov to ABF, koI 7]^0(o t§ 
AB aTTo TtrxpyTO^ arj/jLeiov rov E 7rpo9 
6pda<i ff AEZ, Koi Tore Sia to AZ 
iiriirehov ifi/SXrjOkv opdov irpo<; tcS AB 
refiveTO) tov k&vov* opdij apa icrlv 
e/carepa t&v vtto AEA, AEZ, 7(k>i'ta>v, xal opOoyeovlov aevovro^ 
TOV KMVOV, Kol opOrj^ SrjXovoTt T^9 
VTTO BAF 7ct)v/a9, W9 €7rl t?79 irptorrif; 
KaTaypa<f)rj<;, Svo opOal eaovrai ai X^NA 

VTTO BAF, AEZ, ytDvlai, ware ttu- 
pdWrfKo^: ia-Tiv rj AEZ rfj AF, koX 
yiverac iv rfj iiri^siveia rov kq)vov ^( 
TOfi^ rj KaXovfiivTj Uapa^oXrj, ovtco 
KK'q6€l<ra airo tov irapaXKrfKov eivai, 
TO AEZ, rjTL^; kaTl Koivrj TOfirj tov T€jjlvovto^ iircTreS 
TOV Sia TOV afovo9 Tptycovov, 
Tjj AF ifKevpa tov Tpcyoovov. 
iav Se dfJL^iry(ovio<s § 6 k&vo^, 
(»9 €7ri T^9 hevTepa^ xaTa- 
7pa0^9, dfi^€ia^ hrfKovoTi 
ovar}^ T^9 VTTO BAF, opdrj^ 
Sk T^9 VTTO AEZ, Svo 6p6&v 
fiel^ov*; eaovTUt at vtto BAF, 
AEZ, yayviar &a-Te ov avfi- 







ov Kai 
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ireaelrai rj AEZ rfj AT irXevpa iirl ra 7rp6<s rol^ Z, T, 
fiipr)) aWa iirl ra 7rpo9 T0Z9 A, E, 7rpoa€/c^aXXofi€V7)<; 
SrfKovori 7^9 FA eVl to A. iroLrjaev oiv to reixvov 
iirlirehov iv rfj iin^aveia rod tcdvov rofxrjv iiruKoiXovixevriv 
^Tirep^oXrjv, ohro) Kkridelaav airo rov vTrep^dWetv Ta9 elpr)- 
fiiva^, TovTeoTL Ta9 vtto BAF, AEZ^ Svo 6p0a^, fj Sva to 
virep^dWevv rrjv AEZ r^v Kopv4>r)v rov Kotvov, xal avfiirhrreiv 
T§ FA €iCT09« idv Bk o^vydvio^ y 6 k&vo^, o^ela^ SrfKovoTi 
ovarii T^9 VTTO BAF, ai BAF, AEZ, eaovrat Svo opO&v 
iXAaaove^ re, xal ai EZ, AF, eK^aXKoixevai, a-vixiriaovvTai 
oirovhrfiroTe* irpoa-av^rjcav yap hvvafiav rov k&vov. larai 
ovv iv T§ i'7ri<f>avela to/jltj, fjri^ KaXelrav ^EXKei'^i^, ovt(o 
KKfjOelaa fj Sva to iKKelireiv Svo opOah ra^ irpoei^prnxiva^ 
7ct>vta9> ^ Sia to Ttfv eWetyjtiv kvkXov elvav iWei^irfj. oStco 
jjbkv ovv ol iraXatol, inrodi^evov to Tifxvov iirhrehov to Bia 
Trj<s AEZ 7rpo9 op0a^ Ty AB ifKevpq, tov S*a tov a^ovo^ 
Tov K(ovov Tpiydvov, Kol €TL Sia<f>6povf; To^9 /coivov^ iOecoprjaav, 
Kal cttI eKaaTov IBlav TOfirjv* 6 he 'A7roW(wvA09, vTroOifievo^ 
K&vov Kal opdov KaX aKaXrjvbv, t§ SLa<f>6pq> tov iimrihov 
kklcei Sia<l>6pov^ iiroirjae Tct^ TOfid^;, 



THE END. 
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